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Beta-numeration (Renyi, Parry )

> 1, non-integer number.

-expansion ofx > 0. greedy algorithm

Xk = bx= Kcandry, = fx= Kg.
Fori<k,letx; = brijisic,andri =1fri:0.

XTI = XXk 1:::X1Xg X 1X 2:::

-expansion of 1 d (1) = (t;)i>1
T (xX)= x mod1andt;=bT' *1)c



Beta-integers

The set of -integersis
Z = xX2RjJhxji = XyXN 1 X1X00:

The setZ™, of positive -integers, is ordered by
the lexicographical order on -expansions.
Its n-th element is calledb,.

By symmetry
bn= b



p
Example' = 22 d (1)=11

bh =0 hpi- =0
by =1 i =1
b, = hyi- =10
="' 2 hyi- =100
by="'2+1 hyi- =101



Pisot number : algebraic integer > 1 such that
all its Galois conjugates are< 1 in modulus.

— 1+ "5

5 IS a Pisot number.

The golden mean’

If is a Pisot number thend (1) is nite or
eventually periodic (Bertrand, Schmidt).

Is a Parry number if d (1) nite or eventually
periodic.



Substitution tilings

To a Parry number is associated asubstitution
which de nes a tiling of the positive real line
with a nite number of tiles.

1.d (1)=t; ty IS nite

Fixed point u = 1 (ag)

The vertices of the tiling are labelled by the
positive -integers.






2.d ()=t tm(tmer  tm+p) isinnite
eventually periodic

8
ao 7! aga
§817| b

tm+p 1

am+p 27| am+p 1

. tm +
am 17' 4 pam

Fixed point u = ! (ap)



Quasicrystallography

Crystals: solids in dimension 2 or 3, with atoms
arranged periodically. Symmetry of ordern.
n must satisfy

2 cosz— 2 Z
n

hencen = 2:3:4: 6.

Quasicrystal Alloy aluminium-manganese with
order 5 symmmetry Shechtman and al. 1984
Quasi-periodicity.

Cyclotomic Pisot number  such that
2
Z[ZCOSF] = Z[ ]

Z[ 1+ Z[ ]exp(2 =n) is a ring invariant under
rotation of order n.
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Quasicrystals in the real world

n=5orn= 10 = :“25:20035,
M (X)=X? X 1
n=8 =1+ =1+ p§:1+2003—

M (X)= X2 2X 1
n=12 =2+ =2+ IO§:2+2<:osg,
M (X)= X? 4X +1.
They are quadratic Pisot units
Other cyclotomic Pisot number

n=7/7orn=14 =1+ :1+2<:os7,
M(X):X3 2X2 X +1



Quadratic Pisot units

> lrootof X2 aX 1,a> 1.
Canonical alphabetB = f0;1;:::;ag
The -expansion of 1isnite d (1) = al

The substitution IS de ned on the alphabet
A=1fL;Sgby
8
_SL7Les
- S7!L:

To each letter of A we associate a tile of length
(LYy=1,and (S)=T (1) = a=1=.

Fixed point ! (L) is a Sturmian word.



> lrootof X? aX +1,a> 3.
Canonical alphabetB = f0;1;:::;a 1g
The -expansion of 1 iseventually periodic equal
tod 1)=(a 1)(a 2).
The substitution IS de ned on the alphabet
A=fL;Sgby

8
_SLT7LA s
L ST7IL? %S
(L)=1, and
S)=T Q)= (@ 1)=1 1=.

Fixed point ! (L) is a Sturmian word.



Cubic Pisot units

Tribonacci: rootof X3 X2 X 1

Canonical alphabet isB = f0; 1g

d (1) =111.
The substitution IS de ned on the alphabet
A=fL;M;Sgby

8

3L 7'LM

=5 M 7! LS

ST L:
(L)=1,
M)=T (@)= 1,
(S)= T?(1)= * 1.

Fixed point ! (L) is a Arnoux-Rauzy word:
Complexity C(n) =2n+1

One left and one right special factor of each
length with 3 extensions



rootof X3 2X2 X +1

Cyclotomic Pisot unit with a 7-fold symmetry

Canonical alphabet isB = f0; 1; 29

d (1) =2(01)°
The substitution IS de ned on the alphabet
A=fL;M;Sghby

8

3L 7'LLS

= _S7'M

3

"M 7! LS
(L)=1,
(5)=T(@1Q)= 2,

‘M)=T*°@Q)= * 2.

Fixed point ! (L) is a not an Arnoux-Rauzy
word, but complexity C(n) =2n +1.



Meyer sets and Voronoi cells

Voronol cell V() of 2 discrete setin R"
V()=fx2R"jdix )6dx 9 °2 g;

whered is the Euclidean distance inR".

The set of Voronoi cells of a discrete set forms a
tiling of R" called the VVoronoi tessellation of R"
Induced by .

If Is a Meyer set, its Voronoi tessellation
contains a nite number of tiles (Lagarias).

If is a Pisot number, then the setZ of
-integers is a Meyer set Burdik, Frougny,
Gazeau, Krejcal.



Windows

Quadratic Pisot units
> 1 a quadratic Pisot unit and °the other
root.

Galois conjugation automorphismis the map
X X
X = X, K71 x%= X
k6 N k6 N

Ok

Window of positive -integers is

= fx% x2Z%qg:

x 2 Z[ ]\ R" is a positive -integer if and only if
its conjugate x° belongs to the window

=( 1, )if ?=a +1,

= ; )if 2=a 1 (Burdik, Frougny,
Gazeau, Krejcal



Cubic Pisot units

> 1 the Tribonacci number, and and € its
Galois conjugates.

Galois conjugation automorphismis the map

X X
X = X, K71 x9= X <
k6 N ké N
Window = fx0jx 2 Z" gis a compact subset of

C with a fractal boundary, the Rauzy fractal.



> 1rootof X2 2X?2 X +1.

The other roots are the real numbers
1 = 2 2 and 2 = 2+ +2.

Galois conjugation automorphismis the map
X X .
X = X <71 x%= xe( X+ 54T
k6 N k6 N

The window of positive  -integers is
= fx%x22Z"g.

The determination of the window of positive
-integers Is anopen problem



Beta-integers Voronoi cells

If a -integer is the common vertex of the tilesA
and B, it is said to be an AB  -integer, and its
Voronoi cell is said to be anAB Voronoi cell.

The window associated with positive AB
-integers is

g = fx9)x2Z";xisABQ:



2=a +1,a>1d (1) = al.

Proposition 1 . b, a positive -integer.

1. b, isSL () h b,i ends by anodd number of
Os ( B2 s.=( 1,0).

2. b isLL | for n> 1, b1 ends by either
an even number of G, orby h2f1;:::;a 1g

0 P2 . =0 1).

3. bhisLS ( h b,i endsbya |
b2 s=( 1 ).



Partition of the window of LL -integers as

[
L = i (h);
06h6a 1

where . (h) is the window associated with
positive LL -integers such that their
-expansion ends byn 2f0; ;a 1g.

Proposition 2 . b, alLL -integer, then hy,i
ends by

1. an even number of G5 ()

®2 w(0=[0;%)

lq22 |_|_(h):(1+h 1;l+h).

1

Remark; = = a



Example =

1+p

u = LLSLLSLLLSLLS

2,d (1)=21

8
_SLT7LLS

- ST7L

-exp. -int. type window
111 LL | ( 2, 1)
2| 2 LS ( 1; )

10 SL ( 1,0)

11 +1 LL ( 2; 1)

12 +2 LS ( 1; )

20 | 2 SL ( 1,0
100 | 2 LL [0; 2)
101 2+1 LL ( 2 1)
102 2 +2 LS ( 1)
110 -+ SL ( 1,0




za l,a>3.d@=(a 1)(a 2).

M =(a 1)(a 2) setofmaximal words in the
lexicographical order.

Proposition 3 . b, a positive -integer, n > 1.

1. b, isSL () h byi ends byO |
b2 sL=(0;1).

2. bhisLL ( h byi ends by a word
wW2M[ 00 B2 o =[L 1.

3. bhislLS () h byi ends by awordw 2 M
0 P2 5= 1; ).



2z a 1,a> 3.

Proposition 4 . Let b, belLL then M, 1 ends
by

l.anh2fl;:::;a 39 (
oh 2w (h)= [hih+1)

2. (a 2) not pre xed by an element ofM ()
h2 (@ 2=(a 2 1).



Tribonacci *= 2+ +1.d (1)=111.

Proposition 5 . b, a positive -integer, n > 1.

1. b, isLM () h Db,i endsby0l orn=1 and
i =1.

2.0 isLS () h b,i ends by01l or n=3
and i = 11.

3. bhbisML () h b,i ends bylO(0O00f, g2 N.

4., isSL ( h b,i ends byl00(000}, g2 N.

5.bhyisLL ( h byi ends byl1000(000Y,
g2 N.



S= 24+ +1 Tribonacci

LMLSLMLLMLSLMLMLS

-exp. | type

1| LM

10 | ML

11 LS

100 | SL

101 | LM

110 | ML
1000 | LL
1001 | LM
1010 | ML
1011 LS
1100 | SL
1101 | LM
10(000) | ML




= (Z )%= Rauzy fractal




Usually the Rauzy fractal is divided into three
basic tiles Tg, To1 and Tg11

To= s | [
Tor = v
To11 = s

Domain exchange on the Rauzy fractal

To= si| [ w7 s wI[ w
Tor= wm 7!

To11= s /! st



Proposition 6 . In the Rauzy fractal we have
the following relations

@) we= w+ '+ °

(N s.= s+
(i) = (s+tl= 2y + +1.

1



3=2 2+ 1.d (1) =2(01)".
M1:2(01) andM2:2(Ol) 0.

M =M;[M 5 is the set of maximal words In
the lexicographical order.

Proposition 7 . b, a positive -integer, n > 1.

1. by isLL () h b,i ends bywl where

w ZzM 2.

2.0 isLS () h byi ends by awordw2 M ;.
3. bhisSL () h byi ends bywO where
w2M 1 or by (0)°**, g2 N .

4. b, iIsSM () h b,i ends by a wordw 2 M ».
5. b,isML ( h b,i endsby(0)?*?, q2 N.



