
HEX & REX & T-REX & C-HEX

Piet Hein
1942

Martin 
Gardner
1957

PROBLEM:  FIND A FIRST 
WINNING MOVE FOR 
THE FIRST PLAYER!



Piet Hein discovered HEX in 1942, but it was only
when Martin Gardner wrote about HEX in Scientific 
American in 1957 that it became widely known.



Three favorites:
Piet Hein - Martin Gardner - Adrian Bondy

Talk by Bjarne Toft at the Bondy 70 conference in Paris 2014 

• Wonderful ideas
• Beautiful arguments
• Catching presentations
• Seduction into
mathematics!



From the front page of the blog for the 
new Bondy&Murty



Claude Berge playing Hex 1974

 Michel 
Las Vergnas

Claude Berge
Jean-Marie Pla
Neil Grabois
1974



Claude Berge og Ryan Hayward Marseilles 1992



Paris July 2004



Sperner’s Simplex Lemma 1928

PROBLEM: Criticality in higher dmensions?



Bondy & Murty 1976



From my copy :



Disjoint placements of graphs



Interchange x and y in the red graph



Conclusion

PROBLEM: Can 2 be reduced? Is (∆+1)(∆+1) < n+1 enough?



Hindsgavl 1990



Piet Hein 1905-1996



Graduating from high school in 1924



Copenhagen Physics Conference 1932

Heisenberg, Werner Karl; Hein, Piet; Bohr, 
N.; Brillouin, Leon Nicolas; Rosenfeld, Leon; 
Delbrück, Max; 
Heitler, Walter; Meitner, Lise; Ehrenfest, 
Paul; Bloch, Felix; Waller, Ivar; Solomon, 
Jacques; Fues, Erwin; Strømgren, Bengt; 
Kronig, Ralph de Laer; Gjelsvik, A; 
Steensholt, Gunnar; Kramers, Hendrik 
Anton; Weizsäcker, Carl Friedrich von; 
Ambrosen, J.P.; Beck, Guido; Nielsen, 
Harald Herborg; Buch-Andersen; Kalckar, 
Fritz; Nielsen, Jens Rud; Fowler, 
Ralph Howard; Hyllerås, Egil Andersen; 
Lam, Ingeborg; Rindal, Eva; Dirac, Paul 
Adrian Maurice; N.N.; Darwin, Charles 
Galton; 
Manneback, Charles; Lund, Gelius









SOMA exercises

Problem:



Solution to the problem (count for each
piece how many blacks it may cover – too
few!)



Piet Hein discovered Hex in 1942
Parentesen, Copenhagen University,  December



1. Just
2. Moving forward
3. Finite
4. Full information
5. Strategic
6. Decisive (no draw)



The first
can win

And this can 
be proved



Piet Hein Problems  1-46
from Politiken Dec.1942-June 1943



Piet Hein: Problem 45



Theme 1: ORDINARY HEX

•THEOREM 1 (Piet Hein 1942, John Nash 1948, 
Anatole Beck 1969, David Gale 1979)

•HEX cannot end in a draw: 

•Not both players can end without a chain! 

•On a completely filled board either there is a 
yellow chain between the two yellow sides or 
there is a blue chain between the two blue sides.



NOT BOTH CAN END WITHOUT A CHAIN

• First detailled proof by Anatole 
Beck et al in  Excursions into 
Mathematics 1969. Rather long 
verbal proof

• David Gale 1979

• Now a better version of Gale’s
proof (with an idea from 
Sperner’s Simplex Lemma)



The contradiction follows also from 
SPERNER’s SIMPLEX LEMMA



Nash to Gardner 1957



NOT BOTH CAN END WITHOUT A CHAIN  
is equivalent to
Brouwer’s Fix-point Theorem

• Brouwer’s Fix-point 
Theorem was an important
tool for John Nash when the 
theory of the Nash 
equilibrium was developed.

• David Gale proved in 1979 
that NOT BOTH CAN END 
WITHOUT A CHAIN is 
equivalent to Brouwer’s
Fixpoint Theorem.

• Perhaps better to say: NOT 
BOTH CAN END WITHOUT  A 
CHAIN is equivalent to 
Sperner’s Simplex Lemma.



Theme 2: 
REVERSE HEX (REX) – avoid a chain!
• THEOREM 2 (Robert O. Winder 1957, Ronald Evans 1974, 

Lagarians and Sleator 1999, Hayward, T. and Henderson 
2010)

• Reverse HEX has a winning strategy for the first player
when n is even, and for the second player when n is odd

• At optimal play the game is finished only when the whole
board is full, and the loser is the player placing the last 
piece.

• First winning moves are known in all cases

• Problem: Find first losing moves



Evans 1974:
For Rex and n even, the acute corner is 
a winning first move for the first player



Lagarias and Sleator 1999
In Rex: if both play optimally then the 
whole board is filled before the game 
ends, i.e. the player playing the last 
move loses



Discrete Mathematics 312 (2012), 148-156



Terminated REX (T-REX) is Rex with the addition:
the game stops when there is just one emty field left
(i.e. there should always be a choice!)



In TREX both players
have non-losing strategies



REX on an nxn-board with n odd:

• Let the second player (Black) play the non-losing strategy
from TRex. THIS IS A WINNING STRATEGY FOR THE SECOND 
PLAYER IN REX:

• Either the first player (White) creates a white chain or TRex
ends in a draw with one emty field left. In the Rex game that
field has to be chosen by White and a White chain is formed!

• If also White plays the non-loosing strategy from TRex, then
the Rex game will be decided only when the board is full.  



REX on an nxn board with odd n:
(second player has winning strategy)



Theme 3: 
CYLINDRICAL HEX – play on cylinder!

•THEOREM 3 (Alpern and Belck 1991, Samuel 
Huneke 2012, Huneke, Hayward and T. 2014)

•Cylindrical HEX has a winning strategy for the up-
down player when the circular dimension n is 
even (pairing strategy) 

•Cylindrical HEX has a winning strategy for the up-
down player when the circular dimension is 3

•Problem: Circular dimensions 5, 7, 9, ….?



C-Hex (Alpern & Belck 1991)
(Circular Hex or Cylindrical Hex or Annular Hex)



Circular dimension 3 
– two examples



My mistakes (circular dimension 3):

• Describe the strategy by giving
for any position in the game and 
any move by the oponent an 
answering move

• Consider only the ring the 
oponent plays and the two
neighboring rings (some 3 to the 
power 8 possibilities)

• Use up-down symmetry



Samuel Huneke at LSE 2011-2012

• A New Result in Circular Hex

• A dissertation submitted to the Department of Mathematics of the 
London School of Economics and Political Science for the degree of 
Master of Science (London, September 2012)

• Paper by Huneke submitted to Discrete Mathematics 2013



Cylindrical HEX winning strategy for 
White (the up-down player) in the 
circular dimension 3 case



Discrete Mathematics 331 (2014) 93-97



Time to wake up!



Dear Adrian:
Congratulations, 
and thank you for 
more than 40 
years of 
friendship!



Thank you for your attention!

©Adrian Bondy© Bjarne Toft


