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Greedy expansions

Base A > 1, x € [0,1].
Greedy algorithm of Rényi:

X0 = [ Ax]
= AX — X
Xp 1= | Arn_1]

rn = Arpn—1 — Xn
X = E xp A~ (D)
n>0

Digits x, € Ay = {0,1,...,[A] — 1}

di(x) = xox1x2 - - -

is the greedy A-expansion of x.
It is the greatest representation in the lexicographic order.



Univoque numbers

A>1is if there exists a unique sequence of integers
(an)n>0, with 0 < a, < A, such that

1= Z anA~ (")

n>0

2 is univoque, as 1 =3+ & + & 4+ .- =.111---

LEY5 s not univoque since 1 = .11 = .(10)k11 = .(10)> = .01



r = {Ac{0,1}, Vk >0, A< orkA< A}

Fswrice = {A€{0, 1} Vk>1, A<okA< A}

o is the on sequences

a:=(1—a); A:=(1—an)n>0

A € (1,2) is univoque iff dy(1) € [strict



Smallest univoque number

(Komornik and Loreti 1998) There exists a smallest univoque
number k &~ 1.787231 and d..(1) = (tp)n>0, Where
(tn)n>0 = 11010011... is the shifted Thue-Morse sequence

Thue-Morse sequence: 0 —01; 1 —10

The Komornik-Loreti constant « is transcendental (Allouche and
Cosnard 2000).

d.(1) is the smallest element of [ict, i.e. the smallest
nonperiodic sequence of I'.

The smallest element of I is the periodic sequence (10)*° and it is

a representation of 1 in base 1‘“[

Generalization to bigger alphabets?



Admissible sequences

b a positive integer, if t € {0,1,...,b}, t=b—t.
A sequence A = (an)n>0 on {0,1,...,b}is if

Vk > 0 such that a, < b, o TIA < A,
Vk > 0 such that a, >0, oA > A

Theorem (Komornik and Loreti 2002)

There is a bijection from the set of univoque numbers in (1, b+ 1)
to the set of admissible sequences on {0,1,..., b}:

A€ (1,b+1) — (an)nso € {0,1,...,b}"

such that

1= a0

n>0



Two possible generalizations to greater alphabets:

> to look at the smallest (if any) admissible sequence on the
alphabet {0,1,...,b} (Komornik and Loreti 2002)

> to look at the smallest (if any) univoque number in (b, b+ 1)
(de Vries and Komornik 2007).

An old work of Allouche 1983 gives a general tool.



The generalized ' and [ 4+ sets

(Allouche 1983)

b a positive integer

A ={ag,a1,...,ap} in increasing order
Qj = Qpj

M(A) == {A=(an)nso € AY, ap = ap, Yk >0, A< A< A}

FCetrict (A) = {A = (an)nz0 € AV, ag = ayp, Vk > 1, A < 0¥ A < A}.

A sequence belongs to It (A) if and only if it belongs to '(.A)
and is nonperiodic.

Proposition

Let A= (as)n>0 be a sequence in {0,1,..., b}, such that

ag =t € [0, b]. Suppose that A # b>. Then A is admissible if and
only if2t > b and A € Tgicc({b—t,b—t+1,...,t}).

Note that j = b —j.



A= {ao,al,... 7Oéb}
A = (an)n>0 a periodic sequence of smallest period T, and such
that at_1 = o < ap:

A= (ao dal ... dr—-2 OJ)OO

Define

CD(A) = (ao dp ... ar—2 Q1 apar ... ar—o (lfb,jfl)oo.



Proposition
The smallest element of [({b—t,b—t+1,...,t}) (where

2t > b) is the 2-periodic sequence
P:=(t(b—t)®=(t(b—t)t(b—t)t ...).

Theorem (Allouche 1983)
The smallest element of [sict({b— t,b—t+1,...,t}) is the
sequence M defined by

M= lim ®5(P),

S—00

that actually takes the (not necessarily distinct) values b — t,
b—t—+1,t—1,t. Furthermore, this sequence
M= (mp)p>o =t b—t+1 b—t t b—t t—1...canbe
recursively defined by

Vk 20, mox_; =t,
Vk >0, myxi1i_1 =b+1-—t,
Vk >0, Vj € 0,26 — 2], myiry; = ;.



“Universal” morphism

Morphism © on the alphabet {eg, e1, &2, €3}
€3 — €3€1, €2 — €3€p, €1 — €p€3, € — €

Infinite fixed point beginning in e3

0% (&) = kli_)ngo@k(eg,) —e3€ € €3 € € €3 €] € €. ...



Theorem

Let (en)n>0 be the Thue-Morse sequence, defined by g = 0 and
for all k >0, Eok = Ek and E2k+1 = 1-— Ek- Then M = (m,,),,>0
the smallest element of [gyict({b—t,b—t+1,...,t}) satisfies

Vn>0, my=epy1— (2t —b—1)e, +t— 1.

> if2t > b+ 3, then M = ©>(e3) with ey :== b — t,
eg:=b—t+1 e:=t—1 e:=t (2t > b+ 3 implies that
these 4 numbers are distinct);

> if2t =b+2 (thusb—t+1=1t—1), then M is the
pointwise image of ©>°(e3) by the map g where g(e3) :=t,
gle)=g(er) =t—1, g(eg) :=b—t;

» if2t=b+1 (thusb—t=t—1andb—t+1=t) then M
is the pointwise image of ©°°(e3) by the map h where
h(es) = h(e1) :=t, h(ex) = h(e) :=t — 1.



Square-free sequences on three letters

Istrail sequence: 102120102... fixed point of the
(non-uniform) morphism

012, 1—102, 2—0

is square-free (Istrail 1977).
The Istrail sequence is the image of ©°°(1) where

©:0-12, 1 —13, 220, 3 — 21

by the map0—0,1—-1,2—2,3—0.
It cannot be the fixed point of a uniform morphism (Berstel 1979).

©' is an avatar of ©: 3 — 31, 2 — 30, 1 — 03, 0 — 02, obtained
by renaming letters as follows: 0 - 2,1 —3,2—0, 3 — 1.



The sequence (m,)n>0, in the case where 2t = b+ 2, is the fixed
point of the non-uniform morphism

(t—1)—t(b—t), t—t(t—1)(b—1t), (b—t)—(t—1)

i.e., is an avatar of Istrail's square-free sequence.
From Berstel this sequence on three letters cannot be the fixed
point of a uniform morphism.

The square-free Braunholtz sequence (Braunholtz 1963) is exactly
our sequence (mp)n>0 when t = b =2, i.e., the sequence
210201210120...



Small admissible sequences with values in {0,1,..., b}

Let (¢n)n>0 be the Thue-Morse sequence, defined by €9 = 0 and
forall k >0, egx =€k and g1 =1 — gy
Corollary (Komornik and Loreti 2002)

Let b be an integer > 1. The smallest admissible sequence with
values in {0,1,..., b} is the sequence

> (Z + 8,,_1_1),,20 ifFb=2z+1
> (Z+8n+1 — 6,,),,20 ifb=2z.



Small univoque numbers in (b, b+ 1)

A € (b,b+1) and dx(1) = (an)n>0 is equivalent to ag = b.
So we study the admissible sequences with values in {0,1,..., b}
that begin in b, i.e., the set Igict({0,1,..., b}).

Corollary

There exists a smallest univoque number in (b, b+ 1). It is the
solution of the equation 1 =73 -, dpA"(T1) | where the sequence
(dn)n>0 is given by dy =€pp1 — (b—1)e, +b—1

(dn)rn>o=b10b0b—-1b10b—-15b0... (1)
The sequence (1) corresponding to the smallest univoque number

in (b, b+ 1) was obtained by de Vries and Komornik in 2007 by a
different method.



Transcendence results

Theorem

t € [0, b] an integer with 2t > b+ 1,

mp=¢ept1— (2t —b—1)e, +t—1 forall n > 0.

Then the univoque number \ belonging to (1, b+ 1) defined by
1=3",50 maA~ (") is transcendental.



Proof.
Define r, := (—1)*" =1 — 2¢,,.
For X <1let F(X) = 3,50 X", then F(X) = [T;s(1 — X2°).

2mp =2ep41 —2(2t —b—1)en+2t—2=b—rpr1+ (2t —b—1)r,

implies

2X Y maX"=((2t —b—1)X — 1)F(X) +1+ X

- X
n>0

Taking X = 1/ where 1= oo mpA~("1) we get
b
2= ((2t —b-— 1)(1/)\) — ].)F(]./)\) +1+ ﬁ

If \ were algebraic, then F(1/\) would be algebraic. But, since 1/
would be an algebraic number in (0, 1), the quantity F(1/\) would
be transcendental from a result of Mahler, a contradiction. O



In particular the univoque number corresponding to the smallest
admissible sequence with values in {0,1,..., b} is transcendental
(Komornik and Loreti 2002).

Also the smallest univoque number in (b, b + 1) is transcendental.



Univoque Pisot numbers in (b, b+ 1)

A Pisot number is an algebraic integer > 1 with all its Galois
conjugates < 1 in modulus.

There exists a smallest univoque Pisot number ~ 1.8800, of degree
14 (Allouche, Frougny, Hare 2007).

The number corresponding to the smallest element of
Fr{b—t,b—t+1,...,t}) (where 2t > b) is the larger root of the
polynomial X? — tX — (b—t + 1), hence a quadratic Pisot number
3.
If t = b, then dg(1) = b1, and 5 = btvb +4 V2b2+4 is the smallest
element of ' N (b, b+ 1).



For any b > 2, the real number 3 such dg(1) = b1*° is a univoque
Pisot number in (b, b+ 1).

It is a limit point from above of univoque Pisot numbers with
expansion b172%°,

b+ 1 is a limit point from below of univoque Pisot numbers with
expansion b"(b — 1)>.

Open question Smallest univoque Pisot number in (b, b+ 1)7



