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Ú�Û�Ü�Ý KG58;8ÞcE Û DH3 Ü ;¸Þ:ßÎ3GDHE Ü KO9o=càO=:DC=?9<3G5á5 ÛGâ E�;¸ßoÞ:9o=:@o=cE Û DH3 Ü ;¸Þ:3G5Cß Û ßA@o= Ü ß BH3UNO=�DF3Y@oMH9<3G5
36DHEãE�=?=:äÂ;áDu@o=?9<3OÞ�@<;áKODHß(å�;¡@<BæÞ�K ÜÈÝ ;8DH3Y@<KG9<;8Þ?ßÉKOD�å!KG9
ECß?ç�ècBC;¸ß*;áDu@<=:9
3GÞ�@<;áKODÃ;¸ß*äH3G9A@<;8Þ�é
MC583G9o5 Û å�=?5á5áé´;á585áMFßs@<9<36@o=?Eµ;áD�@oBC= Ú @<MC9 Ü ;¸36DÂÞ:3Gßo= â ßo=:=h=Gç àHç�ê ë�K6@<ìuí â î KGàuìOíSï´çÏècBC=�Þ�K ÜÈÝ ;áé
DH3Y@<KG9<;83G5�K Ý�ð =SÞ�@
ßw;8DuNOKG58NG=SE�3G9o=(@<BC= Ú @oMC9 Ü ;83GDÀå�KO9<ECß â å�BC;858=*@oBC=hE Û DH3 Ü ;¸Þ:3G5"ß Û ßA@o= Ü ß
369<=w@oBH=É;89o9
3Y@<;áKODH365F9oKG@<36@o;8KGDHß K6ñ�@<BC=L@<KG9<MHß

T
1 = R/Z

ç�ò Ú @oMH9 Ü ;¸36D�å!KG9
Ed;8ß�;8DHE�=:=SEJ3
Þ�K�E�;8DCà+å�;á@oB�9<=?ßoäF=SÞ�@4@<K�3*äH3G9A@<;8Þ:MC5¸369Î@så!K6é´;áDu@<=:9<NU3G5CäH3G9A@<;¡@<;áKODhKGñÏ@oBC=LKGDC=:é´E�; Ü =:DHßo;8KGDH3G5
@oKG9<MHß

T
1 K6ñ @oBH=�KG9 Ý ;á@wK6ñ43dä�KG;8Du@LMCDHE�=?9w@<BC=È3OÞ�@o;8KGDËKGñÎ3GDÀ;á9<9
3Y@o;8KGDF365Ï9<K6@<36@o;8KGD�çFècBC;8ßäFKO;áDu@(K6ñ4N�;á=?åó36585áKYåwßLKGDC=�@oK�E�=?E�MFÞ�= Ü 3GD Û Þ:K Ü�Ý ;áDH36@oKO9o;¸365�äH9oKOäF=?9A@<;á=SßLKGñ Ú @oMC9 Ü ;83GD

å�KO9<ECß â ßoMHÞ
Bæ3Gß(ñÆKO9+;áDFßs@
36DHÞ:=d@oBC=.E�=:DHßo;á@o;8=?ß*KGñcK�Þ?Þ�MC9<9o=?DHÞ�=Sß(K6ñ!ñô3GÞ�@oKG9
ß(@<BH3Y@�Þ?36D Ý =
Þ�K Ü äCMC@o=?E.@<BH36DCõ�ß!@<KÈ@<BC=*=?öuMC;¸E�;¸ßs@<9o; Ý M�@<;áKODËäC9oKOäF=?9A@<;á=Sß!K6ñ ;á9<9<36@o;8KGDH3G5¨9oKG@<3Y@<;áKODHß?ç

Ú =:NO=:9
365Ï3Y@o@o= Ü ä�@
ßwKGñ�àO=:DC=?9<3G5á;8÷?36@o;8KGDJKGñ"@<BC;¸ßcñÆ9oMH;¡@oñÆMC5�;8Du@o=:9
3GÞ�@o;8KGD�BH3UNG= Ý =:=?D�äH9oKGé
äFKußA=SEÏç�øÉDC=ËK6ñÉ@oBC=�ùH9
ßs@d;¸E�=?3�å�BC;¸Þ
BúÞ:K Ü =?ßh@<K Ü ;8DHEû;8ßd3Â9<K6@
3Y@o;8KGD�K6ñ

T
2 ç4òLßd3GD=�üC3 Ü äC58= â @oBH=�è�9<; Ý KGDF3GÞ:Þ:;"å!KG9
E â @oBF3Y@*;8ß â @oBH=ÈùHü�=SEÃä�KG;8Du@*K6ñ @<BC=dßAM Ý ßs@<;¡@<M�@o;8KGD

1 7→
12, 2 7→ 13, 3 7→ 1

Þ�K�E�=Sßw@<BC=ÈKO9 Ý ;¡@LKGñ 3�ä�KG;8Du@ÉK6ñÎ@<BC=È@oKG9<MHß
T

2 MCDHEC=:9É@oBC=�3GÞ�@o;8KGDK6ñw3�@o9
36DHßo5¸3Y@o;8KGDã;8D
T

2 å�;á@oBý9<=?ßoäF=SÞ�@*@<KÃ3ËäH369o@o;á@o;8KGDæKGñ
T

2 ;áDu@<KË@oBC9<=:=�äH;á=SÞ�=?ß�å�;¡@<B
ñÆ9<3OÞ�@<3G5 Ý KOMCDHEC3G9 Û ê þw3GMHÿOí â ë�KG@<ì��Sï�ç

ò�ßA=SÞ�KODHEã36äCäC9<KO3OÞ
B â å�BC;¸Þ
Bã;8ßÈE�MH365 @oKÀ@<BC=�äC9<=:N�;8KGMHß(KODC= â Þ�KODHßA;¸ßA@<ß*;8Dæå�KO9oõ�;8DCà
å�;¡@<B @så�K�9oKG@<3Y@<;áKODHß�KGñ

T
1 ç��´@.;¸ßJ;8DHE�=?=?E Þ:KGD�NG=?DC;8=:Du@d@oKúE�=?ß<Þ�9<; Ý =ÃE�;¸ß<Þ�9<=�@o=�äC5¸36DC=Sß
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ÝuÛ @så!KJ;89o9
3Y@<;áKODH365"9oKG@<36@o;8KGDHßLKGD
T

1 çÏøÉDH=+@oB�MHßÁàO=�@<ßL@så!K6é¹E�; Ü =?DHßA;8KGDF365�å!KG9
ECßLKYNG=:9É3@oBC9<=:=:é�58=�@o@o=:9�3658äCBH3 Ý =�@Î@<BH3Y@!Þ:36D Ý =LÞ�KODHßo;8E�=?9o=SEÈ3Oß @så!K6é¹E�; Ü =?DHßA;8KGDF365 Ú @oMH9 Ü ;¸36D�å�KO9<EHß
ê >!2ÉìOìUï´ç

��=JÞ:KGDHßo;¸E�=:9+BH=:9<=�3ËñÆMC9o@oBC=?9+àG=?DC=:9
3658;á÷S3Y@<;áKOD�ç �¹DHE�=?=?E â å�=JßA@oMFE Û Þ:KGD�ùFàGMC9
3Y@<;áKODHß
3Gß<ßAK�Þ�;¸3Y@<=?E�å�;¡@<B�3ÀE�;¸ßoÞ:9o=:@o=d9<K6@
3Y@o;8KGD â E�=�ùFDC=?Eæ3Oß(@oBC=.Þ�K Ü ä�KOßo;¡@<;áKODãK6ñ�3��4MHÞ:5á;¸E�=?3GD
9oKG@<3Y@<;áKODËå�;¡@<BÃ3�9oKOMCDHE�;8DCàdKOäF=?9<36@o;8KGD�ç �´@Á;8ßLäFKußoßo; Ý 5á=+@oK�=?DHÞ�K�E�=+3G5á5�@oBC=È;áD�ñÆKO9 Ü 36@o;8KGD
Þ�KGDFÞ�=:9<DC;8DCàË3.E�;¸ß<Þ�9<=�@o=h9<K6@<36@o;8KGDÂ3GßÉ@så�K Ü MH5¡@<;8E�; Ü =:DHßo;8KGDH3G5Îå�KO9<ECß
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å�=hÞ:36585 Þ�KGDCùHàGMC9
3Y@<;áKODHß?çFècBC= Ü 3G;áD�äCMC9<äFKußA=ÈK6ñÎ@<BC=ÈäH9o=SßA=?DO@ÁäH36ä�=:9Á;¸ßL@<KJäC9<KYNG=+@oBH36@
Ý KG@oB Þ:KGD�ùFàGMC9
3Y@<;áKODHßJ3G9o=ÂÞ�K�E�;8DCàOß�K6ñh3

Z
2 é´3OÞ�@o;8KGD ÝuÛ @så!Kû9<K6@
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9o=SßAä�=?Þ�@�@<KÈ3ÈäH369o@o;á@o;8KGD�;8Du@oK�3+ùFDC;¡@<=ÉD�M ÜÈÝ =?9cK6ñ�9<=?Þ�@
36DCàO5á=Sß:ç��Â=L@<BC=:DËE�=?ECMHÞ�=Á9o=SßAMH5¡@
ß
Þ�KGDFÞ�=:9<DC;8DCà�@<BC=dE�=:DFßA;á@ Û K6ñ =S3GÞ
BÃß Û�Ü�Ý KG5 ;8D
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ç�òLß(3 Ü K6@o;8NY3Y@<;áKODµñÆKG9Á@<BC;8ß
ßs@<MHE ÛGâ 5á=:@4DCK6@<=�@oBF3Y@4å!=�äC583GDh@oK*MHßo=�@oBH=?ßo=�9o=SßAMC5á@<ß4;áDd3(DC=:üu@ ñÆM�@oMC9<=cñÆKG9�36Dd3658àGKO9o;á@oB Ü
K6ñ 9<3GDHE�K Ü ;8÷?36@o;8KGDJKGñ�E�;¸ß<Þ�9<=�@o=(9<K6@
3Y@o;8KGDFß:ç
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Þ�K�KG9
E�;8DH3Y@<=Á3GDHE

yv

;á@<ß�NO=:9o@o;¸Þ:3G5¨Þ:K�KG9
E�;áDF3Y@o=Oç
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x
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x
ç�ècBC=���%�&" ��!�' )(+*,&" ����-�.%� ý;8ßÈE�=�ùFDC=?Eæ3Oß
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x 0 := bx + 0.5c

36DHE21
x 3 := x −

/
x 0 ç4ècBC=SßA=À3GäCäC58;8Þ?3Y@o;8KGDFßhÞ?36D Ý =Ë=�ü�@<=:DHE�=SEý@<K

NG=?Þ�@oKO9<ß â�ÝuÛ ;áDHEC=:ä�=:DHE�=?Du@É36äCäH5á;¸Þ:36@o;8KGD�KGD�=?3GÞ
BËÞ�K Ü äFKODC=:Du@�K6ñ"@oBC=*NO=?Þ�@<KG9Sç
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v ∈ Z
2 ;8ß�E�=�ùFDC=?Ed3Oß @oBC=ÉßA=:@4K6ñÏ=:58= Ü =:Du@
ß w;áD

R
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BµBH3UNO=*@oBC=�ß<3 Ü =+; Ü 3GàG= ÝuÛ E�;¸ß<Þ�9<=�@o;8÷?36@o;8KGDµ3Oß v

â ;�ç =Oç â /
v 0 =
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w 0 ç;:w=?DHÞ�=@oBC=�EC;8ß<Þ�9<=�@<;á÷S3Y@o;8KGDËÞ�=?5á5�K6ñ

v
;8ßwEC=�ùHDC=SEÀ3Gß!@<BC=+BH3G5¡ñgé´KGä�=:DC=SE�MCDC;á@LßoöuMH3G9o=*Þ�=?Du@o=:9<=?E�;8D

/
v 0 ç ��=ÂMHßo=Ã@<BC=æÞ:36DHKGDC;¸Þ:3G5 Ý ; ð =?Þ�@o;8KGD Ý =:@så�=?=:D @oBC=�@oKO9oMHß

T
2 = (R/Z)2

36DFE @oBH=
ßoöuMH3G9o=

{v ∈ R
2; xv ∈ [− 1

2 , 1
2 [
36DHE

yv ∈ [− 1
2 , 1

2 [}
â ;^ç =Gç â @<BC=JE�;¸ß<Þ�9<=�@o;8÷?36@o;8KGDæÞ�=?5á5 K6ñ

0
ç¨> Û 3 Ý MHßo=+K6ñ4DCKG@<36@o;8KGD â å�=È365¸ßAKJEC=:DCKG@o= Ý�Û 1

v 3 @<BC=È; Ü 36àO=+MCDHE�=?9L@<BC=ÈÞ?36DCKODC;¸Þ:365äC9oK ð =?Þ�@o;8KGD�ñÆ9oK Ü
R

2 KODu@oK
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2 KGñ 3�ä�KG;8Du@ v ∈ R
2 ç<:w=?DHÞ�=+58=�@ÉMHßLßA@o9<=?ß<ß!@oBC=+ñô3GÞ�@L@oBH36@@oBC= Ü 36ä

x 7→
1
x 3 ;8ß�3GD�3OECE�;á@o;8NG= Ü KG9<äCBC;¸ß Ü ñÆ9<K Ü

R
2 KGDu@oK

T
2 ç� ;¡@<BCKGM�@�5áKußoß�K6ñCàG=?DC=:9
3658;á@ ÛGâ å!= 3Gß<ßoM Ü = @oBC9<KGMCàOBCKGMC@�@oBC;¸ß"äH36ä�=:9Ï@<BH3Y@

α ∈ [0, π/4] =@oBC=(369<àGM Ü =?DO@
ß MFßA=SE�BC=?9o=ÁÞ:36D Ý =Á=?3OßA;85 Û =:ü�@o=:DFE�=?E�@oKÈ@oBC=(Þ:3OßA=ÉK6ñ"3GD Û KG@oBC=?9�K�Þ�@
36Du@?ç
��=+E�=?DCK6@<= ÝuÛ

rα
@<BC=��4MHÞ:5á;¸E�=?3GDË9oKG@<3Y@<;áKODJKGñ 3GDCàG58=

α =

rα : R
2 → R

2, v 7→

[

cos(α) − sin(α)
sin(α) cos(α)

]

v.

ècBC=+E�;¸ßoÞ:9o=:@o=(9oKG@<36@o;8KGD /
rα 0 ;8ß�E�=:ùHDC=SE�3Oß

/
rα 0 : Z

2 → Z
2, v 7→

/
rα(v) 0 .

> Û 1
rα 3 å!= Ü =S36D�@oBH= Ü 3Gä91

rα 3 : Z
2 → T

2, v 7→
1
rα(v) 3 .��= EC=:DCKG@o= Ý�Û

(i, j)
@oBC=!Þ:36DHKGDC;¸Þ:3G5 Ý 3Gßo;8ß�K6ñ�@oBH=>�4MHÞ:5á;¸E�=?3GD�ßoäH3GÞ:=

R
2 ç8��=�ßA; Ü ;á5¸369<5 ÛMHßA=Á@<BC=*DCK6@
3Y@<;áKOD

iα := rα(i)
3GDHE

jα := rα(j)
ç
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Ý =�3ÉùHDC;á@o=wßo=�@4Þ?36585á=SEÈ3G5áäCBF3 Ý =:@?ç6òû@så!K6é¹E�; Ü =?DHßA;8KGDF365�å�KO9<E�;áD

QZ
2 ;8ßÎÞ?36585á=SE

3 �,%! � ( &"���!�5�.%! ËKYNO=:9
Q
ç�òLD.3GäCäC58;8Þ?3Y@o;8KGDJñÆ9oK Ü

{0, 1, · · · , n− 1}× {0, 1, · · · , m− 1}@oK
Q
;¸ß Þ:3G5á58=?E�3 �<�!�5�����  +KGñÏßo;á÷?=

[m, n]
çOë�=�@

C
Ý =L3*Þ�KOD�ùHàOMC9<36@o;8KGDh;áD

QZ
2 çOò äF3Y@A@<=:9<D

χ
K6ñLßo;8÷:=

[m, n]
K�Þ?Þ�MC9
ß�36@Èä�KOßo;¡@<;áKOD

p
;8D

C
;áñ

C(p + v) = χ(v)
â ñÆKG9�36585

v
å�;á@oB

xv, yv ∈ {0, 1, · · · , n−1}×{0, 1, · · · , m−1}
ç ��=�E�=:ùHDC=

C [m,n] 3Gß�@oBC=�Þ�KOD�ùHàOMC9<36@o;8KGDå�;¡@<BÂNY3G5áMC=Sß(;áDÂ@<BC=�ùHDC;á@o=�3G5áäCBF3 Ý =�@�Þ�KODHßo;8ßA@o;8DCàËK6ñ�@oBC=däH36@A@<=:9<DHß(K6ñ�ßA;8÷:=
[m, n]

KYNG=?9
Q
â @oBH36@w;8ßLE�=�ùHDH=?EË3Gß!@<BC=+36äCäH5á;¸Þ:36@o;áKOD�@<BH3Y@w9<=�@<MC9oDFß!@oBC=*äH36@A@<=:9<D.KGñ ßo;á÷?=

[m, n]
@<BH3Y@

K�Þ?Þ�MC9
ß�3Y@c@<BC=+ßAä�=?Þ:;¡ùF=?E�äFKußA;á@o;8KGD�;8D.@<BC=+Þ�KOD�ùHàOMC9<36@o;8KGD�ç
ècBC= � �� � �'���(K6ñ @oBC=Èß Û�Ü�Ý KG5

p ∈ Q
;8DË@oBC=�Þ:KGD�ùFàGMC9
3Y@<;áKOD

C ∈ QZ
2 ;8ßLE�=�ùHDH=?Eµ3Oß

@oBC=(ñÆKO5á58KYå�;áDHàÈ58; Ü ;á@��Æ;áñ ;¡@w=:ü�;¸ßA@<ß�� =
ηC(p) = lim

n→∞

#{v ∈ Z
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(2, 3) 7→
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(5, 4) 7→

(5, 5) 7→

����	�

��
����
��������������� �����"!�#%$ &'�(�
��$ ��)*!+)
,
φc - �.&��/�10�23�4)*���.� ��56� ������!�$7$ &'���8�"�9$ &'�;:<����$ )8� �=)8,$ &��(����$ -

>@?BADC�E�A'FHGJILKNMPORQTSDU1V<W�X�Y9Z8[\Z]Z�^6_a`Lbc`ed(f�d�[Lbg_hbc_jilk
Pα

i mebhY�Zeb�i�[LnD`
T

2 _hk�b�iodqp�k�_hb1Zk�n4rts�Z8[+ium(m�[\d�rtZL`+`Ln�v�YwbxY9dlbymzi�[tZ�d6v�Y
p ∈ Qα { bxY9Z8[\Z|Z�^�_a`Lbj`+d}m�[�d�rtZ

Ip
`�n�v�YwbxY9d�bmzi�[odl~h~

v ∈ Z
2 { bxY9Z8k

Cα(v) = p
_ m�d�k���i�k�~��t_ m��

rα(v) � ∈ Ip.

�q�6���\���9�8�q�\�9�3�x�6���N���/���9��� �q�+�6�L���N�����
Tiα : T

2 → T
2, x 7→ x + � iα ��� Tjα : T

2 →
T

2, x 7→ x + � jα ���B� �9�����6�3�x���]�8�6�
�\�
v ∈ ZZ2 � � rα(v) � = T xv

iα
◦ T yv

iα
(0) �B� �z�

� �/�4�z���9�
lCα

�6�;���9�]�a�l T�8���N���9�+� � ���z�\���6�P�6���u�4�8���l�\�
�|�\�+�\���]¡��l�\�\�N�\���6�
Pα

�9�z���9�*�� D�
lCα

: T
2 → Qα, v 7→ φc(fCα

(vx), fCα
(vy))

�/�"���
fCα

�4�8���9�
�¢���;�x�6���N�����
£

�"�
α ∈ [0, π/6]

£
[− 1

2
, 1

2
− cos(α)[ 7→ 0

[ 1
2
− cos(α), sin(α) − 1
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3Y@<;áKOD�� Ý�Û å�KO9oõ�;8DCàÉå�;á@oBdäF3Y@A@<=:9<DHßÎKGñ¨ßo;á÷?=
[2, 2]@oBH36@+K�Þ?Þ�MC9*;8D

C ′

α

ç �Â=�@oBH=:Dã;áDu@<9oK�E�MHÞ:=�3�äH369o@o;¸Þ�MC5¸369*E�K Ü 36;8DÂKGñ
R

2 @<BH3Y@+;¸ß*3�ñÆMCD�éEC3 Ü =:Du@
365�E�K Ü 3G;áD.ñÆKG9!@<BC=*5836@A@<;8Þ:=
Ziα + Zjα

â ßoMHÞ
BJ@<BH3Y@�;áñ�å!=(õ�DCKYå @oBH=*äC9oK ð =?Þ�@o;8KGD
K6ñÎ3Èä�KG;8Du@

p ∈ Ziα + Zjα
;áD�@<BH3Y@LE�K Ü 36;8D â @oBH=:DËå�=*Þ?36DË9o=SÞ�KYNO=:9�@oBC=+ß Û�Ü�Ý KG5¸ß!@oBH36@

36äCä�=?3G9*;áD�@oBC= Ý 5áK�Þ
õÃÞ:KGD�ùHàOMC9
3Y@o;8KGD � @<BC=:9<=�ñÆKO9o=�å!=hùHDHEÂKGM�@+å�BF3Y@+369<=h@oBC=�ß Û�Ü�Ý KG5¸ß@oBH36@Á36äHäF=S369w;8D
C ′

α

ç���=+@oB�MHßÁE�=?E�MFÞ�=�3�ß Û�Ü�Ý KG58;8Þ�E Û DH3 Ü ;¸Þ:365"ß Û ßA@o= Ü ñÆKG9L@oBC= Ý 58K�Þ
õ
Þ�KGDCùHàGMC9
3Y@<;áKOD�ç î ;8DH36585 ÛGâ å�=ÉMHßo=L@<BC;8ßcE Û DH3 Ü ;8Þ?365Fß Û ßs@<= ÜËâ ;áD.KG9
E�=:9 @oKhàG=:@ @oBH=ÁE�=?DHßo;¡@ Û
K6ñ�@oBC=+ß Û�Ü�Ý KG5¸ß Ý K6@<BË;áD�@oBH= Ý 5áK�Þ
õJÞ:KGD�ùFàGMC9
3Y@<;áKOD.36DFEJ;8D

C ′

α

ç

� $9" ��?P���� 
	�� ��
��P?P��A��� �� D F
C

′

Bαë�=�@
C ′

Bα
(v)

Ý =+E�=�ùHDH=?EË3Gß!@<BC=(ñÆKG585áKYå�;8DCà
2 × 2

é Ý 5áK�Þ
õ�Þ�KOD�ùHàOMC9<36@o;8KGD =
∀v ∈ Z

2, C ′

Bα
(v) = C ′[2,2]

α (2v).

Ú ;áDFÞ�=
C ′

Bα
(v)

;8ßc3GDJ36äCäH5á;¸Þ:36@o;8KGDd@<BH3Y@!9o=:@oMC9<DHß�äH3Y@o@o=:9<DHß�K6ñ"ßo;8÷:=
[2, 2]

â @oBH=:D
C ′

α(v) =
(

C ′

Bα
(bxv/2c, byv/2c)

)

(vx mod 2,vy mod 2)
ç î KG9w3GD Û

v ∈ Z
2
â KODC=*ßA=:@<ß

FB(v) = [xv −
1

2
, xv +

3

2
[×[yv −

1

2
, yv +

3

2
[.

ècBC=Ë;áDu@o9<K�E�MHÞ�@o;8KGDúK6ñL@<BC;¸ß Ý 58K�Þ
õýÞ:KGD�ùFàGMC9
3Y@<;áKOD�;¸ß�DH3Y@<MC9<3G5 â ßo;áDFÞ�=�@oBC=À;8Du@o=?9<ßo=?Þ�@o;8KGD
Ý =:@så�=?=:D

FB(v)
3GDHE

rα(Z2) = Ziα + Zjα
;8ß�DHKGDC= Ü äC@ Û ñÆKG9�=?NG=:9 Û

v ∈ Z
2 � @oBC;¸ß�;¸ß�3E�;á9<=?Þ�@ÉÞ�KODHßo=?öuMC=:DFÞ�=*K6ñ @<BC=*ñô3GÞ�@w@oBF3Y@w@så!K�BCKO5á=Sß �ô3dBHKG58=+;8ßL36DÀ=:58= Ü =?DO@

v ∈ Z
2 @oBH36@BH3Gß�DCKÈ3GDu@o=?Þ:=?E�=?Du@ Ý�Û /

rα 0 ��Þ:3GD�DC=?NG=:9 Ý =*3OE ð 3GÞ:=:Du@ �^ßA=?=�ê ILþwì�%6ï ��ç�òwD.=�üC3 Ü äC58=LKGñ�3BCKG58=(;8ßwEC=:äC;¸Þ�@<=?E�;áD î ;8àGMC9<= % Ý =:58KYå*çCë�=:@

FDα
:=

(

[−
1

2
, cosα −

1

2
[

)2

∪

(

[cosα −
1

2
, cosα + sin α −

1

2
[×[−

1

2
, sin α −

1

2
[

)

.

ècBC=Âßo=�@
FDα

;8ßË3ýñÆMCDHEC3 Ü =?Du@<365*E�K Ü 36;8D ñÆKG9.@oBC=Â5¸3Y@A@<;8Þ:=
Lα = Ziα + Zjα

�^ßA=?=
î ;8àGMH9o= $ ��ç :L=:DHÞ:=ÃñÆKO9À36D Û

v ∈ Z
2 â @oBH=:9<=�=:ü�;¸ßA@<ßË3�MHDC;8öuMC=

w ∈ Z
2 ßoMHÞ
B�@oBH36@

rα(w) ∈ v + FDα

çHècBH=:9<=�ñÆKG9<=ÉñÆKG9w36585
v ∈ Z

2 â å!=ÁùH9
ßs@LE�=:ùHDC=

θ′ : Z
2 → Lα, v 7→ rα(w),



1

2 3

4
1

2

3

4

���������	��

��������������������������� � � !#"$��%'&�� � �
FDα

���)(*%+���,�-�.���������-��/�0+� ��0+��!1� �2%3�.%+���4�5�.�
R

2/Lα 67�����!8�����3�)�.���4�9��������� ��� !#�4��/;:<0+�-=2>��;0+� !?%103����!1/@�.%+���4��!8�.�$%+���9����0+A
kiα +k′jα B &��;%+�

k, k′
∈ Z 6

α

p0

p

α

�������DCE��F�0+�4AG�5�$���@�2%
p0 = θ′(2v) ∈ Ziα + Zjα

%+�)�.%��H��/�/�!I���J%+��%+���*(���AK�����
FDα(2v) L ���(��.0+MN�.03� :)O B &9�P�-�.�Q0+� ���.R4��0*��/�/S%+���P!T:�AP"$��/@!
���

C′

α

%+���.%U� ���2%10+�@"�>�%+�*%+�V%+���P"�/@�2�3MN�.��!1��W �
[2, 2]

&�����!1���.!1!1�2� �@�.%+�-(X(��4AK�.�@�Y��!
FB(2v)

�@�Y/��@���2%
�.03� : 6



���������	��
���
������������������������! ���"#
����
FDα $ �%��� α ≈ 0.464705 rad &(' ����)#�*
+���������,���.-��,/��0)
�1010���2 �����-3���4�����#�5��)����������6���

θ(2v)
����)��7 8�9����
��: 8��"#
��,�;�����9��
������<���=����)���>0�

[2, 2]
���*
��
����5�?
+��)@�,�

C′

Bα
(v) &BA �4�����:
�C8��)D�����E�5��)������,����)F
����:G,
�H5�0G��? IHKJ3�<C8�����0)�)�������)@���(�����L������"

kc + k′s + k′′ $ ":�?
����,��-F����
��M�����D10�������<)��5���* 8����-EG������N��)MG��K1?
����0 O
�� k cos(α) + k′ sin(α) +
k′′

−
1

2

���
FDα &�P �������?
� �
�H���G,���QJ9���?
�)�����) $ ������)�1?
�G��@��)R":��������������H�S��������RG������?
+� &

TNUWV�X<V w Y%Z�[ UWV:\	] Y�^ \WV:_B` Y ] [FZ \�a0U [ U	b [ rα(w) ∈ v + FDα c bd]�e [ UWV�]
θ : Z

2 → FDα
, v 7→ θ′(v) − v.

f#g(h*i�jKh�kmlon6poq5r�strErtu�v%w?xyw{zD|Wzds?xQv}x~vy�K�=�2�
FDα

v}�	x��9z�����v}x�rF�	�5�!�0r+s@���(�0stzK�!r+w
Jp′ ��+�Ks

p′
|WzdxQx�r+s?�I����w?v���r

[2, 2]
x�qWzKx����0�+�5s0w�v}�

C ′

α � w?�	�?q9xyq5zKx��+�KsFzK�}� v ∈ Z
2 � θ(2v) ∈ Jp′v ��zK�o�4�K�����!v �

C ′

Bα
(v) = p′ �

� st�������Q�	�dr�x��0q�� ��� U	V!_WXt`*`8� Y%ZE� b Z V�e.`8] [ U	VO��`8���7`KT Y ]W� Y eWV�bW�o��X<`8� [ UWV!��`5a�b [tY `8].`d�
θ(2v) Y ] FDα c Y,[LY�Z _�` ZtZtY�� �7V [ ` eWV�e5\	a�V [ U	V9¡Kbd��\WV#`8� C ′

Bα
(v) ¢o£ V9]W` [<Y a�V [ U	b [ c ��`8Xbd��� [ UWV9_B` Y ] [<Z w `8�

Z
2 [ U	b [ U	b¤¡8V [ UWV Y X Y �Ob8�8V ��¥ rα Y ] FB(2v) T�V9a�b8]6a+`��O_W\ [ V

Cα(w) ¢�¦ ]�e5V�V�e!T�V Z UW`KT [ U�b [�Y � xθ(2v) < 1
2 cB§ θ(2v) ¨ = 0 c V�� Z V § θ(2v) ¨ = 1 © T�V [ U*\ Ze5V�e5\�a+V Cα(w) ��X<`8�«ª θ′(2v) ¬ c b8a�a+`�X<e Y ]W� [ ` � UWV�`8X<V��m­ ¢ � UWV Z b8�OV®bdX<�8\	�¯V�] [bd_W_W� Y V Z ��`�XFbd��� [ UWV#_B` Y ] [0Z w′ = rα(w) `8� Ziα + Zjα [ U	b [ b8XtV Y ] ZtY e5V FB(2v) © ]	` [ V[ U	b [ w′ = θ(2v) + kiα + k′jα c T Y,[ U k, k′ ∈ Z ¢M£ V [ U*\ Z!Z2Y � Y �%bdX<� ¥ �7`5a�b8� Y�° V [ U	V_�` Z2Y7[tY `8] Y ] (2v + {0, 1}2) `d�±b8�7� [ U	V Y �Ob8�8V Z `d�²_B` Y ] [<Z�Y ] Ziα +Zjα ∩FB(2v) ¢ � U Y�ZY�Z@Z \5³3a Y V�] [D[ `3a�`8]	a��7\�e5V [ U	b [ T�V:a�b8] Y ]5��V�X [ UWV:_�b [2[ V�X<] C ′

B(v) ��X<`8� θ(2v) ¢ ut



ë�=�@
lC′

Bα

Ý =�@<BC=È5¸3 Ý =:58;8DCà�ñÆMCDFÞ�@o;8KGDÃàG;8NG=:D ÝuÛ @<BC=�äH3G9A@<;¡@<;áKODµK6ñ ècBH=:KG9<= Ü íd@oBH36@
3Gß<ßAK�Þ�;¸3Y@<=?ß�@oKd3ÈñÆ9
3 Ü =*;áD

FDα

@<BC=+Þ�KO9o9<=?ßoä�KGDHE�;8DCàÈäH3Y@o@o=:9<DËK6ñ ßA;8÷:=
[2, 2]

ç
î 9<K Ü ècBC=?KG9<= Ü í â å�=*E�=SE�MHÞ:=É@<BH3Y@

∀v ∈ Z
2, C ′

Bα
(v) = lC′

Bα
(θ(2v))

IwKYå â 5á=:@
T

2
α = R

2/(Ziα + Zjα) � å!=ÂEC=:DCKG@o=ã3Gß v 7→
1
v 3 α

@<BC=ãÞ:36DHKGDC;¸Þ:3G5
äC9oK ð =?Þ�@o;8KGD�KGD

T
2
α

â @<BH3Y@w;¸ßc;áDËKODC=�é�@oKGé´Þ:KG9<9o=SßAä�KGDHEC=:DHÞ:=Lå�;á@oB
FDα

çFøÉDC=(BH3Gß

∀v ∈ Z
2, θ(v) ≡ −

1
v 3 α

Ü K�E�MH5áK
Lα.

î ;8DH3G5á5 ÛGâ @oBH=�Þ:KGD�ùHàOMC9
3Y@o;8KGD
C ′

Bα

;8ßh3ÂÞ�K�E�;8DCàÃKGñw@oBC=�KG9 Ý ;á@
0
MCDHE�=?9�@<BC=

Z
2 é¹3GÞ�@o;8KGD

(T2
α,v 7→ v +

1
i 3 α,v 7→ v +

1
j 3 α)

å�;á@oBË9<=?ßoäF=SÞ�@c@oK�@<BC=*583 Ý =?5á58;8DCàhñÆMCDHÞ�@<;áKOD
lC′

Bα

ç

� $
N ����� 
�	�� � A 	9DE�
��=�3OßoßoM Ü =(@oBF3Y@

α
;8ß�DHK6@É3 � Û @<BH36àOKG9<=?36DË36DHàG58=Gç Ú ; Ü ;á5¸369<5 Û 3Gßw;áDË@<BC=�ßA@oMHE Û K6ñ

Cα
â

@oBC=(KG9 Ý ;á@!KGñ
0
MCDHE�=?9c@oBC=

Z
2 é¹3GÞ�@o;8KGD.;8ßcE�=?DHßA=(36DFEJMCDH;¡ñÆKO9 Ü 5 Û E�;8ßA@o9<; Ý M�@o=SEJ;8D

T
2
α

ç"�Â=
@oB�MHßwE�=SE�MHÞ:=É@<BH3Y@

∀p ∈ Q′

α, ηC′

α
(p) =

∑

p′∈Q
[2,2]
α

n(p′, p) µ(fp′),

å�BC=:9<=
Q

[2,2]
α

;¸ßÉ@oBC=�ßA=:@ÁKGñ äH36@A@o=?9oDFßLKGñ�ßA;8÷:=
[2, 2]

@<BH3Y@(K�Þ:Þ�MH9Á;8D
C ′

α

â
n(p′, p)

;¸ßÉ@oBC=
ñÆMCDHÞ�@<;áKOD*@oBF3Y@�9<=�@<MC9oDFß¨@oBC=�D�M Ü�Ý =:9�KGñ�K�Þ?Þ�MC9<9<=:DHÞ:=?ßÏKGñ

p
;8D*@<BC=4äH36@A@o=?9oD

p′
KGñ�ßo;8÷:=

[2, 2]
â

36DHE
µ(Jp′)

EC=:DCKG@o=?ßw@oBC=h369<=?3�KGñ�ñÆ9
3 Ü =
Jp′

3Gß<ßAK�Þ�;¸3Y@<=?E.@oKJ@oBC=Èß Û�Ü�Ý KG5
p′
3GÞ?Þ�KG9
E�;8DCà

@oKdècBC=:KO9o= Ü í�ç
:wKYå!=:NG=?9�äC9
3GÞ�@o;¸Þ:36585 ÛGâ @oBC=ãÞ�K Ü äHM�@<36@o;8KGDHß�ñÆKG9.@oBC=SßA=ãß Û�ÜÈÝ KO5á;¸Þ Ü 36äFß.3G9o=ÂöOMH;¡@<=

@o=?EC;áKOMHß:ç î KO9É=S3GÞ
BÃß Û�Ü�Ý KG5
p
â @oBC=?9o=h=�ü�;¸ßs@ %OìJäH3Y@o@o=:9<DHß

p′
K6ñ�ßo;8÷:=

[2, 2]
@oK.Þ:K Ü äCM�@<=Gç

ècBC;8ßL5á=S3GECßw@oKJ3GäCäC9<KUü�; Ü 3Y@<;áNO=:5 Û $��Oì�;áDC=SöuMH3Y@<;áKODHß:ç8ç8çF36DFEJ@<BC=:9<=�3G9o=+3GäCäC9<KUü�; Ü 3Y@<;áNO=:5 Û
í �wß Û�Ü�Ý KG5¸ß

p
@oK(Þ�KODHßA;¸E�=?9�� Ú =:=Áê >cIÉì �Sï�ñÆKG9 3wäH9oKOàG9
3 Ü @<BH3Y@ BH3GDHE�58=?ß�@oBC=SßA=cß Û�ÜÈÝ KO5á;¸Þ:3G5

=�ü�äC9<=?ß<ßA;8KGDHß?çOècBH=L9<=?ßoMC5¡@
ß�EC=?ß<Þ�9<; Ý ;8DCà*@<BC=(E�=:DHßo;á@o;8=?ß�K6ñ�@<BC=Éß Û�Ü�Ý KG5¸ß ;8D
C ′

α

BF3UNG= Ý =:=?D
ßAM Ü�Ü 369<;8÷:=?E.;8D î ;8àGMC9<=��Cç

ë�=�@*MHß+DCK6@<=È@<BH3Y@+;8D�@oBC= � Û @<BH36àOKG9<=?36DÂÞ:3OßA= â @oBC=h@oBH=:KG9 Û ;¸ß*365¸ßAKÀßo; Ü ;8583G9Á@oKË@oBH=
KGDC=*E�=?NG=:58KGä�=?EJñÆKG9

Cα
ç

	 �� !� F�
 ë�=:@�MHßcK Ý ßo=:9<NG=L@oBH36@w36585¨@oBC=(9<=?ßoMC5¡@
ßcå�=ÁBH3UNO=ÉàO;áNO=:DJBH=:9<=LñÆKO9wß Û�Ü�Ý KG5¸ßc369<=
=�ü�@o=?DHEC3 Ý 5á=+å�;á@oBHKGM�@ Ü 3 ð KG9LEC;
��Þ�MH5¡@ Û @oKJäH3Y@o@o=:9<DHßLK6ñ 3dàO;áNO=:Dµßo;á÷?=

[m, n]
çFò�Þ�@oMH3G5á5 ÛGâ

3�ñÆ9
3 Ü =(;¸ßw3Gß<ßAK�Þ:;836@o=?E�@oK�=?3OÞ
B.äF3Y@A@<=:9<D â 3GDHE�@<BC=+ß<3 Ü =Á@oBC=?KG9 Û Þ:3GD Ý =*MHßo=?EÏç

� �(� ��Ô ��ÒLØ;� 
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α , , , , , ,

[0.. arctan(
√

2/4)] 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 −(cos(α))2
− cos(α)sin(α) + 2 cos(α) + sin(α) − 1

[arctan(
√

2/4).. arctan(1/2)] 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 −(cos(α))2 + 2 cos(α)sin(α) + cos(α) − 2 sin(α)
[arctan(1/2)..π/6] 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 0
[π/6.. arctan(3/4)] 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 −2 cos(α)sin(α) + 1 0
[arctan(3/4)..π/4] 2 cos(α)sin(α) − 2 cos(α) − 2 sin(α) + 2 −2 cos(α)sin(α) + 1 0

α , , , , , , ,

[0.. arctan(
√

2/4)] (cos(α))2 − 2 cos(α) + 1 −2(sin(α))2 − 2 cos(α)sin(α) + cos(α) + 3 sin(α) − 1 3 cos(α)sin(α) − cos(α) − 3 sin(α) + 1

[arctan(
√

2/4).. arctan(1/2)] (cos(α))2 − 2 cos(α) + 1 −2(sin(α))2 − 2 cos(α)sin(α) + cos(α) + 3 sin(α) − 1 0
[arctan(1/2)..π/6] 2 cos(α)sin(α) − cos(α) − 2 sin(α) + 1 −2(sin(α))2 − 2 cos(α)sin(α) + cos(α) + 3 sin(α) − 1 0
[π/6..arctan(3/4)] 0 0 0
[arctan(3/4)..π/4] 0 0 2(cos(α))2 − cos(α)sin(α) − 3 cos(α) + sin(α) + 1

α , , , , , , ,

[0.. arctan(
√

2/4)] 0 0 0

[arctan(
√

2/4).. arctan(1/2)] −3 cos(α)sin(α) + cos(α) + 3 sin(α) − 1 0 0
[arctan(1/2)..π/6] −2(cos(α))2 + cos(α)sin(α) + 3 cos(α) − sin(α) − 1 (cos(α))2 − 2 cos(α)sin(α) − cos(α) + 2 sin(α) 0
[π/6..arctan(3/4)] −2(cos(α))2 + cos(α)sin(α) + 3 cos(α) − sin(α) − 1 (cos(α))2 − 2 cos(α) + 1 −2(sin(α))2 + 2 cos(α)sin(α) − cos(α) + sin(α)
[arctan(3/4)..π/4] 0 −(cos(α))2 + cos(α)sin(α) + cos(α) − sin(α) −2(sin(α))2 + 2 cos(α)sin(α) − cos(α) + sin(α)

α , , , , , ,

[0.. arctan(
√

2/4)] 0 −(cos(α))2 − cos(α)sin(α) + 2 cos(α) + sin(α) − 1 0 4(sin(α))2 − 4 sin(α) + 1

[arctan(
√

2/4).. arctan(1/2)] 0 −(cos(α))2 − cos(α)sin(α) + 2 cos(α) + sin(α) − 1 0 4(sin(α))2 − 4 sin(α) + 1
[arctan(1/2)..π/6] 0 −(cos(α))2 − cos(α)sin(α) + 2 cos(α) + sin(α) − 1 0 4(sin(α))2 − 4 sin(α) + 1
[π/6.. arctan(3/4)] −2 cos(α)sin(α) + cos(α) + 2 sin(α) − 1 −(cos(α))2 + cos(α)sin(α) + cos(α) − sin(α) 4(sin(α))2 − 4 sin(α) + 1 0
[arctan(3/4)..π/4] −2 cos(α)sin(α) + cos(α) + 2 sin(α) − 1 −(cos(α))2 + cos(α)sin(α) + cos(α) − sin(α) 4(sin(α))2 − 4 sin(α) + 1 0
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ηC′

α
(p)  �! �"�#���%$&�('�)*� ! � p + $,� + ��-�-.�/��������� C′
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