
Constructing Near Spanning 
Trees with Few Local Inspections

Reut Levi    Guy Moshkovitz Dana Ron 
Ronitt Rubinfeld Asaf Shapira



Starting Point: Access to Minimum Spanning 
Graph (Spanning Tree)

Oracle

𝑒

𝑦𝑒𝑠\no



Consistency with the same tree.

Starting Point: Access to Minimum Spanning 
Graph (Spanning Tree)



Local Algorithm

Π – computation problem over labeled graph.
Given a query access to 𝐺, the local algorithm:

• Provides access to 𝑓 ∈ 𝑆𝑜𝑙(G, Π).
• Consistent with the same 𝑓

• 𝑓 is determined by 𝐺 and internal randomness.
• For each oracle query, use small number of probes to 𝐺.

Sublinear



Examples of Local algorithms

Local Algorithms (for graphs)
• Maximal Independent Set

[Rubinfeld, Tamir, Vardi, Xie], 
[Alon, Rubinfeld, Vardi, Xie],
[Reingold, Vardi], 
[Even, Medina, Ron]
[L, Rubinfeld, Yodpinyanee]

• Approximate Maximum Matching 
[Mansour ,Vardi],
[Even, Medina, Ron],
[L, Rubinfeld, Yodpinyanee]



Examples of Local algorithms

• Local reconstructor for connectivity [Campagna, Guo, Rubinfeld].
• Locally decodable codes 
• Local decompression 
• Local filters/reconstructors e.g., 

• Monotone and Lipschitz functions [Jha, Raskhodnikova], [Ailon, Chazelle, 
Comandur, Liu], …

• Expanders [Kale, Peres, Seshadhri]

Allowed to 
add edges



Local Algorithm for Minimum Spanning Graph 
(Spanning Tree)
Given parameter 𝛿, and query access to a connected 𝐺 = 𝑉, 𝐸 over 
𝑛 vertices and maximum degree 𝑑, 
the algorithm provides oracle access to a subgraph of 𝐺, 𝐺’
= (𝑉, 𝐸’) such that:
1. 𝐺’ is connected
2. 𝐺’ is a tree with probability ≥ 1 − 𝛿
3. 𝐺’ is determined by 𝐺 and internal randomness.



Local Algorithm for Minimum Spanning Graph 
(Spanning Tree)
• Requires Ω(𝑛) samples.

?

YES on every edge



A relaxation 
Allow a few extra edges.



Local Algorithm for Sparse Spanning Graphs

Given parameters 𝛿, 𝜖, and query access to a connected 𝐺 = (𝑉, 𝐸)
over 𝑛 vertices and maximum degree 𝑑, 
the algorithm provides oracle access to a subgraph of 𝐺, 𝐺’ = (𝑉, 𝐸’)
such that:
1. 𝐺’ is connected
2. |𝐸’| ≤ (1 + 𝜖)|𝑉| with probability ≥ 1 − 𝛿
3. 𝐺’ is determined by 𝐺 and internal randomness.



Previous Work

[LRR14]: How many graph probes are needed to answer a 
single query? 
• Lower bound for general graphs: Ω 𝑛 / graph probes (constant 
𝜖, 𝑑). 

• Upper bound for Expanders - 𝑂 𝑛 / / when expansion of set 
of size Ω 𝑛 / is Ω(𝑑).

• Open: is there a sublinear query algorithm for general graphs?



This work

For which classes of graphs the query 
complexity is constant? 



Expansion and 𝑓-non-expanding

Def: For a graph 𝐺 and a subset 𝑆 ⊆ 𝑉(𝐺), 
𝜕 (𝑆) - the set of edges of 𝐺 with precisely one endpoint in 𝑆.

Def: The (edge) expansion of 𝐺, 𝜙 = min |𝜕 (𝑆)| / |𝑆|
where the minimum is taken over 1 ≤  |S|  ≤  |V  (G)|/2.

Def: A graph is 𝑓-non-expanding if every 𝑡-vertex subgraph 𝐻 satisfies 
𝜙 ≤ 𝑓(𝑡).



Our Results

Upper bound:
If 𝐺 is 𝑓-non-expanding for 𝑓 𝑡 = 1/log 𝑡 ( ) then one can locally 
construct a sparse spanning subgraph of 𝐺. The algorithm is 
deterministic. 

Lower bound:
Construct a family of 3-regular graphs that are 𝑓-non-expanding for 
𝑓 𝑡 = 1/log 𝑡 ( )s.t. every local algorithm must accept all edges. 

Includes H-minor 
free graphs



Upper Bound 

Kruskal's algorithm (global algorithm):
• Go over the edges of 𝐺 in increasing order: 
• Add 𝑒 to the spanning tree iff it doesn’t close a cycle with the previously selected 

edges.

Fact: If the weights are distinct then MST is unique.

local algorithm:
• In an unweighted graph, use ids of the vertices to obtain total order over the 

edges. 
• Locally simulates Kruskal's algorithm with respect to this order.



Localized version of Kruskal’s algorithm

The local algorithm is provided with a parameter 𝑘 (fixed  for all 
queries). 
On query (𝑥, 𝑦):
• Perform a BFS to depth 𝑘 from 𝑥, obtaining the subgraph 𝐶 (𝑥, 𝐺).
• If (𝑥, 𝑦) is the edge with largest rank on some cycle in 𝐶 (𝑥, 𝐺), then 

answer NO, otherwise, answer YES.



Determining the radius 𝑘

Lemma: If 𝐺 is an 𝑛-vertex 𝑓-non-expanding graph with
𝑓 𝑥 = 𝐶/ log 𝑥 log log 𝑥 , then one can remove 𝜖𝑛 edges from 𝐺

so that each connected component of the remaining graph is of size at 
most 2 / .
Proof: Recursively decompose the graph into two subsets 𝐺[𝑆] and 
𝐺[𝑉\S] where 𝑛/3 ≤ 𝑆 ≤ 𝑛/2 and 𝜕 𝑆 / 𝑆 ≤ 𝑓(𝑛/3).

Corollary: Localized version of Kruskal’s algorithm with
𝑘 = 2 / works for 𝑓-non-expanding graphs.



Lower Bound

Thm ([Moshkovitz, Shapira]): There is an 𝑛-vertex graph 𝐺 = 𝐺 ,
where 𝑘 = Ω(log log 𝑛) satisfiying: 
• 𝐺 has average degree 𝑘 and maximum degree 6𝑘.
• 𝐺 has girth Ω(log 𝑛 /𝑘 ).
• 𝐺 is 𝑓-non-expanding with 𝑓 𝑥 = 1/log 𝑥 ( ).



Lower Bound Construction

• Start with 𝐺 as in [Moshkovitz, Shapira].
• Remove all vertices of degree smaller than 𝑘/2
• Take the replacement product of 𝐺 with a cycle.

Properties of obtained graph, 𝐺′:
• 3-regular
• 𝑓-non-expanding
• Girth Ω(log log 𝑛).



Lower Bound Construction

Constructing a graph with a bridge:
• Let 𝑒 = (𝑢, 𝑣) be an arbitrary edge in 𝐺’.
• Obtain 𝐺′′ from 𝐺’ by subdividing 𝑒:

• Remove (𝑢, 𝑣)
• Add a new vertex 𝑤
• Add the edges (𝑢, 𝑤) and (𝑤, 𝑣)

• Let 𝐺 and 𝐺 be two copies of 𝐺′′.
• Connect 𝐺 and 𝐺 by connecting the new vertices. 
Note: Every local algorithm that makes less than girth(𝐺′′) queries must 
accept all edges of 𝐺′′.

𝐺

𝐺



Open Questions and Further Directions

Open: Query complexity for general graphs? Sublinear in 𝑛?
Further Directions:
• Local algorithms for small distortion spanners.
• Local algorithms for low weight spanning subgraphs.



Thank you (:


