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{ā

,...,a}
w

ith
b/2

6
a

6
b−

1},
ad

d
ition

is
com

p
u
tab

le
in

con
stan

t
tim

e
in

p
arallel,

an
d

realizab
le

b
y

an
on

-lin
e

fi
n
ite

au
tom

aton
.

M
u
ltip

lication
is

on
-lin

e
com

p
u
tab

le.
[N

ielsen
an

d

M
u
ller,

F
rou

gn
y,

S
u
rarerk

s]



B
ase

β
=
−

b
+

i,
w

ith
b

in
teger

>
1,

d
igits

A
=
{0,...,b

2}
[C

ase
b

=
1

P
en

n
ey

]

E
very

com
p
lex

n
u
m

b
er

h
as

a
rep

resen
tation

.

E
very

G
au

ssian
in

teger
h
as

a
u
n
iq

u
e

rep
resen

tation
d

k ···d
0 ∈

A
∗.

O
n

A
ad

d
ition

in
b
ase

β
=
−

b
+

i
is

righ
t

su
b
seq

u
en

tial.
[S

afer]

C
ase

β
=
−

1
+

i,
A

=
{0,1}.

β
4

=
−

4.
O

n

B
=
{ā
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+
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=
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−
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=
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=
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√
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=
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∈
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.
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⊆
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b
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=
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p
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b
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b
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⊂
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.
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−
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=
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.
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b
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√
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√
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con
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con
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b
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p
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p
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=
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.
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=
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=
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é,
S
iegel,

C
an

terin
i,

A
rn

ou
x
,

Ito,
D

u
ran

d
,
D

u
m

on
t

D
y
n
am

ical
p
rop

erties:
L
iard

et,
B

arat,
T

ich
y,

G
rab

n
er,

S
id

orov

T
ilin

gs:
A

k
iyam

a

L
ogic:

B
ru

y
ère,

H
an

sel,
B

ès



P
a
rt

III:
Q

u
a
sicry

sta
ls



C
ry

stals
an

d
q
u
asicry

stals

C
ry

stals:
solid

s
in

d
im

en
sion

2
or

3,
w

ith
atom

s

arran
ged

p
erio

d
ically.

S
y
m

m
etry

of
ord

er
n
.

n
m

u
st

satisfy

ρ
=

2
cos

2πn
∈

Z

h
en

ce
n

=
1,2,3,4,6.

Q
u
asicry

stal
A

lloy
alu

m
in

iu
m

-m
an

gan
ese

w
ith

ord
er

5
sy

m
m

etry
S
h
ech

tm
an

an
d

al.
1984

Q
u
asi-p

erio
d
icity.



G
eom

etrical
m

o
d
elization

Λ
⊂

R
d

is
u
n
iform

ly
d
iscrete

if
ex

ists
r

>
0

su
ch

th
at

every
b
all

of
rad

iu
s

r
con

tain
s

at
m

ost
a

p
oin

t
of

Λ
.

Λ
is

relatively
d
en

se
if

ex
ists

R
>

0
su

ch
th

at

every
b
all

of
rad

iu
s

R
con

tain
s

at
least

a
p
oin

t
of

Λ
.

If
b
oth

con
d
ition

s
are

satisfi
ed

,
Λ

is
said

to
b
e

a

D
elau

n
ay

set.



M
o
d
el

set
(Y

.
M

eyer
1970,

1972)

C
u
t

an
d

p
ro

jection
sch

em
e

R
d

π
1
←
−

R
d×

G
π
2
−→

G

∩D

G
lo

c.
com

p
act

ab
elian

grou
p

( in
tern

al
sp

ace)

R
d

p
h
y
sical

sp
ace

D
lattice

i.e
.

d
iscret

su
b
-grou

p
of

R
d×

G
su

ch

th
at

(
R

d×
G

)/D
is

com
p
act

π
1 |D

1-to-1

π
2 (D

)
d
en

se
in

G
.

Λ
⊂

R
d

is
a

m
o
d
el

set
if

th
ere

ex
ist

a
cu

t
an

d

p
ro

jection
sch

em
e

an
d

a
relatively

com
p
act

set

Ω
⊂

G
of

n
on

-em
p
ty

in
terior

su
ch

th
at

Λ
=
{π

1 (x
,g

)|
(x

,g
)∈

D
,

π
2 (x

,g
)∈

Ω}



E
x
am

p
le

T
h
e

F
ib

on
acci

ch
ain

:
τ

=
1
+
√

5

2
.

R
π
1
←
−

R
×

R
π
2
−→

R

∩Z
2

π
1 |

Z
2∼

Z
[τ

]
=
{a

+
bτ
|
a
,b∈

Z}
F
ib

on
acci

ch
ain

F
=
{x

=
a

+
bτ
|
x
′
=

a−
bτ
∈

Ω
=

[0,1)}

=
{...,−

τ
3,−

τ,0,τ
2,τ

3
+

1,τ
4,...}

•
•

L
•

L

0
τ
2

τ
3

+
1

•

S

τ
4

•

S
•

L

−
τ

−
τ
3



T
ilin

g
of

R
w

ith
2

tiles
L

an
d

S

L
7→

L
L

S

S
7→

L
S

w
ith
|L|

=
τ

2
an

d
|S|

=
τ

S
|

L

L
S
|

L
L

S

L
L

S
L

S
|

L
L

S
L

L
S

L
S



M
eyer

set

Λ
⊂

R
d

is
a

M
eyer

set
if

it
is

D
elau

n
ay

an
d

if

th
ere

ex
ists

a
fi
n
ite

set
F

su
ch

th
at

Λ
−

Λ
⊂

Λ
+

F

M
o
d
el

set⇒
M

eyer
set.

C
on

versely
if

Λ
is

a
M

eyer
set,

th
ere

ex
ist

a
fi
n
ite

set
F

an
d

a
m

o
d
el

set
M

0
su

ch
th

at
Λ
⊂

M
0

+
F

.

If
Λ
⊂

R
d

is
a

M
eyer

set
an

d
if

β
>

1
is

a
real

n
u
m

b
er

su
ch

th
at

β
Λ
⊂

Λ
th

en
β

is
a

P
isot

or
a

S
alem

n
u
m

b
er.

C
on

versely
for

each
d

an
d

for
each

P
isot

or
S
alem

n
u
m

b
er

β
,
th

ere
ex

ists
a

M
eyer

set
Λ
⊂

R
d

su
ch

th
at

β
Λ
⊂

Λ
.



B
eta-in

tegers

T
h
e

set
of

b
eta-in

tegers

Z
β

=
{x
∈

R
|〈|x|〉

β
=

x
k ···x

0 }
=

Z
+β
∪

(−
Z

+β
)

T
h
en

β
Z

β
⊂

Z
β

,
Z

β
=
−

Z
β

If
β

is
a

P
isot

n
u
m

b
er

th
en

Z
β

is
a

M
eyer

set.

[B
u
rd̀

ık
,
F
rou

gn
y,

G
azeau

].

O
p
en

p
rob

lem
C

h
aracterize

th
e

fi
n
ite

set
F

su
ch

th
at

Z
β
−

Z
β
⊂

Z
β

+
F

,
see

B
assin

o
an

d
F
rou

gn
y,

A
m

b
rož,
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