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A simple example: SQUARE = {(w,ww) | w € ¥*}

> |a b a c c a l)l <
A
4 R
a b a c c a b ‘ | a b a @® c a b |
A —o-
» copy the input word

v

rewind the input tape

v

append a copy of the input word
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Another example: UnaryMult = {(a”, ak") | k,n € N}
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Another example: UnaryMult = {(a”, ak") | k,n € N}
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Another example: UnaryMult = {(a”, ak") | k,n € N}

copy the input word ——— rewind the input tape

‘\?/

accept and halt with nondeterminism
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Rational operations

» Union R U R,
» Componentwise concatenation
Ri- Ry = {(u1u2,viva) | (u1,vi) € Ry and (w2, v2) € Ro}

» Kleene star
R* ={(uiuz - ug, vava -+~ vi) | Vi (ui,vi) € R}
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» Union R U R,
» Componentwise concatenation
Ry Ry ={(u1up,vive) | (u1,v1) € Ry and (w2, v2) € Ry}

» Kleene star
R* ={(uiuz - ug, vava -+~ vi) | Vi (ui,vi) € R}

Definition (Rat(X* x "))
The class of rational relations is the smallest class:
» that contains finite relations

» and which is closed under rational operations
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Rational operations

» Union R U R,
» Componentwise concatenation
R1 . R2 = {(U1U2, V1V2) | (ul. V1) - R1 and (Uz, V2) < Rg}

» Kleene star
R* ={(uiuz - ug, vava -+~ vi) | Vi (ui,vi) € R}

Definition (Rat(X* x "))
The class of rational relations is the smallest class:
» that contains finite relations

» and which is closed under rational operations

Theorem (Elgot, Mezei - 1965)
1-way transducers = the class of rational relations.
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Hadamard operations

» H-product
R1®R2 = {(u, V1V2) ‘ (u, V1) € R1 and (u, V2) c Rz}
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Hadamard operations

» H-product
R1®R2 = {(U, V1V2) | (u, V1) c Rl and (U, V2) S RQ}

Example: SQUARE = {(w,ww) | w € X*} = Identity @ Identity

o fefelefefoflafolefclele]r]

AL

» copy the input word
» rewind the input tape

» append a copy of the input word e



Hadamard operations

» H-product
R1®R2 = {(u, V1V2) ‘ (u, V1) € R1 and (u, V2) c Rz}

» H-star
R™ = {(u,viva---vx) | Vi (u,v;) € R}

/16



Hadamard operations

» H-product
R1®R2 = {(u, V1V2) | (u, V1) c R1 and (U, V2) S RQ}

» H-star
R™ = {(u,viva---vx) | Vi (u,v;) € R}

Example: UnaryMult = {(a”, ™y | k,n e N} = Identity"*

pnnof

>

e - ] ]

6/16



Hadamard operations

» H-product
R1®R2 = {(Ll, V1V2) ‘ (u. V1) € R1 and (U, V2) c RQ}

> H-star
R™ = {(u,viva---vx) | Vi (u,v;) € R}

Property

two-way transducers are |closed under H-operations .
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H-Rat relations

Definition
A relation R is in H-Rat(>* x ") if

R= |J AieB™

0<i<n

where for each i, A; and B; are rational relations.
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H-Rat relations

Definition
A relation R is in H-Rat(>* x ") if

R= |J AieB™
0<i<n

where for each i, A; and B; are rational relations.

Theorem (Choffrut, G. - 2014)
When * = {a} and I = {a}:

2-way transducers = H-Rat relations
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Main result

Theorem (= This talk
When S—tfotamdt I = {a}:

2-way transducers 7é H-Rat = sweeping transducers

H-Rat g 2-way transducers
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Known results on 2-way transducers

» functional == deterministic = MSO definable functions

» general incomparable MSO definable relations
[Engelfriet, Hoogeboom - 2001]
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Known results on 2-way transducers

functional '== deterministic = MSO definable functions

v

v

general incomparable MSO definable relations
[Engelfriet, Hoogeboom - 2001]

v

general uniformizable by deterministic
[de Souza - 2013]

» 1l-way simulation of 2-way functional transducer:
decidable and constructible [Filiot et al. - 2013]
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Known results on 2-way transducers with unary output

When ' = {a}:
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Known results on 2-way transducers with unary output

When I = {a}:
> unambiguous — 1-way [Anselmo - 1990]
> unambiguous (= deterministic

[Carnino, Lombardy - 2014]

» general uniformizable by 1-way
[Choffrut, G. - 2014]

> tropical =— 1l-way
L [Carnino, Lombardy - 2014]
production function ® : § — {a"a" | n € N}

rational of period 1 4—‘
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Sketch of the proof

Theorem
When I = {a}. two-way transducer # H-Rat

(UiAi®BiH*) <—|
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Sketch of the proof

Theorem
When I = {a}. two-way transducer # H-Rat

(Ui Ai® BiH*)

» Establish a non-trivial property satisfied by rational relations;
» Extend it to H-Rat relations;

» Find a relation accepted by a two-way transducer which does
not satisfy the previous property.
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Revisiting the family Rat(a*)

the family Rat(a*) _ the rational subsets of N

by the canonical mapping a” — n
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Revisiting the family Rat(a*)

the family Rat(a*) s isomorphic to the rational subsets of N

by the canonical mapping a" — n

A + M + pN

o0 o 00 o ¢ o @ o ¢ o ¢ o ¢ o ¢ >

0 \ <]—)> +00
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Revisiting the family Rat(a*)

the family Rat(a*) s isomorphic to the rational subsets of N

by the canonical mapping a" — n

A + M + pN
WMW&Q@‘W———:
0 \ — +00

P

[ L=AU(t+M+pN) |

where: p€eEN, ACI[0,t] and M CO,p[

> tis for L
> pis a period for L

12 /16



Periods of images

RCYX* xT* Theimageof ue ¥"is:

R(u)={v|(u,v) € R} €2"
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Periods of images

RCYX* xT* Theimageof ue ¥"is:

R(u)={v|(u,v) € R} €2"

Theorem
R is rational (= 3 t,p such that Vu

> u is and
> pis a period
of R(u).

Theorem
R is H-Rat = 3k such that Vu, R(u) has a period p € O (|u|k)
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The counter example
Y ={#,a} and [ ={a}

R= {(u, ak"> | k,n € N, #2"# is a factor of u}
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Y ={#,a} and [ ={a}

R= {(u, ak") | k,n € N, #2"# is a factor of u}
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The counter example

Y ={#,a} and [ ={a}

R= {(u, ak"> | k,n € N, #2"# is a factor of u}

T ]

‘ ‘.

start —— choose

block rewind block

T 0l

copy block

accept
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The counter example
Y ={#,a} and [ ={a}
R= {(u, ak") | k,n € N, #2"# is a factor of u}

U= Hamfan o fra

R(v)= U {ak”f'} has minimal period lcmg—;<.(n;)
0<i<r

ul= > n+r+1
o<i<r
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R= {(u, ak") | k,n € N, #2"# is a factor of u}

U= Hamfan o fra

R(u)= U {ak”’} has minimal period lcmg—;<.(n;)
o<i<r

ul= > n+r+1
o<i<r

g(n) =max ({lem(n;) | > n; = n})  (Landau’s function)
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The counter example
Y ={#,a} and [ ={a}

R= {(u, ak") | k,n € N, #2"# is a factor of u}

U= Hamfan o fra

R(u)= U {ak”’} has minimal period lcmg—;<.(n;)
0<i<r

ul= > n+r+1
o<i<r

g(n) =max ({lem(n;) | > n; = n})  (Landau’s function)

the period is super-polynomial in |u|

14 /16



Example with polynomial period
Y ={#,a} and [ = {a}
Re={(#aksalost- #ak#,25) | n e N}

start —— choose index
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Example with polynomial period
Y ={#,a} and [ = {a}
Re={(#aksalost- #ak#,25) | n e N}

>#||||#L z 2] e |#||||||||#4

§ I — — A

oooooNEEEEEEEEEEEEE.
copy block

e

start ——— choose index — find block
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Example with polynomial period
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Example with polynomial period
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R, = {(#at#talest - #ak#,a5) | n € N}
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Example with polynomial period
Y ={#,a} and [ ={a}
R, = {(#at#talest - #ak#,a5) | n € N}

LT EEEEE LR R
T

LT EEE LTI
copy block ——8 ——» rc]xch <

S \

start ——— choose index — find block ¢—— rewind



Example with polynomial period
Y ={#,a} and [ = {a}
Re={(#aksalost- #ak#,25) | n e N}

— T
spefe el

# <

— T 7 T
e m— —1 Pt R S S

[T 1.
copy block ————— reach «

S \

start ——— choose index — find block ¢—— rewind

|

accept and halt with nondeterminism
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Example with polynomial period
Y ={#,a} and [ = {a}
Re={(#aksalost- #ak#,25) | n e N}

— T
spefe el

> <

— T 7 T
e m— —1 Pt R S S

4

U = #aaaf#taaaaattaaaaaaatt |ul =20

the period of R(u) is lcm(3,5,7) = 105

15/16



Example with polynomial period
Y ={#,a} and [ = {a}
Re={(#aksalost- #ak#,25) | n e N}

— T
spefe el

> <

— T 7 T
e m— —1 Pt R S S

4

the period of R(u) is in O (Ju|")
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Conclusion
When I = {a}:

transducer family
deterministic
unambiguous = rational
functional
sweeping
outer-nondeterm = H-Rat
input unary

> two-way transducers:
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Conclusion
When I = {a}:

> two-way transducers:

> images of u:

transducer

family

deterministic
unambiguous
functional

= rational

sweeping
outer-nondeterm
input unary

= H-Rat

family | threshold period
rational linear constant
H-Rat polynomial

Thank you for your attention.
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