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Abstract

Given a finite set of real numbers A, the generalised golden ratio is the unique real number
G(A) > 1 for which we only have trivial unique expansions in smaller bases, and have non-trivial
unique expansions in larger bases. We show that G(A) varies continuously with the alphabet A (of
fixed size). What is more, we demonstrate that as we vary a single parameter m within A, the
generalised golden ratio function may behave like m'/" for any positive integer h. These results
follow from a detailed study of G(A) for ternary alphabets, building upon the work of Komornik,
Lai, and Pedicini (2011). We give a new proof of their main result, that is we explicitly calculate
the function G({0,1,m}). (For a ternary alphabet, it may be assumed without loss of generality that
A ={0,1,m} with m € (1,2)].) We also study the set of m € (1, 2] for which G({0,1,m}) =1+ /m,
we prove that this set is uncountable and has Hausdorff dimension 0. We show that the function
mapping m to G({0,1,m}) is of bounded variation yet has unbounded derivative. Finally, we show
that it is possible to have unique expansions as well as points with precisely two expansions at the
generalised golden ratio.

Mathematics Subject Classification 2010: 11A63, 28 A80.
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1 Introduction and statement of results

Let A :={ag,a1,...,aq} be a set of real numbers satisfying ap < a3 < --- < ag. We call A an alphabet.
Given 8 > 1 and = € R, we say that a sequence (uy)32, € AN is a B-expansion for = over the alphabet A

if -
U
k=1

When the underlying alphabet is obvious we may simply refer to (ug) as a S-expansion. Expansions in
non-integer bases were introduced by Rényi [8]. Perhaps the most well studied case is when g8 € (1,2]
and A = {0,1}. For 8 € (1,2] and this choice of alphabet, z has a $-expansion over A if and only if
x € [0, ﬁ] Moreover, a result of Erdés, Jod, and Komornik [3] states that if 8 € (1, 1+T‘/5) then every

z € (0, ﬁ) has a continuum of S-expansions. This result is complemented by a theorem of Daréczy and

Katai [2] which states that if 3 € (”2‘/57 2] then there exists x € (0, ﬁ) with a unique S-expansion. Note

that the end points of the interval [0, ﬁ] trivially have a unique S-expansion for any 8 € (1,2]. The




above demonstrates that the golden ratio acts as a natural boundary between the possible cardinalities
the set of expansions can take. It is natural to ask whether such a boundary exists for more general
alphabets.

Before we state the definition of a generalised golden ratio it is necessary to define the univoque set.
Given an alphabet A and 5 > 1 we set

Us(A) := {(uk)zozl c AN Z % has a unique ﬁ—expansion}.
k=1

We call Ug(A) the univoque set. Note that for any S > 1 and alphabet A = {ao,...,aq} satisfying

ag < ay < --- < ag, the points
E —- and E —
k k
ol it

both have a unique expansion, so @y and ag are always contained in the univoque set. Here and throughout
w denotes the infinite periodic word with period w. We are now in a position to define a generalised
golden ratio for an arbitrary alphabet. Given an alphabet A, we call G(A) € (1, 00) the generalised golden
ratio for A if whenever 8 € (1,G(A)) we have Ug(A) = {ag,aq}, and if 3 > G(A) then Uz(A) contains a
non-trivial element.

Komornik, Lai, and Pedicini [4] were the first authors to make a thorough study of generalised golden
ratios over arbitrary alphabets. Importantly they proved that for any alphabet A a generalised golden
ratio exists. For ternary alphabets, they showed that the generalised golden ratio varies continously with
the alphabet. We extend this result to alphabets of arbitrary size.

Theorem 1. Let Ay := {(ag,a1,...,aq) € R ag < a1 < - <ag},d>1. Themap (ag,ai,...,aq) —
G({ag,a1,...,aq}) is continuous on Ag.

We prove this theorem in Section In the rest of the paper, we restrict our attention to ternary
alphabets. Every ternary alphabet can be assumed to be of the form A = {0,1,m} for some m > 1
because shifting the alphabet and multiplying by a constant does not affect the generalised golden ratio.
We thus set

G(m) := G({0,1,m}) and Ug(m) := U({0,1,m}).

Moreover,

G(m) = G({0,1,m}) = G({—m,1 — m,0}) = g({% 1,0}) — Q(L)

m—1

By the above G(m) = G(=2-) and we may therefore assume m € (1,2]. The authors of [4] considered

m—1
m > 2, and their results read as follows in our setting.

Theorem KLP. The function G : (1,2] — R is continuous and satisfies
2<G(m) <1+vm
for all m € (1,2]. Moreover, the following statements hold.
e G(m) =2 form € (1,2] if and only if m = 23—51 for some positive integer k.

o The set M := {m € (1,2] : G(m) = 1+ /m} is a Cantor set, its largest element is x® ~ 1.7548
where © ~ 1.3247 is the smallest Pisot number.

e Each connected component (my,mz) of (1,22)\ M has a point p such that G is strictly decreasing
on [my, u] and strictly increasing on [, ms); G is strictly increasing on [22,2].

In Section (3] we reprove all these results, making some of the statements more explicit and simplifying
several proofs. An approximation of the graph of G can be found in Figure [3:1} The function G is given
by implicit equations on subintervals of (1,2], and it has the following unusual regularity properties.

Theorem 2. The function G : (1,2] — R is differentiable except on the set MM and on the countable set
of points p defined in Theorem KLP. Its derivative is unbounded, but its total variation is less than 2.



We have the following result on the size of 9.
Theorem 3. The set M is an uncountable Cantor set with Hausdorff dimension 0.

On certain intervals, the function G has the following simple form.

Theorem 4. Let h be a positive integer and 2" < m < (1 + —)h. Then we have

m—1

o) =0() =

Note that if m = 2" then m < (1—|—

Moreover, we have the following result on the size of the set of expansions at the generalised golden
ratio.

T )h, thus the set of m defined within Theorem (4{is non-empty.

Theorem 5. There exists m € (1,2] such that:
® Ug(m)(m) contains non-trivial elements.
e When 8 = G(m) there exists an x with precisely two [3-expansions.

Finally, we remark that the problem of calculating G(A) remains wide open. Only G({0,1,...,m})
has been calculated for any positive integer m in [IJ.

2 Continuity of G(A)

Before proving Theorem |1} we recall results of Pedicini [7, Proposition 2.1 and Theorem 3.1] on (unique)
expansions in non-integer bases over arbitrary alphabets; see also [4, Theorem 2.2].

Theorem P. Let € (1,q(A)], with

g(A) =1+ i

max{a; — ag,as — a1,...,aq — Gq—1}

Every x € (5%, 34| has a B-expansion over A. We have uyus - -- € Ug(A) if and only if, for all i > 1,

Z itk j 20 when u; = a; # aq, (2.1)
pE p—-1
k=0
and
Z qu > a1+ % when u; = a; # ao. (2.2)
Remark 2.1. The conditions (2.1) and (2.2)) can be restated in terms of uniqueness regions F,: Let
aof3 aq ap . ag  aqdf
Eu:[ : ) Bay = (0515 gt o) 1< < dy Bay = (a0t 42,
o -1 1+5 1 a; a; 1+6_1a3+1+ﬁ_1 <7 aq aq H—ﬁ—l -1

Then and (2:2) hold if and only if > 77 55" € Eu,.
By the following lemma, it is sufficient to cons1der B <q(A).

Lemma 2.2. We have G(A) < q(A).

Proof. 1If B> 1+ ;4=%2 for some 0 < j < d, then a; + 5" < a;41 + 5% and thus a;ag € Us(A). O

aj+1—aj

Remark 2.3. This upper bound is attained for certain alphabets. For example, let A = {0,1,4,5}. For
B = q(A) = 8/3, the uniqueness regions are Ey = [0,1), By = (3,4), By = (4,5) and E5 = (7,8]. If
Yheo “pi € By, then 3707 o o € (By, —u;); the latter intervals are [0,8/3), (16/3,8), (0,8/3) and

(16/3 8] respectively. Therefore, the only unique expansions are 0 and 5.



Proof of Theorem[]l As G(A) = Q( A—ag ), we have G({ag,a1,...,a4}) = G(tor(ag,a1,...,aq)), with

aq—ag
ap —ap a2 — ap aqd—1 — Ao
/
riAg — AL, (ao,al,...,ad)»—>< , )
aqg —ap aq — aop aq — aop
li
d—)P(R), (al,ag,...,ad_l)»—){O,al,ag,...,ad_l,l},

and A, = {(a1,a2...,a4-1) € R 0<a; <az <--- < ag_1 < 1}. Asr is continuous on Ay, it is
sufficient to prove that G o is continuous on A/;.

Let a = (a1,a2,...,a4-1) € A, and € > 0 arbitrary but fixed. We will show that |G(¢(b)) —G(c(a))| <
3e for all b in a neighbourhood of a. Let first X C A/ be a closed neighbourhood of a such that
lg(¢(b)) — g(c(a))] < e for all b € X. (Note that g o ¢ is continuous on A/;.) Set

a= tr)r.leig q(t(b)) — &, Y={beX: Gb)) <al.

If Y = (), then X is a neighbourhood of a with |G(¢(b)) — G(c(a))] < 2¢ for all b € X. Otherwise, let
£ > 2 be such that El,;:l a ®>(a+e—1)"L Then

¢
1 1 1
bjr1—0b; < < < — 2.3
A ]_q(L(b))—l_a—i—g—l_Z k (23)

for all (by,...,ba1) €Y, 0<j<d, with by =0, by = 1. Set
i(a,b) = Ogj_igd ((aj+1 — aj) — (bjp1 — by))

(with bg = agp =0, by = ag = 1), and let Z C X be a neighbourhood of a such that

m;gé(a’b)’ ((lj’jg)kZ{cga(a,b) forall1<j<d, 1<k<¢ (2.4)
1—a; 1-b 1-b, 1-—a
(a+‘;;k— akbjgé(a,b), (a+?)k— akajgé(a,b) forall 0<j<d 1<k<l  (25)

for all b = (by,...,bq—1) € Z. Note that §(a,b) < 0, thus we also have

=

aj ' 1—ij<1—bj bj <aj 1—bj<1—aj

at+e - a a+e - a | a+te « ate -«
For be YN Z and 8 € (G(¢(b)),al, choose u = ujuz--- € Ug(t(b)). Assume, w.l.o.g., that ujus ¢
{00,11}. We show first that u does not contain ¢ consecutive zeros or ones. Indeed, suppose that

for all 0 < j < d. (2.6)

Uip1 = Ui = - - = U;¢ = 1 for some ¢ > 1; then we have

>y N |

itk

PECTES SIS pE Sy

k=1 k=1 k=1
for all 0 < j < d, hence u; = 1 because of (2.1)); recursively we would obtain that u;—y = -+ =uy = 1,
contradicting that uyus # 11. Similarly, w; 11 = w40 = -+ - = u;4¢ = 0 implies that Z;o:l(l —uiyp) 3R >
bj —bj_1 for all 1 < j < d, hence u; = 0 because of (2.2)), eventually contradicting that u;us # 00.

We define the sequence u via the relation 1, = a; if w4 = b;. Let now ¢ > 1. We have

Uik (B + €)% <uiyxB7F for all k > 1 because (2.6) implies that a;(3+¢)~* < b;87% for all 0 < j < d.
Moreover, (2.4) and (2.6]) give that
aj bj aj bj
— 7 D < T <ab
Brof B S (atef of =0@P)
forall1 <k </, 1<j<d. Sinceu;, # 0forsome 1 < k < ¢, we have @i; 4 (8+¢e)"F < u;xB7%+5(a,b)
for some k > 1. Using (2.1]), we get

— Uitk — Uitk
Z% SZ B—; —|—5(a,b)<bj+1—bj+5(a,b)§aj+1—aj when uZ:bJ;él
k=1



Similarly, we obtain from (2.2)), (2.5) and (2.6)) that

1- uz—i—k uz+k
Zl(ﬂ+€ Z ab) ; bj,1 +6(a,b)§aj—aj,1 Whenui:bj;éo.

Therefore, we have 0 € Up;-(t(a)), thus G(v(a)) < G(v(b))+eforallbeY NZ.

For b € X \ 'Y, recall that G(v(a)) < ¢(c(a)) < a+ 2¢ < G(u(b)) + 2¢. Similarly, we obtain for all
b € Z that G(c(b)) < G(«(a)) + & when a € Y, G(¢(b)) < G(¢(a)) + 3e when a ¢ Y. This gives that
|G(t(b)) — G(v(a))| < 3¢ for all b € Z, thus G o« is continuous at a. O

3 Generalised golden ratios over ternary alphabets

3.1 Statements

Komornik, Lai and Pedicini [4] described the function m +— G(m) on the interval (1,2]. We provide more
details for this function, in particular for the set

M:={me (1,2]: G(m) =1+ /m}.
For h > 0, let 7, be the substitution on the alphabet {0,1} defined by
m(0) = 0", 7,(1) = 0”1,

and set S = {m, : h > 0}. A (right) infinite word u is a limit word of a sequence of substitutions (o,)n>0
if there exist words u(™ with u(® = u and u™ = ¢, (u"*?) for all n > 0. A sequence (c,,),>0 € SV
is primitive if o,, # 1o for infinitely many n > 0. A limit word of a primitive sequence in SV starts with
0001 -+ - 0,(0) for all n > 0 and is therefore unique. If o,, = 7 for all n > 0, then 1%01, k > 0, and T are
limit words of (¢y,)n>0; we are only interested in 01 and 1. Therefore, we define the following sets of limit
words (or S-adic words), where S* =, ~, 5™ denotes the set of finite products of substitutions in S:

S=8» USOTU‘ST with SOT = {J(OT) o€ S*}, 57 = {J(T) NS S*},
Soo = {u: u is the limit word of a primitive sequence of substitutions in SN}.

Remark 3.1. Komornik, Lai and Pedicini [4] observed that the sequences u € S, with the leading 0
removed are exactly the standard Sturmian sequences. However, they omitted the word “standard”.

For u = uguy - -- € {0, 1}, we define m,, > 1 as the unique solution to

=1 T e (3.1)

Remark 3.2. We can rewrite (3.1) as

1+m—2+2 1+F)k+1’

i.e., Parry’s [6] B-expansion of 8 =1+ \/my is 2u. We have m,, = 1 if and only if u = 0.

For o € S*, we define the interval I, = [mg((ﬁ),moﬁ)] c (1, 3+2‘/5]. We define 3, > 2 implicitly via
the equation

00 ~(U)

S (o)
1+Z b = 1)<1+kzu,f+1),
=0 7o

where

a(()a)ﬂgtf)agg) .= 0'(01)7 ug’)uga)ug") e — O'(T)

Moreover, we let u, denote the coinciding value, i.e.,

o0
= Z BE
= s

:1




Note that all the numbers and sequences do not change if we replace o by o7y since 79(01) = 01 and
70(1) = 1. Therefore, we can assume that o € S*\ S*7.

The following propositions recover the main part of Theorem [KLP] adding explicit equations giving
the generalised golden ratios, which are used for drawing the graph of G in Figure 3.1

Proposition 3.3. The interval (1, HT‘E} admits the partition
{Io: 0€S"\S*pU{{my}: ue S} (3.2)

Proposition 3.4. For o € S* and m € [mg((ﬁ),,ug], G(m) is given by

For o € 8* with o(1) #1 and m € [ﬂg,ma(i)], G(m) is given by
m > u,(f)

L L T

Gm) 1~ 2 Gl

Proposition 3.5. We have
M={my:ueS\{1}}.

Figure 3.1: A graph of G(m).

3.2 Partition of (1, %]
We first prove Proposition [3.3] using the following lemmas.
Lemma 3.6. Let o € S*. Then o preserves the lexicographic order on infinite words.

Proof. The lexicographic order on infinite words is preserved by the identity and by o € S. By induction
on n, this holds for all o € §™, n > 0. O

Lemma 3.7. Let 0 € S* with o(1) # 1, and write 0(1) = Owl. Then
a(01) = 0wO1.
In particular, 1w0 is a circular shift of o(1).

Proof. Since o(1) = o19(1) and o(01) = o79(01), we assume w.l.o.g. that o = 74,7, + - 75, with n > 0,

hn # 0. Let o = 7, Then o7,,(1) = 0wl with "

w = 0'0(1) 0'[0’1] (1) vee O‘[O,nfl] (1)0-[0’7171] <Ohn—1) 0_[0$n72] (Ohn—l) oo O-O(Ohl)oh()

Let v = 0o(1) 070,1)(1) - - - 070,,—1](1). Then we have o7y ,)(0) = Ow0lv and voyg (1) = w0lv. Therefore,
1w0 is a circular shift of o(1) and o(01) = 0w01. O



Lemma 3.8. Let u = uguy --- € {0, 1} \ {0}. We have u € S if and only if
UoUL U2+ + < Uiy 1Uiag - < lugug - -+ for alli > 0. (3.3)

Proof. Assume that holds. Then ug = 0 or u = 1 = 79(1). If ug = 0, let A > 0 be minimal such
that uj1 = 1. Then each 1 is followed by 0"*11 or 01, i.e., u = 73,(u’) for some word u’ = uhu} ---.
Moreover, we have u' < wju ,--- < lufjuh--- for all i > 0. In case u’ = 0, we have u = 7,41(1).
Therefore, we can repeat the arguments and obtain recursively that u is the limit word of a sequence
(0)n>0 € SN. More precisely, we have u € Sy7 or u starts with 010,n)(0) for all n >0, i.e.,, u € Soo U St

Consider now u € Sy, U Sp7, limit word of (0,,)n>0 € SN. Then u starts with 010,71 (0) for all n > 0.

Denote the preimage of u by g9 by u' = ujuj---, ie., op(u’) = u. Suppose that wu;y1--- < u.
Then wu;y - - starts with 0o(0), and wsuiqy --- = oo(ujuf,_  ---) for some i’ > 0. This implies that
whug g - < ', thus ujuj, -+ starts with o1(0). Inductively, we obtain that w;u;y1--- starts with
T[0,n] (0) for all n > 0, i.e., u;u;41 -+ = u. Suppose now that w;u;q1--- > lujug---. Then u; = 1 and
Uip1Uiyo -+ = oo(ujug -+ ) for some 3" > 0, with uj,uj, ;- > lujugy---. We get that

UiUj41 " = 1(70(1)0’[0,1](1)0[0’2](1) e = 1u1u2 RN

Therefore, holds.

Finally, let u € S;. If u = 1, then holds trivially. Otherwise, we have u = o7, (1) with o € S*,
h > 1. Then o7,_17;(01) € Sy7 converges to u for j — co (in the usual topology of infinite words). By
the previous paragraph, holds for these words. Hence, it also holds for the limit word u. O

Proof of Proposition[3.3 For m € (1, %], Parry’s (14+/m)-expansions of 1++/m are of the form
2u € {0,1,2}" with 0 < u < T and are ordered with respect to the lexicographic order. We show that
the interval (0,1] C {0, 1,2} admits the partition

{lo(01),0(1)]: € S*\ S*ro}U{{u}: ue S}

Assume that u = upuy --- ¢ S, i.e., (3.3) does not hold. Let ¢ > 1 be minimal such that one of the
equalities is not satisfied. Suppose first that w;u;1--- < w; then w;—; = 1. Similarly to the proof of
Lemma3.8) let og € S be such that ug - - - uj—1 = oo (up - -~ ujy_;) With ug - --wj,_; # 0---0. By minimality
of ¢, we have u},_; = 1, and uj---u},_; = 1---1 implies ¢ = 1. Therefore, we can define recursively
substitutions o; € S until

J[O,n](]-) = UoUyp ** " Uj—1-
Then we have u < o ,)(1)u < --- < 79,5, (1). By Lemma we have 079 ,(01) < u.

Suppose now that w;u;4+1--- > lujug - --. Then we have substitutions oy = 73, such that

U[O,n] (0) = UoU71 """ Uj—1 1 00(1) 0[071](1) e U[O,nfl](1)7

with h, # 0. We have u > uguy ---u;—11, and the latter word is equal to o[g . (01) by Lemma and
its proof. Since ug - --u;—1 < 79, (1), we also have u < a7jg,,)(1).

We have seen that each u is the limit word of a primitive sequence of substitutions o € S™ or between
the extremal limit words of a non-primitive sequence o € SN. To see that o is unique, let u and @ be
limit words of two different sequences (0,,)n>0 and (&5, )n>0. Let 7 > 0 be minimal such that o,, # &,,.
Let 0, = 7h, 0n = 7j, and assume w.l.o.g. that h < j. Then we have i < G,,)(1) < 0,,,(0) < u.
Therefore, the intervals are disjoint.

3.3 Calculating the generalised golden ratio
We now prove that G(m) is as in Theorem and Proposition

Lemma 3.9. Let m € (1,2], B € [m,m + 1], and u = upuy - -- € {0, 1}V \ {0}. Then u € Ug(m) if and
only if

Bm1<l+;u§;k <m for alli >0 such that u; = 1.



Proof. As q({0,1,m}) = 1 4+ m, Theorem [P| and Remark give that u € Ug(m) if and only if
Soreo “LEE € By, for all i > 0, with Ey = [0,1) and Ey = (32, m). If u; = 0, then we either have

B* B-1>
u; = 0 for all j > i and thus ) ;- “éj:" = 0 € Ej or there exists j > ¢ such that u; = --- = uj_1 =0,
u; = 1. In the latter case, Y o u”’“ € B, implies that Y ;- u”’“ € Bi7IE, C Ey since B > m. This
proves the lemma. O

Lemma 3.10. Let u € Sy, m € (1,2]. Then we have u € U,y s7(m) if and only if m = my. In
particular, we have G(my,) < 14 /my,.

Proof. By Lemma we have u = uguy - -+ € Uy 4/ (m) if and only if

f<1+z ulj/’i) m

for all ¢ > 0 such that u; = 1. By Lemma and since u is aperiodic, u; = 1 implies that u <
Uip1Uiqo -+ < Ujug---. Here, the bounds u and wjus--- cannot be improved because, for all n > 0,
1opo,n)(0) and 1oo(1)---0(9,n—1)(1) (which is a suffix of oy ,,(0)) are factors of u. Therefore, we have
u € Uy jm(m) if and only if

This means that 1+ Y p | ug (1+y/m) =% =m, ie., m = m,. O

Lemma 3.11. Let 0 € S* and m > 1. There is a unique number fy(m) > 1 such that

m=1+Y fj(’;l)k. (3.4)

We have fo(m) < 0, fo(m,oq) = 14+ /M,01), fo(m) < 1+ m if and only if m > m_ 1), and
o(1) ¢ Uy, (my(m) if m < 2.

Proof. Let hy(x) = 14> 1o, ﬁ,(:)m —m. Then lim, 1 hp,(x) = 00, liMy_y00 hon(z) = 1—m < 0, hyy(z)
is continuous and strictly monotonically decreasing, thus f,(m) is the unique solution of h,,(z) = 0. We

have
0 ki (U)

fa ) = 2 Ty <0
in particular fo(m) < fo(m, 7)) =1+ Vioen <1+ vm for m >m, 7).

By Lemma 111(0) N(U) -+ is a periodic word with the same period as o(1). Therefore, and
Lemma 1mply that o (1 ) & Uy, (m)y(m). O

Lemma 3.12. Let 0 € S* and m > 1. There is a unique number g,(m) > 1 such that

m Uy

We have g, (m) > 0, go(m, 1)) =1+ /M 7y, go(m) < 1+ /m if and only if m < m_ 3, and o(1) ¢
Uy, (my(m) if m < 2.

)
Proof. Setting hy,(z) = 22 — 1 — 377 ) k1, we have

x—1

= (k—|—1)u,(:) m k+1 m 1-m

hy, (z) = P P kz_o el i Pl e VA (3.6)

e
I
o



for > 1. Similarly to the proof of Lemma go(m) is the unique solution of h,,(x) = 0. (Note that
go(m) = m if o(1) = 1.) We have

1
9o (m)
Now, go(m) < 1+ /m is equivalent to hy,,(1+y/m) < 0, e, 1+ > 77, (U)(l—i—f) k-l > vm. By
Remark we obtain that m < m, ). Since lo(1) is a sufﬁx of o(1), (3.5) and Lemma [3.9| give that
o(I) ¢ U, o (m) (M) O

Lemma 3.13. Let 0 € S*. There is a unique i, € (ma((ﬁ),mo(f)) with f,(te) = 9o (o). We have
foltte) = 95 (po) > 2, with equality if and only if o(1) = 0™1 for some n > 0.

If me [ma(oi),,ug} then o(1) € Ug(m) for all > fo(m), in particular G(m) < fo(m).
Ifme [ﬂmmo(i)] then o(1) € Ug(m) for all B > go(m), in particular G(m) < g,(m).

= (1= go(m)) h1,(go(m)) > 0.

Proof. The number p,, is well defined since f'(m) <0, ¢’(m) > 0 on I,,

fo(m, 1) =1+ /Myo1) > go(m ) and fo(m,q)) <14 /M, ) = go(my ).

If (1) =1, then py = B, = 2. Assume in the following that o(1) # 1T and let m =1+ 7 Ouk 7)g—h—1,
ie., go-(m)=2. By Lemmau7 we have (1) = Owl < w0l = u(g) (g) -+ for some finite word w, thus

00 ~(cr)

00 (o)
1+Z >1+Z§kk+1:mv
k=0

hence fa( ) > 2 = g,(m). This implies that 8, > 2. If 8, = 2, then we must have Ow = w0, i.e.,
w = 0---0. Therefore, 8, = 2 is equivalent to ¢(1) = 0"1 for some n > 0.

Let now m € [ M, (07)> ug] and 8 > f,(m), or m € [ug, 0(1)] and 8 > g,(m). Then we also have
(o) _

B> go(m) and 8 > f,(m) respectively. For ¢ > 0 with u;”’ = 1, we get
oL &
— <1+ e =1+ S <1+ — <m,
p—1 =B 5 — B
where the first inequality follows from 8 > g,(m) and (3.6)), the last inequality from 5 > f,(m), and the
middle inequalities are direct consequences of 8 > 2 and o (1) < 5?1“5 +) - < aga)ag") - -+, which holds
by Lemmas [3.8 and [3.7} Thus o(T) € Us(m). O

The preceding lemmas show that G(m) < 14 /m for all m € (1,2]. The next lemma justifies why we
have restricted our attention to sequences in {0, 1}

Lemma 3.14. Let m € (1,2], 8 <1+ /m, uouq --- € Ug(m). Then u; = m implies ug - --u; =m---m.

Proof. If u; = m, i > 1, then (2.2) implies that u;—1 + > po, u’;}f’“ > w1 + %(1 + %) > uimg + 1,
thus (2.1) excludes that u;—; = 0 or u;—1 = 1. Recursively, we obtain that uy = m forall0 <k <m. O

Lemma 3.15. Let m € (1,2], 8 < 2. Then Ug(m) is trivial.
Proof. Let uguy - -- € Ug(m). By Theorem El, we have u; # 1 for all § > 0. Since m <1+ %, we have
m0 ¢ Ug(m), thus Lemma implies that Ug(m) = {0, m}. O

Lemma 3.16. Let m € (1,2], B < 1+ v/m, and uouy --- € Ug(m) N ({0, 1} \ {0}). Then we have
inf{ui+1ui+2 e 120, u; = 1} € S U ST'

Proof. Let u = @ty - -+ = inf{ujp1uipo---: @ >0, u; = 1}. Since u = 1 € Sg when 4y = 1, we assume
in the following that @y = 0. For all ¢ > 0 with @; = 1, we have

> 5 am-rea (i) <o S Y =Y 5

since By = (%,m) and 8 <1+ +m. As 8> 2 by Lemma we obtain that @;;11 - - < 1a1 s - -
for all ¢« > 0. By the definition of @, we also have 4;%;41--- > u, thus u € S by Lemma [3 Moreover
we have 4 ¢ S;7 by Lemma and the fact that @;u;4q1 - -- < 1u1uQ - for all 4 > 0. O



Remark 3.17. One obtains similarly that sup{Ou;t1uito---: >0, u; = 1} € Seo U Sp7-

Proposition 3.18. We have

1+vm ifme{m,: ueSy},
G(m) =< fo(m) ifme [ma(oi),,ug}, o€ S*,
go'(m) me E [Ho—,mg(f)], g 6 S*

Proof. Let 8 > 2, u € Us(m) N {0,1}" and @ as in Lemmam Then 1 € UB(m) for all 3 > 8. If
il € So, then Lemma [3.10| gives that 8 > 1+ /m. If a = o(1), 0 € §*, then 8 > max{f,(m), g,(m)} by
Lemmas [3.11) and [3.12} This implies that 8 > f,(m) if m € [mg((ﬁ),ug}, B> g,(m)ifme [ug,mom],
and 3 > 1+ +/m otherwise. The opposite inequalities are also proved in Lemmas[3.10} [3.11]and [3.12] [

The previous lemmas prove Propositions [3.4] and [3.5] and the main part of Theorem [KLD]

Proof of Theorem[Z By Lemmas|3.1]] 1 and [3.12) G(m) is differentiable on (1,2]\ (MU {u, : 0 € S*}). B
Propositions [3.3 and [3.18] Lemmas and [3.12] and the continuity of G on (1, 2], the total variation is

Z (g(mg(ﬁ)) —G(po)) + Z (Q(mgﬁ)) — G(po))-

oc€S*\S*T1g ceS*\S*19: 0(1)#1

As lim,,, 1+ G(m) = 2 = G(2), the two sums are equal. For m € (u(,,maﬁ)), o€ S* o(l) # 1, we have

1 m ikﬂu; B i k+1 ul?)
G'(m) G(m)—1 22 G(m)k+ = 1 Glm)F+1
= E+1 1 1 3
>1-— k— =1- > —
2 ( g<m>> Gy = T GmE 2 1
using that gk(+ 1) > 0 for all £ > 1. Therefore, we have

4 4

Z (g(ma(i)) - g(/icr)) < 3 Z (ma(I) — o) = 3 1- Z (fo — ma(oi)) .

c€S*\S*1o:0(1)#1 ceS*\S*79:0(1)#1 c€eS*\S* 19

We have f3;, = 2 for all h > 0 since 75,(T) = 01 and 75,(0T) = 00~1, thus p,, = 2"1/(2"1 — 1), and
= 1+ ,/m_"q7) satisfies 5h+3 26"*2 —1 = 228, hence pi, — m_ o7 ~ 0.24512 (and py = pr, when
o is the identity, mgy = m__ 7)), ftr, =M, (o7) & 0.05136. This gives that >° g\ g (Ho =M, o1)) > 1/4,
thus the total variation is less than 2.
The derivative is unbounded because we have, for all m € (m, 1), o) With o € 7,5%,

* ka)” <k h+2
‘ ’ Z G(m) k+1 = Z okl — 9htl’ o
k=1

k=h+1
Proof of Theorem[]] Note that the map ¢ : m —m- is an order-reversing involution on (1,00). By

Proposition , we have m = 1(G(m)") and thus G(m) = «(m)'/" for all m € M., L o1) Brna)s B> 1.
Moreover, ((m) > m_ o7 is equivalent to 1 + /u(m) > m'/" by Lemma , and pr,_, = 2 by the

proof of Theorem For 2" <m < (1+ \/L(m))h, we have thus G(1(m)) = m'/". O

3.4 Hausdorff dimension of 9

In this section we show that the Hausdorfl dimension of 9t is 0.

Proof of Theorem[3 It suffices to show that dimg(G(9)) = 0 because G : M — R is given by G(m) =
1+ /m, and 1 4 y/m is bi-Lipschitz on the interval (1, 2].

10



Given m € 9, we know by Proposition that m = m, for some u € S\ {1}. Remark states
that 2u is also the S-expansion of 8 = 1 4 \/my. Therefore, for each n € N we have

14+ vmy € Coyy ooy, = {6 > 1: the S-expansion of 3 starts with 2uq - - - un}

We have Cay,...,, C [2,00) and, hence, the diameter of Cay, ..., s at most 27", e.g., by a lemma of
Schmeling [10, Lemma 4.1].
We now prove dimg (G(91)) = 0 by explicitly constructing a cover. We introduce the set

L, = {u1 <y € {0,1}" ¢ uy - -y, is a prefix of an element of S}.

For each n € N we have
gomc |J  Couun

U Un €L,

So the set {Cayy o, © U1 -+ Uy € Ly} is a cover of G(IM). Let s > 0 be arbitrary and H?®(-) denote the
s-dimensional Hausdorff measure. We observe

S . . S . #LTL
HAGOM) < lim Y ) Diam(Cau, -u,)* < lim 773

As was pointed out in Remark every element of S is a Sturmian sequence. Thus it is a consequence
of [5, Theorem 2.2.36] that #L,, grows at most polynomially in n. Therefore lim,, o, #L,27"* = 0 and
dimp (9) < s. Since s is arbitrary we are done. O

4 Behaviour at the generalised golden ratio

In this section we discuss the behaviour of the univoque set at the generalised golden ratio. It was observed
in [I] that when 8 = G({0,1,...,m}) for some positive integer m, then every = € (0, %) either has a
countable infinite of expansions, or a continuum of expansions. In other words Ug({o,1,....m})({0,1,...,m})
is still trivial. However, Lemma demonstrates that this is not always the case. Indeed the following
result is an immediate consequence of this lemma.

Proposition 4.1. Ifu € Sy then Ug(m,)(my) is non-trivial.

In [9] it was shown that the smallest 5 € (1,2) for which an x has precisely two expansions over the
alphabet {0,1} was 83 &~ 1.71064. As such, there is a small gap between the golden ratio for the alphabet
{0,1}, and the smallest 8 for which an z has precisely two expansion. As we show below, for certain
alphabets it is possible that an x has precisely two expansions at the golden ratio.

Proposition 4.2. For every u € So, the number my/G(my) has precisely two expansions in base G(my)
over the alphabet {0,1, my}.

Proof. Let 8 = G(my) = 1+ /m, and let m,/B = > ;- vxB~F be an expansion of my,/3 over the
alphabet {0,1,m,}. Since m, > %, we have v; € {1,my}, thus Y72, vp418~" equals my — 1 and 0
respectively. Clearly, 0 has a unique expansion, and m, — 1 has the expansion ujus--- by , which
is also unique by Lemma [3.10) O

Proposition and Proposition imply Theorem

Acknowledgements The authors are grateful to Vilmos Komornik for posing the questions that lead
to this research.
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