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Abstract

We investigate property testing and related questionsyavimstead of the usual Hamming and edit distances
between input strings, we consider the more relaxed edérdie with moves. Using a statistical embedding of words
which has similarities with the Parikh mapping, we first domst a tolerant tester for the equality of two words,
whose complexity is independent of the string size, and wigelan approximation algorithm for the normalized edit
distance with moves.

We then consider the question of testing if a string is a memba given language. We develop a method to
compute, in polynomial time in the representation, a gedmeapproximate description of a regular language by a
finite union of polytopes. As an application, we have a newetdsr regular languages given by their nondetermin-
istic finite automaton (or regular expressions), whose dexity does not depend on the automaton, except for a
polynomial time preprocessing step.

Furthermore, this method allows us to compare languagesaihtes the new notion of equivalent testing that
we introduce. Using the geometrical embedding we can djstih between a pair of automata that compute the same
language, and a pair of automata whose languages ateatptivalent in an appropriate sense. Our equivalencerteste
is deterministic and has polynomial time complexity, wizeréhe non-approximated version is PSPACE-complete.

Last, we extend the geometric embedding, and hence the &gteithms, to infinite regular languages and to
context-free grammars as well. For context-free gramniergguivalence test has now exponential time complexity,
but in comparison, the non-approximated version is not egeursively decidable.

1 Introduction

We consider the approximation of several classical contbiied problems on strings in the context of property tegtin
Inspired by the notion of self-testing [5, 6, 21], Propemgting has been initially defined and studied for graph
properties [13]. It has been successfully extended foouartlasses of finite structures. Consider finite words over a
finite alphabet: for which a distance function has been defined.cAlesterfor a languagd. C ¥* is a randomized
algorithm which takes a word of sizen as an input, and distinguishes with high probability betwte case that
w € L and the case that is e-far from L. A languagel is testableif for every e > 0 there exists an-tester forL
whose time complexity depends only epi.e. is independent of the size

Property testing of regular languages was first considerét] ifor the Hamming distancand then extended to
languages recognizable by bounded width read-once bragpphdgrams [17], where the Hamming distance between
two words is the minimal number of character substituti@tgiired to transform one word into the other. Then two
words of sizen aree-far if they are at distance greater tham

The edit distances a more relaxed natural distance measure for strings thmflamming distance. The edit
distance between two words is the minimal number of insestiadeletions and substitutions of a letter required to
transform one word into the other. Computing the edit distdretween two words is an important subproblem of many
applications like text processing, genomics, web seatchBehind the difficulty to get a significant subquadratiedi
algorithm (the best known algorithm is @(n?/ Inn) [15]), several approximation algorithms have been progose
Nevertheless, to get a linear or sublinear time algorithne bas to consider more drastic relaxations. One can
distinguish two possible approaches. The first one is a weedion of approximation based on property testing, and
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the second one considers an extension of the distancedthdistance with movewhere arbitrary substrings can be
moved in one step.

Concerning the property testing approach, in [3] a subfitester is constructed such that it accepts with high
probability pairs of words of size that are at edit distana@@(n®), for some0 < « < 1, and rejects with high proba-
bility pairs of words at distanc@(n). The running time is ir0 (n™2x(@/2:2a=1)) These testers can be understood as
aweak approximatiowf the edit distance, since it leads to efficient approxioratilgorithms whenever the distance
is large [19]. Nonetheless no sublinear time testers egistife casex = 1. Moreover, there is no hope to get a
tester whose running time is independent of the input sizen(éor0 < a < 1) since a lower bound a®(n/?) on
the query complexity has been proven [3]. Results of the dantewere proven in the sketching model [2], where a
sketch (or a fingerprint) is associated to each string, wisiersuccinct yet rich enough description to approximate the
edit distance. Nonetheless the complexity of computingedcskis usually not sublinear. For instance, a near linear
time algorithm is constructed to distinguish between gsiat distanceé (k) and strings at distande(k?), for any
k> 1.

The edit distance with moves has been considered and appated efficiently in [11, 10]. This is one of many
interesting variations of the edit distance that has mamjiegtions, for instance in genomics. Whereas computing
the edit distance with moves is NP-hard [22], it can be apipmated within anO(Inn) factor under near linear
time [11]. If one allows other operations in the distancehsas copying subwords, then there is a linear time and
constant approximation algorithm [12, 23]. In the conteigpimperty testing, the edit distance with moves has been
used in [14] for testing regular languages, where the téstaore efficient and simpler than the one of [1], and can be
generalized to tree regular languages.

In this paper, we develop a new statistical embedding of smatich has similarities with the Parikh mapping [18].
Based on this embedding, we develop a testeeprem 3.§ for the equality between two words whose complexity

is O(W=DE) \where|| is the alphabet size, which is altalerant that is it is not only an-tester, but it also
accepts with high probability words that as&-close. This notion of tolerance, initially present in siéting, was
firstly not considered in property testing. Recently, cagriirack to this notion, a relation between tolerant property
testing and approximation was pointed out in [19]. Basedhisdbservation and our tolerant tester, we directly get
an approximation algorithm for the normalized distandzetween two wordsQorollary 3.9), whose complexity is

O(ME'/&%). To our knowledge this is the first such approximation akponiwhose complexity is independent
of the sizen. Itis interesting to note that the edit distance without eg\that lies between the Hamming distance (for
which there is a trivial tolerant tester) and the edit distawith moves (for which we prove the existence of a tolerant
tester), is in itself hard for tolerant testing (recall toever bound above from [3] with: = 1).

Then we extend our embedding to languages. This leads usappoximate geometrical description of regular
languages by finite unions of polytopes, which is robd$teorem 4.§. Discretizing this representation gives us a
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new tester Theorem 4.1 for regular languages whose query complexny)(s(T) and time complexity is

2I=1°% Whereas the complexity of previous testers for regulaglages depended (exponentially) on the number
of states of the corresponding automaton, here the autonstmly used in a preprocessing step to build the tester.
The tester construction requires time=”"’", wherem is the number of states of the automaton.

Last, we go beyond the testing of strings to the questionwigaring (in an approximate manner) whole languages.
We introduce the notion of an equivalence tester betweessetaof structures. Intuitively, two finite representagion
Ry, Ry of languaged., L, arec-equivalent if every but finitely words aff; is e-close toLs and conversely. Aa-
equivalence testaaccepts equivalent representations and rejects repagiseistwhich are nat-equivalent with high
probability. Using again discretization, we constructsaequivalence testefbeorem 4.13 for nondeterministic
finite automata in deterministic time/=!°""’~’, wherem is the number of states in the larger of the two corresponding
automata (the exact decision version of this problem is EER8omplete by [24]). We then extend this result todhe
equivalence testing of Blichi automatdgéorem 4.14 (after generalizing our definitions to deal also with laages of
infinite words), and an exponential algorithm for thequivalence testing of context-free grammarsgorem 4.19
(for which the exact decision version is not even recurgigeimputable).



2 Preliminaries

We fix a finite alphabek, a positive integek ande = % We callx* theblock alphabetnd its elements thielock
letters Any wordw of sizen overy. is also a word oveE* where the lastn — k| 2 ) letters are deleted. To simplify,
we will assume that dividesn. Therefore the words and the languages will be consideredmthy: and>*. For a
wordw overY we denote byw| its size on® and by|w|, = ¢|w| its size onZ*. We also denote by[i] thei-th letter
of w, and byw[j], the j-th block letter ofw, i.e. the subwordv[(j — 1)k + 1w[(j — 1)k + 2] ... w[jk] of w.

A subwordof a wordw is a sequence of consecutive lettersiofAn elementary operatioon a wordw is either
an insertion, a deletion or a substitution of a letter, orrimve of a subword ofv into another position. Thedit
distance with movedist(w, w’) betweenv andw’ is the minimal number of elementary operationaoto obtainw’.

Define theblock Parikh equivalencEom the Parikh mapping [18] of a word on the block alphabetnigly, if w
andw’ are two words of same size, then=;, w' iff w’ is obtained by a permutation of the block letters.of

Proposition 2.1. Letw, w’ be two words of size (such that: dividesn). If w =, w' thendist(w, w') < en.

For two real vectord/, V' of dimensiond, we denote byV — V’| the ¢;-distance betweeli andV’, that is
V-V’ = ZfZIW[i] — V'[i]|, whereV[i] (respV'[i]) denotes the-th coordinate o (resp. ofl”’). If the vectors
V, V' denote probability distributions, then the-distance coincides with twice thetal variation distance

Recall now the notion of property testing [13] on strings &y distance, although we will only consider the
distancedist between strings in the rest of the paper. We say that two words, of respective sizes andm, are
e-closeif their distance is at most x max(n, m). They ares-far if they are not-close. For simplicity, we will often
only consider words of the same size. We say thit <-far from a languagé,, if w is e-far from any word ofL.

Definition 2.2 (Tester). Lete > 0 be a real number. An-testerfor a languagel is a randomized algorithml such
that, for any wordw as input:

(1) If w € L, thenA accepts with probability at leagt/3;

(2) If w is e-far from L, then A rejects with probability at leas?/3.
If in addition the algorithm is guaranteed to always accdptic L, then we call it sone-sided erros-tester.

Definition 2.3 (Tolerant tester [19]). Let0 < &1 < &2 be reals. Atolerant(eq,es)-testerfor a languagel is a
randomized algorithnd such that, for any worav as input:

(1) If w is e1-close toL, then A accepts with probability at leagt/3;

(2) If w is eo-far from L, then A rejects with probability at leas?/3.

We will also consider approximation algorithms which aratexd to tolerant testers [19].

Definition 2.4 (Approximation). Leta, 5 : R — R. An(a, §)-approximatiorof a real functionf is a randomized
algorithm that, for any wordov as input, outputs a value such thar[a(f(w)) < z < B(f(U))] > 2/3.

A queryto some wordy is asking for the value ab|:], for somei. Thequery complexitys the number of queries
made to the wordy € ¥*. Thetime complexitys the usual definition, where we assume that the followirgrajons
are performed in constant time: arithmetic operations,ifotrm random choice of an integer from any finite range,
and a query to the input.

In this paper, we introduce the new notion of equivalencengdor finite representations of languages, such as
automata or pushdown automata. First we define the notieregliivalence for finite structures.

Definition 2.5. Lete > 0. Let Ly, L, be two languages.

Ly ise-includedinto Lo, if every but finitely many words @f; are e-close toL.

L, ise-equalto Lo, if both L is e-contained inL, and L5, is e-contained inL;.

Let R; and R, be two finite representations of the languadgsand L, respectively.R; is e-equivalento R, if L,
is e-equalto Ls.

Definition 2.6 (Equivalence tester).Lete > 0, and letR be a family of finite representations of languages. A
deterministic (resp. probabilistig}-equivalence testdor R is a deterministic (resp. probabilistic) algorithr such
that, given as input finite representatioRs, R; fromR:

(1) If R; and R, define the same language, théraccepts (resp. with probability at lea3{ 3);

(2) If Ry and R, are note-equivalent, them rejects (resp. with probability at leagt/3).



3 Embedding of a String by Statistics

We will define several statistics over words and study thaliustness [20, 21] and soundness. Robustness means
that far words have far statistics, and soundness meansltisatwords have close statistics. Despite the difficulty of
computing the edit distance with moves, one can efficierpilyraximate the statistics of a word. This will directly
give us a tolerant tester and then an approximation algorithr the normalized edit distance with moves.

We will first study the robustness of our first statistics, bfeck statistics. Then we will extend the robustness to
the uniform statistics, which have the advantage of beisag sbund.

3.1 Statistics, Robustness and Soundness
3.1.1 Block statistics

In this sectionw andw’ are two words of size: overX, such thatt dividesn. Lete = % We define theblock
statisticsthe statistics of the block letters @f, that is the vectob-stat(w) of dimension%|* whoseu-coordinate, for
u € ¥k, isb-stat(w)[u] € Prj_y . klwlils = ul.

The block distributionof w is the uniform distribution on block letters[1];, ..., w[}], (with some possible
repetitions). LetX be the random vector of siz&|* whose coordinates afeexcept the:-coordinate which ig, for
a randomly chosen according to the block distribution af. The expectation oKX satisfiesE(X) = b-stat(w).

Last, note that whem andw’ have same sizey =, w’ iff b-stat(w) = b-stat(w’). We relate the distance
between two words to th@ -distance of their respective block statistics.

Lemma 3.1 (Robustness)dist(w, w’) < (1|b-stat(w) — b-stat(w’)| + €) x n.

Proof. If b-stat(w) = b-stat(w’), then the distancdist(w, w’) is at mostn as we only need to move: block letters.
Otherwise, we will construct a word@"” from w such thatb-stat(w”) = b-stat(w’), using at mosg |b-stat(w) —
b-stat(w’)| substitutions. Applying the triangle inequality and theyious case, we obtain the desired result.
Collect in X the positions of block letterswli], such thab-stat(w)[w[i]s] > b-stat(w’)[w[i]s], and inX_ the
positions; such thab-stat(w)[w’[j]p] < b-stat(w’)[w’[j]5]. Note thatX; and X _ have the same cardinality, which
is ¢ |b-stat(w) — b-stat(w’)]. Initially we letw” = w. Until X, # () repeat the following: take anye X and
j € X_;replaceinw” the letters ofw” [i], = w][i], with those ofw’[5], (Using at mosk substitutions); removefrom
X andj from X _. The resulting wordy” satisfies the required conditions. O

3.1.2 Uniform Statistics

In this sectionw andw’ are again two words of size over Y. We want to construct a tolerant tester, which is not
only ane-tester, but also accepts words that &relose, for some constafit< ¢’ < . We fix some integek and let

e = ;. We consider three different statistics: the originalistis of blocksb-stat(w), the block uniform statistics
bu-stat(w), and the uniform statistios-stat(w).

We define these new statistics like the block statisticspgusariants of the block distribution. Theniform
distribution of w corresponds to a uniform and random choice of a subword effsiaf w. This is very much
related to the previous work of [8], where the subwords oftait: were referred to by the term “shingles”.

To define the block uniform distribution af we first partitiomw into bigger consecutive blocks of siZz€, where

K = LWJ. To simplify, we assume that divides (K — k — 1), thatn is divisible by K, and thath =

Q((l‘”z‘gﬂ). We call the new blocks thieig blocks Now theblock uniform distributions defined by the following
two-step procedure: First, in every big block choose unifigra randonD < ¢ < k — 1, and delete the firstletters
and the lask — 1 — t letters; then take uniformly a random block letter in the a@mng subword of the original word.

We will prove thatu-stat is both robust and sound, which leads to an estimator of thmte for far away
instances, wheredsstat is only robust. For instance, the wor(isl )" and(10)™ are ;--close, whereas their block
statistics ar€)(1)-far. The proof of the robustnesswktat will use in an intermediate step the robustness of the block
uniform statisticbu-stat. For the soundness ofstat, the proof is much simpler.

Lemma 3.2 (Soundness)Letn = Q(1). If dist(w, w') < e?n then|u-stat(w) — u-stat(w’)| < 6.1e.

4



Proof. First, remember that there are at most k + 1 subwords of sizé in w. Assume thadlist(w, w’) = 1. In case

of a simple edit operation (insertion, deletion, substitnx on a letter|u-stat(w) — u-stat(w’)| < 2 x %}m For a
move operation, ifv = A-B-C-D andw’ = A-C - B- D where a subwor® has been moved, there are three border
areas where we may choose a word of lerigithw which does not exist in’. Conversely, there are similar borders in

w’. For each border, there ake- 1 possible subwords that intersect it, hengatat(w) — u-stat(w’)| < 2 x z(fk_ﬂ

If dist(w, w') < e?nandn = Q(1), then by the triangle inequalify-stat(w’) — u-stat(w’)| < e?nx &% = 6.1¢,
sincek = 1 O

c"

We now show that the robustness fegtat(w) implies the robustness fdw-stat(w), which then will imply the
robustness fou-stat(w). For a big blockB;, wherei = 1, ..., &, we denote by ;, the subword of3; after deleting
the first¢; letters and the last — 1 — ¢; letters of B;. Letv be the concatenations of the words,. Then by the
definition ofbu-stat(w) we havebu-stat(w) = £S5 g, o (b-stat(viy,)) = Eq(b-stat(v)).

Intuitively one would like to use this equation directly fextending the robustnessioktat to bu-stat. However,
this will not work since one would need to use a triangle ir@ify in the wrong direction. Instead we use a more

elaborate proof based on a Chernoff-Hoeffding bound argitme

Lemma 3.3. There exists a word obtained fromw after deletingO((ln‘EQﬂ

b-stat(v)| < 5.

) letters, so thatbu-stat(w) —

def

Proof. Fix a coordinates € $*. For everyi = 1,..., %, let X, be the random variabl&; = b-stat(v; , )[u], where

t; is chosen uniformly in{0, ...,k — 1}. We denote by the random word obtained from the concatenation of the
wordsu; ¢,. Note thatv is obtained fromw after deletingk — 1) x & = O((ln‘zgﬂ) letters.
The variables(X;); are independent random variables such thak X, < 1 and E,(b-stat(v)[u]) =
£ 5, E(X;) = bu-stat(w)[u]. By the Chernoff-Hoeffding bound we then get that, for any 0,
Pr[|bu-stat(w)[u] — b-stat(v)[u]| > 1] < 2¢ 2F)*".
We repeat the same argument for evergoordinate, and using a union bound, we conclude that:
Pr||bu-stat(w) — b-stat(v)] > |Z|F x ] < |S|F x 2¢72(K)¥.

If we sett = 2‘%” = 2/@#2% and use the definition dk, we conclude that there exists with non zero probability a
word v that satisfies the required property about the statistaspteting the proof. O

Combining the robustness of block statistics, the previemsna, and the next lemma, which easily reli@sstat
to u-stat, we get our robustness lemma (proofs are in Appendix A.1).

(n|%])|3*/¢
eln )

Lemma 3.4. |bu-stat(w) — u-stat(w)| = O(

Lemma 3.5 (Robustness)Letn = Q((lnlz‘gﬂ). If dist(w, w’) > 5en then|u-stat, (w) — u-staty (w')| > 6.5¢.

3.2 Approximating the Edit Distance with Moves

In order to construct an efficient tolerant tester of theatise between two words, we need to efficiently approximate

u-stat(w). We will also need to approximatestat(w) for the second part of the paper. For this, we state a more

general result that implies the approximability of ouristits. There are several methods which can be used to obtain
a Chernoff-Hoeffding type bound on vectors. In our simplse;zdahe use of Chernoff-Hoeffding bound together with

a direct union bound is polynomially tight using an argunsémtilar to the one of [4].

Lemma 3.6. Let f be a function from{1, ..., M} to R”, such thatf(x) has non-negative coordinates and has unit
¢1-norm, for everye. Let{Y1,...,Yx} be random variables ovdl, ..., M } independently distributed according to
the same probabilistic distributios. Then for every > 0,

Pr(|Ea(f(Y)) = % iy f(Yi)| 2 D x 1] < D x 2e72VE%,

Proof. Let u = Eq4(f(Y)) andjiny = + Zfil f(Y;). For every coordinate € {1,..., D}, Pr{|u[u] — dn[u]| >
t] < 2e=2N** by the Chernoff-Hoeffding bound for the random variabigs= f(Y;)[u] which are betweefi and1
and whose expectation jgu]. We conclude using a union bound. O



As a corollary we can approximate both block and uniformigtias using a number of samples independent of
n. The variable¥; denote the position of the selected block lettexsf w, andX; denote the corresponding vectors
of size|~|* whoseu-coordinate is one and others are zero. dtet denote eitheb-stat or u-stat. Then we define
- def 1
staty (w) = =N X

. n /e ) —

Corollary 3.7. There existsV € O(UIZLIE") for which Pr{[stat(w) — staty (w)| > €] < 1, wherestat denotes
eitherb-stat or u-stat.

Using the Soundness and Robustness Lemmas, we can comstmetsided error tester for the equality of two
words which is als@e?, 5¢)-tolerant:

Uniform Tester(w, w’, €):

Let NV = o(LZD=0) angy = 1

Computeu-staty (w) andu-stat (w’) using the samé' uniformly random indices i1, ..., n—k+1}
Accept if |u-staty (w) — u-staty (w')| < 6.25¢

Reject otherwise

n /6
WEDEPT) the above test:

Theorem 3.8. For anye > 0, and two wordsu, w’ of the same size of ord€x(
(1) accepts itw = w’ with probability 1;
(2) accepts ifw andw’ are e2-close with probability at least/3;
(3) rejects ifw andw’ are 5e-far with probability at leasg/3.

. . . 0 /e
Moreover its query and time complexities ar@n%).

From this(s2, 5¢)-tolerant tester, one can derive @%, 5./¢)-approximation algorithm of the distance following
the approach of [19].

Corollary 3.9. There exists a randomized algorithisuch that, given two words, w’ of the same size of order

Q((lnlz‘gﬂ), A outputse’ satisfyinge’ € [%, 5+/¢] with probability at leas2/3, wheree = % Moreover

the query and time complexities dfare in O(W%).

4 Geometric Embedding of a Language

4.1 General Observations

We want to use the notion of block statistics in order to effitly characterize a language. We choose this statistics
vector because it is the simplest to manipulate.

Using the previous section, we can embed a woiidto its block statistich-stat(w) € RIZI"*, This characteri-
zation is approximately one-to-one from Lemma 3.1 if the sitthe words is fixed.

This directly implies the following proposition.

Proposition 4.1. Given unbounded computation resources, every (compytabiguagel is e-testable using a num-
ber of queries that is independent of the input size

Proof. Given the input sizex and settingk = [2/¢], we can calculate (using our unbounded resources) every wor
u of lengthn in L, and write dowrb-staty,(u). For the input wordo we can then s-approximateb-staty,(w) using

Lemma 3.6, and then check whether there is any woad above for whichb-stat (u) — b-stat; (w)| < Le. O

The above proposition is not only time inefficient but it aldoes not allow the computation to complete in
a preprocessing stage. The reason is that the block statities not characterize words of different lengths, as
b-stat(wg) = b-stat(wf) for every positive integet, if wy is any word whose size is a multiple bf

This means that the set of block statistiestat(w) of all the elementsy € L is not a good characterization of

a general languagg. For instance, the Word;g’”g*1 is (1 — 1/k2"")-far from the languagéw?’ : ¢t > 1}, for



every positive integeg. Moreover, it is not hard to construct using the appropnieeers a language whose testing
algorithm requires arbitrarily intensive computations.

To construct a test that works for allusing only one preprocessing stage, one might considerdmik statistics
of loops of alanguage (as provided by an appropriate pumiemma). This makes sense when any word of a language
can be decomposed into loops up to a few remaining lettergulRelanguages have this property, and context-free
languages also share it when any permutation between tdttekd is allowed (see Section 4.5.2).

4.2 Regular Languages

We fix a finite alphabel, and an automatoA (possibly non deterministic) ofl with a set of state of sizem, that
recognizes aregular languafel etk be a positive integer and—= % We consider only words whose size is divisible
by k, as any word of length. of L, for n large enough, is close to such a word. Defitfg the k-th power ofA, as
the automaton o&* with set of state€) such that the transitions of* are exactly all sequences bfconsecutive
transitions ofA. ThenA and A* recognize the same language. In the general case, one cafy Médsuch thatA”
recognizes the language of wordslofvhere the lasf|w| — k[‘—Z‘J) letters are deleted.

We will characterizel. by the block statistics of its loops on the block alphabet. rédfaark that the statistics of
the A*-loops basically only depend dnandk, from Proposition A.3 in Appendix A.2.

Definition 4.2. A wordv over X* is an A*-loop if there exist two words, w over ¥ and an accepting path of*

for uvw, such that the state of the automaton after readin@ollowing the above accepting path) is identical to the
state after readingiv.

A finite set ofd*-loops isA*-compatiblef all the loops can occur one after the other (in any orderpime accepting
path of A%,

We define the geometric embeddingloby the union of convex hulls of every compatible set of loops.

Definition 4.3. 1 % U Convex-Hull(b-stat(vy ), . . ., b-stat(v;)).
v1,...,ue: A¥-compatible loops
>0

This definition is motivated by a standard result on finiteoamdta: one can rearrange any word of a regular
language into a sequence of small compatible loops. We flatenthis fact in our context.

Proposition 4.4. Letw € L. Thenw = vujus ... u;, wherelvlp, [uilp, ..., |wls < m and{uq,us,...,u;} is an
Ak-compatible set ofi*-loops (non necessarily distinct).

A consequence together with Caratheodory’s theorem isotfatcan equivalently defirflg when the loop sizes
and the number of compatible loops are bounded (see Appéndifor the proof). Recall that even if this new
characterization explicitly depends @ (that is onA ande), the setH only depends ol ands (see Appendix A.2).

Proposition 4.5. H = U Convex-Hull(b-stat(vy), . .., b-stat(vt)).

v1,...,ue: A¥-compatible loops
t=|2|Y 41, vi|p<m

Another consequence of this proposition is that if a wardbelongs toL, then it has to satisfy approximately
b-stat(w) € H (Lemma 4.6). This can be understood as an approximate Pelgkkification of regular languages,
whereas the original Parikh characterization was for cdfftee languages [18]. The converse is also approximately
true (Theorem 4.8). Missing proofs are in Appendix A.3.

Lemma 4.6. For everyw € L there existsv’, so that
0 < fw| = [w'| <2, dist(w,w') < 2,

|b-stat(w) — b-stat(w')| < 2, and b-stat(w’) € H.

Lemma 4.7. For everyX € H and everyn there existsv € L, such that
0<|w|—n< (%Y +3)22, and|X — b-stat(w)| < (][ +2)32,



Proof. Let X € H, thatisX = Zl_l \; - b-stat(u;), wherel = [Z|% 4+ 1, |uslp <m, 0 < N\ < 1 and) .\ = 1.
Fix any mtegem We choose non negative integérs),—1 o....; that respectively approximasg ‘jﬁb, i
0< |ri— N ‘jﬁb| < 1,and such that < >, r;|u;|, — en < m. Itis always possible to satisfy this last condition due
to the degree of freedom on the choices.cénd the upper bound;|, < m: We letj > 0 be the minimum integer so
that>7_ X i Hwils + D _J+1\~ 1|u ey Jluly > 0, and set; = [Ai =4 ford < jandr; = |\ =] fori > j.

Define the wordw’ = uj'us? .. . Then its block length is close tn: 0 < |w'|, —en < m. Moreover its
block statistics satisfies

|b-stat(w’) — X| (rl ‘lzl,l‘b — )\i) b-stat(u;)

< Slrfef = A

2D S TSNS SRRV SRR
[
< (m+€n) x (& — m+€n)+lm =04 m
Using A*-compatibility, we can get a word ofl from w’' by inserting few block letters. Let
Vo, V1Ui, Vs - - . u;, v, € L be the witness of thel*-compatibility of the Ioopsu, ..., uy, such thatv; |, < m for ev-
eryj, and where{zl, ...,1;) is a permutation of1, . ..,1). Thenw = vou vlu 2y ... u;l v; € L by construction.
Moreover) < |w|, — |w'|p < (I + 1)m, and|b- stat( ) — b-stat(w)| < 2”':% so we conclude. O

Theorem 4.8. Letw € £™ and X € H be such thatb-stat(w) — X| < 4. Then
dist(w, L) < ( +(1+ O(mlz‘ ))s)n

4.3 Construction of H

One of the remaining tasks is to efficiently constriitfor a given automatoni with m states. One could try to
enumerate alld*-loops of size at most: over ©*. This is not efficient enough due to the possible large number
of loops,O(|2[¥™). Nevertheless, since we only care about block statisticoofpatible loops one can enumerate

them using a standard reduction to matrix multiplicatioerothe appropriate algebra. The complexity is then just

polynomial in the number of possible corresponding bloekistics, (”Tgﬁ' ) O(m‘z| ), since a block statistics of

a wordv of size at mostn overX* basically corresponds to a partitionnafinto |-|* parts.
We explain the procedure and prove the following lemma ineéxppx A.4.

‘O(l/a)

Lemma 4.9. Given A ande, a setH of (|2|'/¢ + 1)-tuples of vectors can be computed in timé’ such that

|H| < m®I%"? andH = (4. ;; Convex-Hull(5S).

For a regular language, the gktis a subset of the unit ball @!=!" for the ¢;-norm. Let us consider the grid
: = {0, 5 IE%’ ..., 1}®I" of the cubel0, 1]=I" with step s Let M. be the set of points of. that are at

distance at mos§ from  (for the ¢;-distance). Sinc¢G.| = (k|S|* + 1)/=1" = 212177 then|p. | = 2131777,
Moreover, one can easily construct it frath

Proposition 4.10. Given A ande, the seti. can be computed in time /=17,

4.4 Applications

Theorem 4.11. For every reale > 0 and regular languagd. over a finite alphabek, there exists ag-tester forL
o 2/e ; o .

whose query complexity is m(%) and whose time complexity is el

Moreover, given an automaton with states that recognizés, the tester can be constructed in time>1""<



Proof. We fix ¢ > 0, and automatorl with m states that recognizeds. We construct &es-tester forL whose

correctness directly follows from the previous sectiont &.éve a word given as input. We assume thay (
is large enough, otherwise we just run the automatowon

The tester is in two steps: a preprocessing step and thagestgp itself. Giverd ande, one can computé{.
in time m/1°"? from Proposition 4.10. Now the testing part consists of cotimg an estimatio@]v(w) of
b-stat(w) as in Corollary 3.7, wherd/ = @(“”'E‘gﬂ), usingO(“”‘ZQﬂ) queries tow. If @N(w) is at
distance at mosts from H., the tester accepts, and otherwise it rejects.

m‘2|1/5
&2 )

O

Theorem 4.12. There exists a deterministic algoritifhsuch that, given two automathand B over a finite alphabet
> with at mostn states and aread > 0, T'(A, B, ¢):

(1) accepts ifA and B recognize the same language;

(2) rejects ifA and B are not2e¢-equivalent.

. . . .. O €
Moreover the running time complexity Bfis in m/> e

Proof. Fix ¢ > 0. The algorithm simply computes the respective discreteamationsH 4 . andHp . of H 4 and
‘H g corresponding to the automatiaand B. If they are equal, the tester accepts, and otherwise itteeje
The correctness is again omitted and follows from the previection. O

One can get a tolerant equivalent tester for automata usiifigrm statistics following the more complex approach
of Appendix C.

4.5 Extensions
4.5.1 Infinite Regular Languages

We now consider an application to infinite words over a finiphabet>. In this section, all words are infinite unless
we explicitly state otherwise. We will show how to extend oesults to nondeterministic Buichi automataBAchi
automatonis simply a finite automato on which the notion of acceptance has been modified as falldws a
word w € ¥¢ overX and a corresponding (infinite) path iy, we denote bynf 4 (w) the set of states oft which

are reached infinitely many times by the path. We say th&t acceptedy A if there exists a path fow such that
Inf 4 (w) contains an accepting state 4f We say thatd recognizes the language of accepted infinite words. Such
languages are callegtregular languages.

For every integen, we denote byw,, the prefix ofw of sizen. We say that two words), w’ aree-closeif the
superior limitlim,, _, dist(w‘n,w"n)/n is at moste. Similarly, we say that a word is e-closeto a languagé. if
there exists a word’ € L which ise-close tow. Last, theblock statistics-stat(w) of w is the set of accumulation
points of the sequende-stat(w|,, ))n.

If we adapt the geometric embeddifiof the previous section, for this distance, an equivaleastet for two
Buchi automata follows from the one previously defined &mular languages (over finite words). In this tester (whose
correctness is in Appendix B.1), we modify the Definition df3+, by simply restricting ourselves t4*-compatible
loops of (strongly) connected components of acceptingstaf A* (we could also extend Theorem 4.11 to lasso
words as in [9]).

Definition 4.13. For every connected componefitof A, let Hc be the convex hull of the vector sgt-stat(w) :
wis aloopinC s.t.|wl, < m}. We denote b§{’ the unionJ, Hc whereC ranges over all connected components
of A* that contain an accepting state and are reachable from aieirstate.

Theorem 4.14. Theorem 4.12 is also valid for nondeterministigdBi automata, witl’ taking the place oH.

4.5.2 Context-Free Languages

We construct here an exponential time test and an equivatester for context-free languages, given by their gram-
mar, or by their push-down automaton (the two represemsi@we polynomially equivalent so we will switch back



and forth between them as convenient). In comparison, thiglgam of whether two context-free grammars define the
same language is not decidable.

We prove this in two parts. First, we move from the originalgmar to a “block grammar” that approximates the
block-statistics of the original language, just like fott@mata we use the-power construction. The easiest way to
do so is through a pushdown automaton witherteansitions, which requires the grammar to be in Greibacmal
Form. Fortunately, it is now known how to produce such a grammith only a polynomial increase.

Lemma 4.15 ([7]). Every context-free grammar is equivalent to a grammar inilgreh Normal Form (for which
there exists a polynomial size equivalent pushdown autmmaithoute-transitions), whose representation size is
polynomial in that of the original grammar.

Using this, we can now move from the original grammar to thetigmar of blocks” (proof in Appendix B.2).

Lemma 4.16. For every fixedk and terminal alphabekE, there exists a polynomial time algorithm that converts a
context-free grammag over ¥ to a context-free gramma®’ over the terminal alphabet®, such that a word is
recognizable by~ if and only if its block representation (after appropriatetinding” of the word if the letter count
is not divisible byk) is recognizable by’.

We then use the original Parikh theorem about spectra ogtifitee languages, that provides a formula defining
a semi-linear set on the letter counts of all possible wostiéch we call theParikh formula

Lemma 4.17 ([18]). The computation of the Parikh formula can be reduced to timepdation of the letter counts of
all possible productions from a nonterminal to a word whoe@ht is at most quadratic in the grammar size (and so
the word size is at most exponential in the grammar size) dndhicontains at most one nonterminal character.

From the spectrum one can clearly calculate the/6éthat approximates the block-statistics of all large enough
words, and then construct an appropriate We are thus done using the following (proof in Appendix B.2)

Lemma 4.18. Given a nonterminald, all letter counts of all productions ofl into words of size up té with no
nonterminals can be calculated in time polynomial in thergnaar size and (where the alphabet is fixed). Similarly
we can calculate all letter counts of all productions4fnto words of size up tbcontaining a single nonterminas.

With the above lemmas we can construct string testers fontegtfree language (which are not possible for the
usual edit distance without moves, as the counter examfil¢wvorks for the edit distance as well as the Hamming dis-
tance), as in Theorem 4.11. We can also construct equivatesters for context-free grammars, as in Theorem 4.12.
We sketch here how to construct an equivalence test.

Theorem 4.19. There exists a deterministic algorithfhsuch that, given two context-free grammalreind B over a
finite alphabet whose representation size is at mpstand areale > 0, T(A, B, ¢):

(1) accepts ifA and B recognize the same language;

(2) rejects ifA and B recognize languages that are ribt-equivalent.
Moreover the running time complexity Bfis exponential il =170

Proof. Fork = 1, using Lemma 4.16 we construct the corresponding grammaesxd B’ over ©*. Then using
Lemmas 4.18 and 4.17, we constrd¢l . and H ., and accept if and only if these two sets are identical. The
exponential time is because Lemma 4.17 requires us to usepanential in the statement of Lemma 4.18. O

Before we close we note a corollary for regular expressiatis sguaring. Although these recognize only regular
languages, their (exact) equivalence problem is EXPSPAGIRplete by [16], so the exponential time algorithm given
here can be considered as a slight improvement (proof in AgigeB.2). Regular expressions with squaring can be
converted into equivalent pushdown automata with a polyiatymelated size. Applying the previous theorem, we
obtain the following result.

Theorem 4.20. There exists a deterministic algorithim such that, given two regular expressions with squatihg
and B over a finite alphabeX whose length is at most, and areals > 0, T'(A, B, ¢):

(1) accepts ifA and B recognize the same language;

(2) rejects ifA and B recognize languages that are ribt-equivalent.
Moreover the running time complexity Bfis exponential inn/=I1°""* .
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A Missing Proofs
A.1 Proof of Lemmas 3.4 and 3.5

The following simple result is well known and easy to check.

Proposition A.1. Let A C B be two finite subsets and lgty, .5 be their respective uniform distributions. Then
la — pp| = 2B

Proof of Lemma 3.4The proof consists of proving that both underlying blocKkritisitions are at,-distance at most
2/e
O(%). Then the definitions of the vectousstat andbu-stat directly imply the result.

Thé Jniform distribution consists of choosing uniformlyrabhdom a subword of w of lengthk, that is an integer
z € {1,2,...,n — k — 1}. The block uniform distribution consists of choosing unifly at random a big block, an
integer0 < ¢ < k—1, and then a subword of lengthk at position: in the big block that satisfiq@g — 1) = ¢ mod k.
In an equivalent way, the block uniform distribution is theiform distribution over all subwords of sizethat are
inside some big block.

The number of subwords of siZethat cross boundaries of big blocks(® — 1) x ( — 1). Therefore us-

ing Proposition A.1, the,-distance between the distributions is upper bounded By(k — 1)(% — 1) x ﬁ =
O((IH\Z|)|E\2/E ). O

ein

e® et

Proof of Lemma 3.5We assume that/( is large enough so that th@(

upper bounded by, and thw(%) of Lemma 3.4 is upper bounded By

Using Lemmas 3.3 and 3.4, we get subwordsdv’ that respectively come froma andw’ after deleting at most
5% letters from each, so thai-stat(w) — b-stat(v)| < 5 + § and|u-stat(w’) — b-stat(v)| < 5 + .

From the hypothesis om andw’, and using the triangle inequality alist, we obtain thatlist(v, v') > 5en — <.
Therefore, using Lemma 3.1, we get tiiastat(v) — b-stat(v’)| > 8¢ — £, which implies from the construction of
v,v" that|u-stat(w) — u-stat(w’)| > 8 — £ —2(5 + £) = 6.5¢. O

of Lemma 3.3 is

A.2 Automata Independence Proofs

We show that loops in different automata for the same langaag related, by correlating them with a definition that
only depends on the language itself.

Definition A.2. A wordv over ©* is an (L, k)-loop if there exist two words, w over X* such thatuv'w € L for
every integet.

One can remark that*-loops and(L, k)-loops are nearly the same, and in particular share the statigtiss,
according to the following result.

Proposition A.3. Every A* loop is also an(L, k)-loop, and on the other hand for evefy, k)-loop v there exists
t > 1 such thaw? is an A* loop. In particular, the set of statistics of loops of an amtton deciding the language
depends only o and k.

Proof. The first direction is clear.

The second direction requires some indications. Let us rmwsider the family ofL words (uv'w);>1, and in
particular let us consider one of the accepting pathsfétw. By a counting argument, there exisk t < t’ < m,
such that this accepting path reaches the same state aftefubd|, steps anquvt/|b steps. Hence the automaton
contains some loop that correspondsto t. Moreover, there is an accepting path that contains this, Ioamely the
one foruv™w, and so it is indeed ad”-loop. O

However, for our purpose we need to consider not only loopsséts of compatible loops. Here is the correspond-
ing definition that depends on the language.
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Definition A.4. A sequence of words;, . .., v; over ©* is a compatible(L, k)-loop sequencé there exists a per-

mutationo : {1,...,l1} — {1,...,1}, and wordsug, u1, ..., u; over ©*, such that for every,,...,t; we have
UQ’IJ?(l)ul’UZQ(Q)ug .. .ul_lv?(l)ul € L (note that this in particular implies that,, . . ., v; are (L, k)-loops).

Proposition A.5. Every compatible sequencef-loops is also a compatible sequencé bf k)-loops. On the other
hand, for every compatible sequengg. .., v; of (L, k)-loops there exist;,...,t; > 1 such that!,... ,vfl is a
compatible sequence af*-loops. In particular, the geometric sét, constructed from any automatotf deciding

the languagd., depends only ot and k.
Proof. The proof follows the very same methods of the proof of PrajmrsA.3. O

Proof of Proposition 4.5.The inclusionD is straightforward.

For the C inclusion, let us first state Caratheodory’s theorem: Inatisiond, any convex hull of N points
p1,-..,pN Can be decomposed into the union of convex hullsdof- 1) pointsp;, , ..., p;,., (with some possible
repetitions), where the union is over every possible ctsiée¢hese points. Hence this inclusion would have been also
straightforward without the length assumption on the loapthe dimension hereds= |3|*. To overcome the length
constraint we use the fact that any loog- v; of size|v|, > m can be decomposed (after a possible reordering of the
block letters) intow = w;uz2, whereu; andu, are loops which are also compatible with the other logpsRRepeating
this argument inductively, we first prove thstis not smaller if we upper bound the loop sizesrby Then applying
Caratheodory’s theorem, we conclude the proof. O

A.3 Proofs of Lemma 4.6 and Theorem 4.8

Proof of Lemma 4.6First, recall that the block statistibsstat(w) is invariant under block letter permutations. More-
over, ifw’ is w on which one block letter has been either deleted or inséiet|b-stat(w) — b-stat(w’)| < ﬁ

Letw € L. Applying Proposition 4.4, we can delete less tharblock letters fromw so that the resulting
word is a concatenation’ =, ujus . .. u;, where theu,; are A*-compatibleA*-loops. Sincey’ is obtained fromw
using at mostn deletions of block letters, we hajie-stat(w) — b-stat(w’)| < 82|Zj|. This concludes the proof since

b-stat(w’) € H. O

Proof of Theorem 4.8Let n = |w|. For simplicity, we assume that dividesn, otherwise we just delete at most
k — 1 letters fromw so that the new length is dividable by From Lemma 4.7, there exists a ward € L, such that
0 < Jw'| —n < (I+2)22 and|b-stat(w') — X| < (I + 1)22, wherel = 1 + |X|*. We again assume thatdivides
[w'].

Assume thatw| = |w’|. Then, using Lemma 3.1, we get thiitt (w, w') < (3(6 + (1 + 1)22) + e)n.

If wandw’ have different sizes, we artificially increment the sizewdby adding at mos{l + 2)2m block letters
at the end ofiv (recall that adding a block letter adéso the word size). The deviation of its block statistics isrtlat
most(l + 2)2m x 2, so we asymptotically get the same bound. O

en’

A.4 Details of the Construction of H

We proceed recursively on the lengtlof paths between two possible states4df, fort = 1,...,m. Let P, be an
m x m matrix where the entryi, j) is the set of block statistics corresponding to a path oftehetween the states
iandj. Let us consider the algebra of sets of distributions &ewith the operations), ©,, where®; is distributive
overU and defined for singletons Hyz’} ©; {¥'} = {75 7 + =5 v }. If we denote by, the matrix multiplication
over this algebra, then the matricBssatisfy the following simple inductive equation, whérgis directly given by
A* (by setting each non-empty entry Bf to be the set of unit vectors corresponding to the blockretabeling the
corresponding arcs id*):
Pt+1:PlotPt-
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,,,,, m- Atthe end of the process, the
diagonals of those matrices contain the block statistiedl of-loops of length at most.. Then, a tuple of|%|'/=+1)
loops is compatible if and only if there exists an acceptiathpf the automaton which passes through all states of the
respective origins of the loops, a condition that can alschaeked in polynomial time by using matrix multiplication
over an appropriate algebra. Using Proposition 4.5, we kimawincluding inH the statistics of the corresponding
compatible sets is sufficient. The upper bounds on the side¢hantime complexity of the decomposition come from
the previous observation that at mast" block statistics are considered. O

B Details of Extensions

B.1 Infinite Regular Languages

We now enumerate intermediate results from which Theoré#rhdirectly follows. We first state the following lemmas
whose proofs are based on the ones of Lemmas 4.6 and 4.7. WBiichaautomatori that recognizes..

Lemma B.1. Letw € L. Thenb-stat(w) C H'.

Proof. We consider an accepting path it¥ for w (as a block word). This path can clearly move from a (strong)
connectivity class to another only finitely many times, aedde apart from a finite number of positions this path is
fully contained in one of the connectivity classes4df. From this the reminder of the proof is straightforward. O

Lemma B.2. LetX € H'. Then there existe® € L such thab-stat(w) = {X}.

If we relaxed a little bit the conclusion of the above lemmag @an remark that, for any fixed> 0, there exists
a lasso wordy = uv*, where|v| is divisible byk, such thab-stat(w) = {b-stat(v)} and|b-stat(v) — X| < 4.

Based on these lemmas and Lemma 3.1, we can statg/thief robust characterization &f whenever the block
statistics have a unique accumulation point.

Lemma B.3. Letw € ¥* and X € H’ be such thab-stat(w) is a singleton{Y} satisfyingY” — X| < §. Thenw is
(2 + ¢)-close toL.

Now the crucial point for concluding the proof of Theorem4ii the following lemma, which allows us to
consider only words whose block statistics have a uniqueraatation point.

LemmaB.4. Letw € L, and letw’ € £¢ bee’-far fromw. Then there exists another wosds L such thatb-stat(v)
has only one elemerti;stat(v) C b-stat(w), andv is (¢’ —e)-far fromw’.
Proof. Let (n;) be an increasing sequence of integers suchd‘ibta(tw‘ni ,w| ) has alimit at least’, wheni — oo.

lns

We can extract again frorfn;) a subsequenden;;) for whichb-stat(w),, ) has limit X'. Note that this subsequence
"]
still satisfies thatlist(w,, ,w/ ) has alimit at least’, whenj — oo.
J

Im;
Observe thatX € H’ by Lemma B.1, and therefore, using Lemma B.2, there existe@ w € L such that
b-stat(v) = {X}. From Lemma 3.1, we get thatst(w|mj,v|mj) has superior limit at most. Therefore, by the

triangle inequalitydist(wl’m_ ,v),..) has superior limit at leagt’ —<), which concludes the proof. O

B.2 Context-Free Languages

Proof of Lemma 4.16We first use Lemma 4.15 to move frato an equivalent grammar in Greibach Normal Form,
and then to a pushdown automatdrwith no e-transitions. Then we take thiepower of 4, replacing each path &f
transitions ove® with one transition oveE”. If some of the resulting transitions consume more than etterloff
the stack, we add new states antfansitions as necessary. Finally, we move from this aatomto the equivalent
block grammaiG’ (which by now is not necessarily in normal form). Each of the transitions causes no more
than a polynomial blowup in the representation size, andéere are done. O
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Proof of Lemma 4.18We provide here only the proof for finding the production®intords with no nonterminals,
as the proof for words with a single given nonterminal is asyeatension. We first move the grammar to Chomsky
Normal Form (which causes a polynomial increase in the gramnsize), so that there will be no production in the
grammar with more than two nonterminals. Note that thissfammation preserves the original nonterminals (while
it may also add some new nonterminals), so we can do thisitimmand still preserve the list of required words that
are derivable from a nonterminal

We maintain an array, that for every letter (honterminakontinal) provides a list of possible letter counts of the
words of terminals of size up tbthat can be produced. The maximum size of every such Ii@’ﬁli'é) = 190 for
h = |£|¥ the number of possible terminals, and so it is polynomidl im the beginning, the list for any terminal
contains a single vector which i$'‘on the coordinate correspondingd&oand 0’ on all other coordinates, while for
any nonterminal the initial list is empty. The lists for tregrhinal letters will not change (and thus remain of dize
all throughout the algorithm.

We now repeat the following procedure, as long as we canaserthe size of any of our lists: Given a production
of the grammar, sayB — u”, we look at the current lists of the nonterminals that appea. For every possibility
of picking a vector from the list of every such nonterminéliie same nonterminal appears twiceuithen we can
pick two vectors from its list or the same vector twice), wensup these vectors together with the (unique) vectors of
the terminals i, and add this vector sum to the list Bfif its weight is no more thah. As we assumed that there
are no more than two nonterminals in every production, tieis takes at most quadratic time in the maximum size of
a list.

The above procedure must stop after at most a number of $tapis tequal to the number of nonterminals times
the maximum size of a list, and so after a polynomial numbeteys we arrive at lists which can no longer be enlarged
in the above manner. It is not hard (and left to the readeéaisat at this point, the list for every nontermiriabill
be exactly the list of letter counts of all its possible proiilons into words of size up tb O

Proof of Theorem 4.20A regular expression with squarifycan be converted to an equivalent pushdown automaton
whose size is polynomial im. The conversion follows the vain of converting a regularresggion without squaring
to a (normal) nondeterministic automaton, only here in toldiwe convert each square sign to a corresponding state
s that pushes down the stack a symbol unique to it: After pugtiown the symbaot makes an-transition to the state
corresponding to the beginning of the subexpression ttsafuared, and whenis reached again and finds its symbol
already in the stack it pops the symbol and makes-&ansition to the state corresponding to the expressiemenht
following the squared part.

We convertA and B to their respective pushdown automata (and then to theiesponding context-free gram-
mars), and then we use Theorem 4.19. O

C Tolerant equivalence testers

Considering the soundness and robustness of the unifotististd_Lemma 3.2 and Lemma 3.5), we could make the
property testers as well as the equivalence testers foraterdinistic automata (and their extensions) tolerant, if
instead of reducing the original automaton to its “blocksien”, we reduce it to its “shingle version”. In other words,
we would like to construct an automaton that recognizes alwoover ©* if and only if it consists of all subwords
of sizek of some wordu recognizable by the original automaton. This can be donenfust computational models
discussed above, and to illustrate this we sketch the agiiin for nondeterministic finite automata.

Lemma C.1. Given an automatoml with m states over:, it is possible to construct an automatéhwith | =
m - |S|F~1 states ove* in time polynomial in/, where B accepts a wordv if and only if there exists a word
accepted by so thatw consists of all lengtt: subwords of:.

Proof. We assume thatl contains na transitions. Let the “memory automato denote the following automaton
consisting of ¥|¥~1 states and with no accepting state: Each stafe d$ labeled by a word frort*—!. From a word
ai,...,a—1 the automaton has a transitionds . . ., a1, b for everyb € X, which is labeled byi4, ..., ax_1, b.
The automatorB consists of running in parallel the original automatdérand the automaton/, so in effect
the state set 0B is the product of the state spacesidfand B. The initial states of3 are the coupling of any state
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ai, ..., ai—1 Of M with any state ofd reachable from an initial state by a path reading the letiguence., . .., a;—1
from the input. The accepting statesi®fare all couplings of a state éff with an accepting state of.

Defining the transition function, there is a transition frarstates; of A coupled with a state;,...,ax_1 of M
to a states, of A coupled with a states, ..., a;_1,b of M, labeled byay,...,a5_1,b, for everyay,...,ar_1 and
b where the original automata# contained a transition fromy, to s, labeled byb. The proof thatB is the required
automaton is straightforward and is left to the reader. O

We conclude by sketching what this implies e.g. for equivedetesters.

Theorem C.2. There exists a deterministic algoritifhsuch that, given two automathand B over a finite alphabet
> with at mostn states and aread > 0, T'(A, B, ¢):

(1) accepts ifA and B recognize languages that as8-equivalent;

(2) rejects ifA and B are not10s-equivalent.

. . . .. O €
Moreover the running time complexity Bfis in m/> e

Proof. We use the same proof of Theorem 4.12, only instead of cdiogléthe geometric embedding of the powers
Ak and B¥, we calculate the geometric embedding of the automataetkfiom A and B by Lemma C.1 for an
appropriaté: = O(1/2), and accept if these are close enough. This closeness caetieed e.g. from an appropriate
discretization of the embedding. O
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