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1. Introduction. For a given real number « in (0, 1), let us place the
points {0}, {a},{2a},...,{(N —1)a} on the unit circle, where {z} denotes
as usual the fractional part of x. These points partition the unit circle into N
intervals having at most three lengths, one being the sum of the other two.
This property is known as the three-distance theorem and can be seen as
a geometric interpretation of good approximation properties of the Farey
partial convergents in the continued fraction expansion of «. In the litera-
ture, this theorem is also called the Steinhaus theorem or the three-length,
three-gap, or three-step theorem.

The three-distance theorem was initially conjectured by Steinhaus, first
proved V. T. Sés [S58] and Surdnyi [Surd58|, and then by Slater [Sla64],
Swierczkowski [S59], Halton [Hal65]. A survey of the different approaches
used by these authors is found for instance in [AB98|, vR88| [S1a67, Lan91].
More recent proofs have also been given in [vR88| [Lan91], or in [MS17]
relying on the properties of the space of two-dimensional Euclidean lattices.
See also [Ble91l, [PSZ16] for the study of the limiting distribution of the gaps.

There exist numerous generalizations of the three-gap theorem. Let us
quote for instance generalizations to groups [[S92], to some isometries of
compact Riemannian manifolds [BSO§|, or to interval exchange transforma-
tions [Tah17]. Among the generalizations, there are two natural Diophantine
frameworks that are dual, namely distance theorems for toral translations
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on the d-dimensional torus T% (see e.g. [Che07, [Chel4, [Vij08]) and distance
theorems for linear forms in d variables on the one-dimensional torus T. This
is the framework of the present paper, where we focus on linear forms in
two variables, and consider points ma + nS, for 0 <n,m < N, in T.

This generalization has been considered by Erdés (as recalled in [GS93])
and also in [Lia79, [CG76], [GS93, [FH95, [Che00, BHJ ™12, [HMI7]. See also
[CGVZ02] for the number of so-called primitive gaps. In particular, the
following is proved in |Che00]. Let ai,...,aq € T (d > 3) and 2 < n; <

- < ng be integers. The set {Zgzl kioy : 0 < ki < ny, i =1,...,d}
divides T into intervals whose lengths take at most H?:_ll n; +3 Hf:_f n; +1
values. When d = 2, the upper bound is N + 3 for the case of interest here
(ma +np, for 0 <n,m < N), as proved in [GS93].

There are natural cases where it is known that the number of distances
is bounded (with respect to N, for the points ma +nf with 0 < n,m < N).
This is the case when 1, o, § are rationally dependent (this has been proved
by Holzman, as recalled in [GS93]). Badly approximable vectors (a, 3) have
also been proved by Boshernitzan and Dyson to produce a finite number of
distances. For a proof, see [BHJT12|. Nevertheless, it is proved in [HMI7]
that the number of lengths is generically unbounded, with an approach
via homogeneous dynamics based on the ergodic properties of the diagonal
action on the space of lattices. However, no explicit examples of this generic
situation have been known. The object of the present paper is to construct
such examples.

Our main result is the following.

THEOREM 1.1. Consider the set En(a, ) == {na+mp e T:0<n,m
< N}, and let A(En(a,B)) stand for the set of distances between neigh-
bor points of En(c, 8). We provide effective constructions for the following
existence results.

(i) There ezist (a, ) with 1,a, rationally independent and (c,8) not
badly approximable such that

VN, #A(En(a,B)) <7

(ii) There ezist (o, B) with 1, a, B rationally independent such that
limsup #A(En (o, B)) = 0.
N—00

Our proof avoids the use of a higher-dimensional analogue of continued
fractions. We rely on the (regular) continued fraction expansions of o and /3
and we combine several ‘rectangular’ levels of points of the form na + mg
for 0 <n < N and 0 < m < M, where N or M is the denominator of a
principal convergent of a or f3.
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We ask the question of the minimality of the number of lengths: is
it possible to find («, ) with 1,«a,( rationally independent such that
#A(En(a,5)) <6 for all N?

As an application and motivation for this theorem, one deduces results
on frequencies of square factors in two-dimensional Sturmian words, such as
studied in [BV00, BT02]. Two-dimensional Sturmian words are defined as
codings of ZZ?-actions by rotations on the one-dimensional torus T. More
precisely, let «, 3, p be real numbers with 1,«a, rationally independent
and 0 < a+ B < 1. A two-dimensional Sturmian word over the three-
letter alphabet {1,2,3} (with parameters «, 3, p) is defined as a function
f:7? — {1,2,3} with, for all (m,n) € Z%, (f(m,n) =i < ma+nB+pc I
modulo 1), where either I} = [0,«), Is = [a,a+ (), I3 = [a+ 5,1), or
I = (0,0, Iy = (o, + f], I3 = (a+ B3,1]. According to [BVOQ], the fre-
quencies of square factors of size N are equal to the lengths obtained by
putting on T the points —na — mp for =1 < n < N—-1,0 < m < N.
One thus has a correspondence between lengths and frequencies, whereas
gap theorems correspond to return words. Note that convergence toward
frequencies (expressed in terms of balance properties) has been considered
in [BT02]. More generally, for results of the same flavor for cut and project
sets generalizing the Sturmian framework, see [HKWS16, [HIKW17].

Contents of the paper. Let us briefly sketch the contents of this
paper. Notation is introduced in Section [2] together with a basic lemma
(Lemma that allows one to express in a convenient way the clockwise
neighbor of a point of the form na + mfB. A construction providing pairs
(a, B) with a bounded number of lengths is described in Section (3| while
the case of an unbounded number of lengths is handled in Section [4} state-
ment (i) of Theorem is proved in Section (3| and (ii) in Section

2. Preliminaries. Let T = R/Z. Let «, § be real numbers in (0,1). We
assume throughout that 1, , B are rationally independent.
For q, ¢ positive integers, we define

E,y(a,B):={na+mBeT:0<n<q, 0<m<q},

and when ¢ = ¢/, we use the notation Enx(a, ) := E, 4 (o, ) with N :=
q = ¢'. We furthermore consider

Eog(a,f):={(n,m):0<n<q, 0<m< q}.

We will also use the shorthand notation F, ., En and &, .

Points in E, s (a, 3) are considered as positioned on the unit circle ori-
ented clockwise endowed with the origin point 0. The point na + mpg is
thus considered as positioned at distance {na+ mfg} from 0. The point im-
mediately after na + mf clockwise on the unit circle, that is, its clockwise



4 V. Berthé and D. H. Kim

neighbor, is denoted as @, o (na +mf3), or @(na + mf3) if there is no confu-
sion. This thus defines a map &, on E, » called the neighbor map. For two
points a,b in T, the interval (a,b) in T corresponds to the interval consid-
ered clockwise on the unit circle with endpoints a and b. The set E, , thus
partitions the unit circle into disjoint intervals (na + mg, @4 4 (na + mp))
for (n,m) € &4

For a finite subset F of T = R/Z, we denote by A(FE) the set of dis-
tances between neighbor points of E (again with distances being measured
clockwise). For any (n,m) in &4, Agq(n,m) (or A(n,m) if there is no
confusion) stands for the distance between na + mg and @, (na +mp3).

For any positive integer ¢, we define the nonnegative integer |n|, by

In|g =n (mod ¢) and 0 <|n|, <gq.
We will consider the map n — |n + r|, for a given integer r. In particular,
if0<r<gqg,then n+rlj=n+rif0<n<qg—r,and n+rjg=n+r—gq
ifg—r<n<aq.
Let ¢, ¢ be given coprime positive integers. Then, for any integers r,r’
such that ged(r,q) =1, ged(r’,¢') = 1,0 < |r| < ¢, 0 < |'| < ¢, the map

Caq: Eoq = Eqqs (nom) = (In 47y, [m47'|y),

is a cyclic permutation of £, ;. We will thus be able to describe the elements
of & 4 as the elements of the orbit of (0,0) under ¢, . In particular, for
each (n,m) with 0 < n < ¢, 0 < m < ¢, there exists a unique k with
0 < k < q¢ satisfying (n,m) = (|kr|q,|kr'|y). Indeed, since 1,c, 3 are
rationally independent, the map ¢, o acting on E, 4 («, ) and defined by

(2'1) ¢q,q’(na + mﬁ) = <‘Pq7¢I'(n7 m)v (av ﬁ))

is easily seen to be injective, and thus surjective.

Let (ai)i>1, (a;) j>1 stand for the respective sequences of partial quotients
of @ and /8 in their continued fraction expansions, and denote by (g;)i>1,
(q})jzl the denominators of their principal convergents. Note that we will
make a strong use of

(2.2) arllge—1l| + gr—1llgreall = 1.
Here we denote ||¢|| by the distance from ¢ € R to the nearest integer.

We now consider Eqi,q;(a,ﬂ) ={na+mpeT:0<n<q,0<m< q;}
for indices i,j such that ¢; = b'q; + 1 for some positive integer v'. Note
that 0'q;_; is coprime to ¢; since b" and ¢j_; are coprime to ¢;. We take
r= —(=1)'¢;—1 and ' := (=1)b/'qj_,. We consider the following cyclic

(*) This map is well-defined since 1, o, 8 are rationally independent.
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permutations acting respectively on &, (a, 8) and E,, ,(c, B):
] g

Spqz"q; Fno+ mﬁ = (|n - (_1)Z‘qi*1|qz‘7 |m + (_1)jb/qg’—1|q;-)a

¢in‘1§ tna+mf = n— (=1)'gi1|go+ m+ (*1)jb/qs'—1’q;. B.
Lemma below shows that, under assumption ({2.3) below, the clock-
wise neighbor point @qi,q; (na + mp) of na + mp in Eqi,q;(a,ﬂ) is exactly
¢(na+mf3), where we use the shorthand notation ¢ = ¢, .. Lemma|2.1{will
be applied in the proofs of both statements of Theorem In particular,
it will play a crucial role in Section [3| for the case of a bounded number of
lengths. Indeed, in order to count the number of lengths for a square set of

points £y, we consider several rectangular subsets of £y, i.e., several levels
in En, with the points of Eqi,qg- corresponding to the first level. Further lev-

els of points will then be inserted or removed. Note that Lemma[2.1] provides
a case where there are only four possible lengths.

LEMMA 2.1. Let o, B be real numbers in (0, 1) such that 1, o, B are ratio-
nally independent. Let (g;)i>1, (q;-)jzl stand for the denominators of their
principal convergents. Assume that for some i,j > 1,

q} =bg+1
or some positive integer b'. Let

In+ gi—1]g &+ |m — b’qg._l\qgﬂ if 1,7 are odd,
b(no+mpB) = N+ qi—1lg; @ + |m + b’qg,l\q;ﬂ if 1 1s odd, j is even,
' n—qi—1|lg @+ |m—0q;_1|, if 1 1s even, j 15 odd,

@ Vg 1ly B dd
In — qi—1lg @+ |m + b’q}fl\q;ﬂ if 1,7 are even.
Then ¢ is a permutation of qu.,q;_ (a, B).
Under the further assumption that

(2.3) 12581 < llgi—1all = V'llg; 1 81,

the maps @ and ¢ coincide, that is, the point @(na+mp) immediately after
na + mp clockwise on the unit circle, for 0 < n < ¢;, 0 < m < q;, is
d(na+ mp3). Moreover, the distance (measured clockwise) A(n,m) between
na +mfB and ¢(na +mpB), for 0 < n < g, 0 < m < g}, takes one of the
following values:

lgi—1cell = ¥'llg; 1 B, lgi—1ell = ¥l Bl = I,
lgi-1ell = 'l g1 Bl + llgiell,  Nai—rall = ¥'llg;_1 Bl + llgseel| — llg;B]-
More precisely, if i,j are odd, then A(n,m) equals:
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lgiall = 'l ;1 81l 0<n<g—qg-1,bq¢_ <m<q,
lgi—1ell =V llg5_1 81 = llg; B, 0<n<q¢—q-1,0<m<bq_y,
lgi—rall ="l g;—1 Bl + llgicx]l, G —qi-1 <n<g,bq_; <m<gj,

llgi—1a| —b/||q;>15H +[lgic]| — Hq}ﬂlh ¢%—qi-1<n<g¢g,0<m< /(1}717

and if i,j are even, then A(n,m) equals:

lgi—1al| = ¥'llg;_1 B, i1 <1< g, 0<m < q;—bVq
lgi—1all = b'l|¢;—1 Bl — 4581, Gi-1 <1< gi, ¢;— Vg5 <m < g,
lgi—1e| =051 Bl + lgicxll, 0<n<g-1,0<m<g;—Vq,

lgi-1ell = V'l g1 Bl + llgiell = g5 Bll, 0 <n < gio1, @5 —bgj_y <m <gj.
Similar formulas hold for the other cases.

Proof. Recall that ged(b'q;_,,q;) = 1. We first assume that 4, j are odd.
Then

gi-10 —pic1 = |lgi1a], q] 18— p] 1= ||q] 18]
and
gia —pi = =i, ¢;B —pj = =48l
Therefore,
qi—10 — le;'flﬁ = |lgi—1c| - bl”‘]}ﬁ” + (pi—1 — b’p}fl)-
It follows that
d(na+mpB) — (na+ mp)
=0+ gi-tlga + [m —V'dj |y 8 — (na+mp)

gi—1oe = b'q;_4 3, 0<n<g—gi-1, Vq;_; <m<gj,
Qi—la*(b,q3_1*q2)57 0<n<qlic_h 1, 0<m<b/q] 1»
(gi-1 — gi)a —V'q;_1 B, ¢ — qi-1 <n<g, Vqg;_y <m<q,

(gi-1—g)a— (Vg1 —d;)B, ¢ —qi-1<n<g, 0<m<bq_,.

Let us assume that (2.3) holds. Let A(n, m) stand for the distance (measured
clockwise) between na+mf and ¢(na+mp) for 0 <n < g; and 0 < m < gj.
Denote D := [|gi—1a — b'[|gj_1B]|. One has

D, 0<n<qg—q-1, b’Q§_1 §m<q§-,
5(71 m) = D — g8, 0<n<g—g-1,0<m<Vq_y,
7 D + ||qué||, qi — qi—1 <n< Qi b,qJ 1 <m< q],

D+||QiaH_qu'/8Hv G — gi—1 < n < g, 0<m<b’q] 1-

By (2.3)), for all four cases, the values of the right hand side are positive and
less than 1.
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We now assume that ¢ is odd and j is even. Then ¢;—1a + b’q;_lﬁ =
A+ (bpi—1 +V'p;_). Similarly, we deduce that

D, 0<n<g—g-1,0<m<q;—Vq;_y,
A, m) = D — ||g;8]], 0<n<g—gi-1,q—Vqg_; <m<dq,
’ D + |lgier]], Gi—qi-1<n<g,0<m<q,—bq_,

D+ lgiall = 181l ¢ —gi-1 <n < qi, ¢ — Vg5 <m <.

If 7 is even and j is odd, then

D, gi-1 <n<gq,Vq_; <m<qj,
j(n m): D_Hq;BH7 qz 1<n<q270<m<b/qj 1
7 D + [lgice]|, 0<n<g-1,Vq_; <m<q,

D+ |lgiall = Ig;Bl, 0<n<gi—1,0<m<bq)_;.

Lastly, if 4, j are even, then

D, gi-1<n<q,0<m<q; Vg4,
A(n,m) = D — [lg;8]], gi-1<n<gq,q—Vqg_; <m<qgj,
’ D + [lgia], 0<n<gi-1,0<m<q; Vg,

D+ |lgial| = lg;B81l, 0<n<gi-1, ¢;—Vq; 1 <m <

Hence, we conclude that, for the four cases obtained by considering the
parity of 7, j, one gets

#{(n,m) : A(n,m) = D}—(qz qi-1)(g) — V'),
#{(n,m) : A(n,m) = D — ||gjB|I} = (¢: — a1V dj_1,
#{(n,m) : A(n,m) = D+ |lgsae||} = qi-1(g) — V'qj 1),
#{(n,m) : A(n,m) = D +||gic|| — | gjBII} = qi—1b'q}_,.

We now show that ¢ sends a point to its neighbor point in the clockwise
direction, that is, ¢ and @ coincide. It is sufficient to notice that the qiqg

n,

)

intervals ((na +mf3), ¢(na + mp3)) of T never overlap. Indeed, the sum of
their lengths, AN(n, m), equals 1, as is shown below using :
l=g;—Vq
= (gillgi—1ell + gi-1llgialDa; — V' (gjlla5 1 81l + @51 14581
= qiqj(lgirell = V'llgj_1 B1) + qi-1qjllaiall — V'qi_yqillg; Bl
= Z (¢(na+mp) — (na +mp)). =
(mn)e€,y, o

q,,qj

REMARK 2.2. The map ¢, o (associated with ¢ through (2.1))) is an
exchange of four rectangles on Eqi7q9. For an illustration, see Figure|l| below.
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m m
qi—1
/ / Ead
4q; 4q;
b/Q§'71
Pa;.d}
=
b/(ﬁfl
qgi—1 @qi N qi n

Fig. 1. The action of ¢, . on &, . (a,B) is an exchange of four subrectangles (here,
J 7

i and j are assumed to be even).

REMARK 2.3. According to [CGVZ02], a distance in A(E,4(a,3)) is
said to be primitive if it is not a sum of shorter lengths (not necessarily
distinct). It is proved in [CGVZ02] that there are at most four primitive
lengths for £, ;(c, 3). The lengths given in Lemma are primitive (under
the assumption that 1, «, 8 are rationally independent).

3. Bounded number of lengths. This section is devoted to the proof
of Theorem (1) We provide a strategy for constructing examples of pairs
(ar, B) providing a low number of distances A(En(«, 3)) for all N. We will
rely on Lemma [2.T] and use the existence of positive integers b such that
¢ = bq; + 1, as well as the existence of positive integers b’ such that ¢; =
b'q; + 1 for suitable ¢, j, with « and § playing a symmetrical role.

Construction of the sequences of convergents (g;); and (q},),. We
provide a construction of sequences (gx )k, (¢}, ) of convergents and sequences
(bk)k, (D)) such that the following holds, for all k > 1:

(3.1) G =bpar + 1, @1 = bpagy + 1.

Recall that ¢_1 = ¢’ ; = 0 and gy = ¢, = 1. We then start with ¢; = 3,

¢ = (1) +1 =28 with b}, =9. Also a; = q1 = 3, a} = ¢} = 28. Let
ag = ((@)° +qo— Db + (1)’ =3%+3°  2=3"+3"+1=3% + 1.
We set by = 3% = (¢1)% + qo — 1.

Assume now that for some index k, one has ¢, = bjqr + 1. Choose

ar+1 = ((qr)° + qr—1 — )b}, + (qx)®. Then
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Qo1 = a1k + Go-1 = ((@)° + Ge—1 — Dblar + (ax)° + qr—1
= ((qr)® + qr—1 — D(bpqe + 1) + 1 = ((qr)® + qr—1 — 1), + 1.
Let bgy1 = (qx)® + qr—1 — 1. Then gx+1 = bri1q), + 1. Next, we set ap =
((q;C)6 + )y — Dbpy1 + (q,'g)5. Then similarly
Gor1 = U1 + G = (@0)° + @iy — Dbrnrdi + (4)° + g4y
= ((¢0)° + dher = Drngi + 1D + 1= ((6)° + Gy — D + 1
and b, = (¢,)° + ¢ — L.

In summary, we inductively construct sequences (qx )k, (¢}.)r satisfying,
for any k£ > 1,

a1 = ((qr)® + qr—1 — Db, + (ax)°,

jpyy = ((g2)° + Gy — Dbrs1 + (41.)°,

(3.3) bt = (ar)® +ar-1 =1, by = (4)° + gy — 1.

Then, for any k£ > 1, holds. Note that

(34) @1 =brp1qy, + 1 = by (b + 1) + 1 = b, (beg1gx) + (beg1 + 1).

(3.2)

Since
Gkl — Q=1 bepq 1 — g
k41 = =
qk qk
((qr)® + qe—1 — 1)q), + 1 — qr—1
= k > (Qk)5qgca
qk
we have
1 ! ! ! /
qe—1llqra]| < < o < @18l < llgk—18 + ax_1llaxB|l-
lave < G < < ka1 < a8l + a8
Therefore,

1 — gr—1llgre b
(35) sl — Blgp 8] > 1= ge-tllacall Y

a0,
/ /
q —0Lae  qr—1 1 qk—1
= EE - P gral| = — - T lqa
qk4qy, qk qk4;, dk
_ G llawell + aullgp+iell a1 lgrall
k4], ke

bi+t1 1 k-1 | qr+1c|
= (Bt L S Jaeeiel
qk k9 gk 4

1 1 qrp+10
=(@f—+ ,)mw+”*;”>a
ax  qKq; q;

We also claim that

(3.6) ak < b < (@r)®, @ < bes1 < (qp)".



10 V. Berthé and D. H. Kim

Indeed, if g, < b}, < (qx)?, then using (3.3) we have
G = bhar + 1 < gy +1 < by < (g +1)° < (Bhar +1)° = (g1)".
The choice of qi, ¢}, b1 with g1 < b} < ¢} concludes the proof of the claim.

Rational independence of 1, «, 5. Suppose that 1, «, 5 are rationally
dependent. Then there exist integers ng, n1, ng satisfying no+nia+nq5 = 0.
Since «, 8 are both irrational, one has ni,ns # 0. Then, for large k£ such
that

n1| < qes1/qp  and  |ng| < by /2 < by g llaeell < g llared),

we have

I giell = ln2arBll < [n2l llarBll < In2l/@i1 < llaeel.
This contradicts ||nal| > ||gra|l for any 1 < n < g1 (see for instance
[Lan95, Chapter 1, Theorem 6)).
Let us check now that («, 3) is not badly approximable. Recall that an

irrational vector («, f3) is said to be badly approzimable if there exists C' > 0

such that
C

|(n, m)|?
for any nonzero pair of integers (n, m). For the example constructed in this
section, if (n,m) = (qx,0), then by (3.4)) one gets

1 1 1 1

1
” el < = Vherae = @ @ @ OP

Therefore, («, ) is not badly approximable.

|lna + mp|| >

Organization of the proof. We first assume ¢ < N < ¢, and k is
even, and provide all the details for this case. The case of k odd, and then
the case ¢ < N < ¢}, will be briefly discussed at the end of the proof.

We thus assume g, < N < ¢, and k is even (see Figure . Note that
¢, = bi.gr + 1 > gqi. The proof will be divided into three steps.

e We first describe the lengths in E,_ . (c,8). There are four lengths ac-
cording to Lemma [2.1

e Then, we deduce the description of the lengths in E, n(c, ) from the
description in E,_,. (a, B). We reduce the set of points (n,m) under con-
sideration in this step. Dynamically, this will correspond to inducing the
map ¢g, o (or similarly ‘qu,q;)' We will go from four lengths to six lengths.

e Lastly, the description of the lengths in En(«, 5) will be deduced from the
description in Fy, n(c, §) by performing an ‘exduction’ step with points
(n,m) being inserted, creating a seventh length.
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qk N N

Fig. 2. The sets &, ., £q,,n and En

k9

Distribution of the points of Eqk d, (e, B). We apply Lemma for
E%qk(a,ﬁ) by using the fact that ¢, = bjqx + 1. With the notation of
the lemma, we have i = j = k, b = bj. We are in the case of i,j even,
since k is even. Observe that assumption (2.3) holds, namely |/g;/3]|
lgr—1c|| — b ||q),_1 B]]- This comes from (3.5)), applied twice to get the first

two inequalities below:

lgk—reell = O llg—1 Bl > llgredl > by llarBll = llaz Bl

By Lemma [2.1] H the neighbor map @, ., on E, , B) satisfies

dk-qy, qu(

Py, - no+mf = |n — qr_1lg.o + [m + bigy 1\qkﬂa

and

Aq/c,q;mv m)
HQkflOéH - b;g”qz_pBH? k-1 <n, m< qz bqu 19
lgk—1all — b llgp 1Bl — llaBll, Qr—1 <0, @, = blqp_y <m,
lgk—10ll — by llqr 1 Bl + llaxall, n < qp-1, m < q, —bLq_;,

lgk—rell = Opllg—1 Bl + larall = llar Bl n < g1, G4 = bpgg—y < M-

Define the map Pgporql, O E%q; by Parord, (n,m)=(In—qr—1lq,, Im+bq,_ 1|qk)
Its action is shown in Figure |3| (left) as an exchange of four subrectangles.
Recall that ¢y, . and @y, . are related by (2.1)).

Distribution of the points of E,, n(«, ) for ¢; <N <g. We obtain

&, N on By n(a,B) by iterating the map Py, q,- Indeed, since Eq.~n(a,B)

is a subset of Eyql (o, B), the neighbor map &, ny on E, n(«, ) is the
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m m m m
qi—1
/ >
9k 9k 9k 9k
bl(];'fl
Pak.ay, Par,N
— N —— N
bieQi—1 [
gk—1 QG M de N dk M gk T

Fig. 3. The action of ¢,  on & (a, B) is an exchange of four subrectangles (left),

aK,4;,
and the action of ¢4, n on &g, ~n(a, ) is an exchange of six subrectangles (right).

(@)™ ().

where 7(z) = min{{ > 1: (¢ (x) € By, n(a, )} is the first return time
to Eq n(a, ) of the map @thk This induction step will create two more
subrectangles, that is, Pgy,.q, BCts as an exchange of four subrectangles, while
©q..N acts as an exchange of six subrectangles (see Figure [3)).

The following lemma expresses the fact that the return time 7 takes three
values. Note that the statement below does not depend on the parity of k.

induced map of @, g, on E, n(a, p), ie.,
Qk, (m
)

qu

LEMMA 3.1. Let 7 be the first return time to Ey n(o, ) of the map
45%%. There exist 71,72, 73, N1, No, N3 such that, for each na + mf €

EQk,N(av 5)7

n if 0<m <Ny,
T(?”LO(—FmB): 1+ T2 ifN1§m<N2,
T ifN2§m<N.

Moreover, there exist nonnegative integers di,ds such that
[0, N1) + ibj.g—y = [N = N1, N) + dagp,
[N1, N2) + (11 + 2)big)—y = [N = Noy N — N1) + (di + da)qp,.
[N2, N) + m2bjdy—y = [0, N — N2) + dagp..

Proof. We prove the lemma for k even, but the same argument works
for k odd. Recall that, for even k, we have

(qu,q;(”a+mﬁ) In — qr—1|g.c + |m + blqj,_ 1|q
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Thus
(@%q;)[(na +mp) € Eg n(,B) if and only if 0 < |m + Kb;gq;_ﬂ% < N.
Let

T(m)=min{f >1:0<|m —l—Ebﬁgq;C_l]qé < N}.

The discrete version of the three-gap problem (see e.g. [Sla67]) applied to
the translation by bjq)_; modulo N provides the existence of 71,72, 73,
Nl, NQ, N3 such that

n if0<m< Ny,
?(m): T+ 71 if Ny <m < No,
T2 if Ny <m < N,

as well as the existence of nonnegative integers dy, d2 satisfying
[0, Nl) + legcqu_l = [N — Ny, N) + dlq];,
[N2, N) + 7abi g1 = [0, N = Na) + dagj,.
Clearly,
[N1, Na) + (11 + 72)bj.qf—1 = [N — Na, N — Ny) + (di + da)gj..
Lemma [3.1]is thus a direct consequence of the discrete three-gap problem. =

Therefore, for k even, we deduce from Lemma [3.1] that
(37) @C]k’N(na + mIB) = (@qk7q;€)T(na+mB) (TLO( + mﬁ)

In —Tgr—1lg.a+ (m+ 1byg,_; — digy,)B, 0<m < Ny,
In— (71 + 72)@k—1]q,
+(m+ (11 + 12)b.q,_y — (di +d2)g})B, N1 < m < No,
In — Toqr—1|g, + (m + mbl.q;,_ — daqp)B, N2 <m < N.
Let h1, hs, hs be nonnegative integers satisfying
Tiqk—1 = higr + 71,  Tequ1 = heqr + 72, (71 + T2)qk—1 = haqr + 73

with 0 < 71,72,73 < qr. Each of the three cases splits into two subcases
according to whether or not n is smaller than r;, for ¢ = 1,2, 3. Thus,

Al—l-”kozH if0§n<r1,O§m<N1,

Aq ifri <n<gq, 0<m< Ny,
Az + |lgref] if 0 <n <73, Ny <m < Ny,
Ay N(n,m) = A .
3 if r3 <mn <qr, N1 <m < Ny,

Ao+ [lgre| if0<n<re, No<m <N,
Ay ifro <n <qg, No<m <N,
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where

A = 1i(lgg—1all = bl ge—1B1) — dillgi Bl + hallgral],

Az = (|l gk-1all = billg—1B1) — dallgiB]l + hallgrall,

Az = (11 + 72) (-1l = Vllgr_1B1)) — (di + da)l|gi, B8] + hsllgre]-
Indeed, if, for example, 0 < m < Ny, then, by (3.7)),

Py, N (na+mp) — (na + mp)
= |n — T1qk—1lg. + (m + le%¢]§¢_1 - dlq;f)ﬁ — (na+ mp)
= (In = r1lg, — n)a + (mbg,_1 — diq;)B
_ {(—7’1 +qr)o+ (miblg)_, — dig) B if n <,
—ria + (1iblq,_, — diq),)B ifn >,

and

—ria+ (mblgp_1 — d1q;) B = (higr — T1qr—1)a + (T1blqp_1 — d1q;,)
= 71(lgr—10all = b} llar_1811) — dillg.B1l + Pallgre|| = As.

The action of ¢4 n(n,m) = (goqk’qI;)T(m) (n,m) on &, n is illustrated in
Figure [3

From E, y(a,f) to En(o,(3). Let N = agr + R with a > 1 and
1 < R < g (recall that g < N < q;) Since E,, n is a subset of E, e
have

Wortlyr WV

min A(Eg, ) > min A(Ey, o) = ge—1all = bllgp_1 8] — lla8]-
Using (3.5) and (3.6)), we find that
(3.8)  min A(Ey, n) > [lgr—1cll — b llgr_1 5] — lla5]l

1 qrc
> (@0 = 2 laal = B> (@ + Dllsal
Ak k41

beqr + 1 qQ N
> K2 grall = £ grall > — gkl > allgre].
Qe T

We claim that

(n+ qx)a+mp if0<n< N —q,

3.9 Pn(na+mp) =
(3.9) N B) {@qk’N(’nqka—i—mﬁ) it N—q, <n<N.

Proof of (3.9). If 0 < n < R = N — ag, then the points (n + gx)a +
mpB, (n 4+ 2q)a + mp, ..., (n + aqr)a + mfB are between na + mf and
D, N(na+mp), as shown in Figure 4l Therefore, Ay (n + cqr, m) = ||grpc||
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(n+qr)oa+mp

na + mpB (n+2¢)a+mB " (n+agr)a+mp Dy, N (na+ mp)

Fig. 4. Tllustration of the proof of (3.9) when 0 <n < R

for 0 < ¢ <a—1, and Ax(n+ agg, m) = Ay n(n,m) — allgpe|, which is
positive by .
If R < n < g, then the points (n + g¢x)a + mpB, (n + 2qx)a + mp3,
., (n+ (a — 1)gx)a + mp lie between no + mf and @q, n(no + mp). In
this case, the gaps between two adjacent points of Fn(a, ) are given by
An(n + cqr,m) = ||gra|| for 0 < ¢ < a—2, and Ax(n + (a — 1)gg,m) =
Ag.n(n,m) — (a — 1)||gre]|, which is positive by (3.8). =

Therefore, using ([3.7]), we deduce that

DN (na+ mp)
(n+qr)a+mp, 0<n<N —q,
n—Tiqr—1lg, 0+ (m+11byq,_ —diq,)B, n>N—qx, 0 <m < Ny,
=9 In— (71 +72)@k—1]q

+(m~+ (11 +1)bq,_y — (di +d2)q).) 3, n>N—qy Ni <m < Na,
\ In —Toqi—1lg.a+ (m+1bq,_ | —d2q))B, n>N—qy, No <m < N.

Let h1, ho, hs be nonnegative integers satisfying
N—7igr—1 = higr+71, N—7aqr—1 = haqr+72, N—(11+72)qe—1 = haqe+73
with 0 < 71,79,73 < q. Then

||Qk04H7 0<n<N —q,

A+ lgrel, N—gp<n<N-—7,0<m<N,

Ay, N-7<n<N,0<m< Ny,
An(n,m) = { Az + |lgpall, N =g <n<N—r3 Ny <m< N,

Ag, N —73<n<qp, N <m < No,

As+ |lgrel|, N —qr <n <N —72, No<m<N,

Ao, N—-T9<n<N,No<m<N,

where

A1 = 7i(llgp-r0l = Bpllgi-181) = dillg Bl — hallgser],
Az = mo(llak-r0l| = illgr—1BI1) — dallgBll — hellarall,
Ag = (11 + 72)(lar-1all = pllgr181) — (di + da)llgrB]l — hsllarall.

The action of ¢ (n,m) on Ey is illustrated in Figure
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N—-qg N 7 qx N n

Fig. 5. The action of ¢on on Ey is an exchange of seven subrectangles.

End of the proof. The case ¢, < N < ¢ with k even has thus been
handled. In the case of k odd, A, ./ (n, m) still takes four values, as discussed

k),
in Lemma [2.T] namely ’
lgk—reell = by llge—1Bll; lge—1cll = B llgr—1 81l — llakBll;
lak-10l = Villae—1B8Il + lawall,  Nar—1all = bpllan-181 + llaeell — llaxBll-

We also have at most six values for A(Fg, n(c,)) which are obtained by
considering the induced map of 95%7,1;@. Observe that Aqk,q; (n,m) takes the
same values as in the case g < N < ¢, with k even. It follows from ([3.9)
that there are seven values for A(En(«, 3)).

Lastly, the case ¢, < N < g1 is similarly deduced by induction from
the case E (a, B). This ends the proof of Theorem (1)

qk7qk+1

REMARK 3.2. Observe that, in continuation of Remark there are
here also four primitive lengths.

4. Unbounded number of lengths. This section is devoted to the
proof of statement (ii) of Theorem The strategy works as follows: one
wants to regularly get indices k for which g = ¢;, + 1. This will imply that
qr and g, are coprime and that they have the same size. This will allow us
in particular to consider mainly the first level £, . (o, 3) (and in fact even
Eq4k+17q2k+l(a,ﬁ)). Now, we provide a construction of o and / for which
Qak—3+1=q)_5 and qux—2 — 1 = ¢jyj,_,, for all k. Furthermore, we will have

/ _
gy = 1.

Construction of the sequences of convergents (¢;); and (qg) j- We
consider irrationals o and 3 in (0,1) with respective sequences of partial
quotients (a;); and (a}); satisfying

ap=2, ay;=2 and a} =3, a)=1
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Then
w=1,a=2 ¢@=5 q¢=14¢=3 ¢=4
We now inductively define (a;);, (a}); as follows. Suppose that
Qae-3+1=quy 3, Qur—2—1=qj_o fork>1

Furthermore, let Ry := qux—3 + 1 = ¢35 and Q := qup—2 — 1 = ¢,_,. Set
age—1 =1, ag =3, agp1:=2Qk+Rr—1,  agpi2:=6Qk + 4Ry,
g =2, ay,:=4Qr+3Rr—2, ayq:=1, aj,o:=06Qk+4R,—1.
Then

Quk—1 = Qk + Ry, Qa1 = 2Qk + Ry,

quk = 4Qr + 3Rk +1,  diy = 8Q% + (10Ry — 3)Qx + 3RE — 2Ry,
and
Gkl = Rey1 — 1, gy = Rip1s Qa2 = Qe + 1, @ipyo = Qi1

where we put inductively
Rys1 = 8Q% + (10Ry, — 1)Qy, + 3R — Ry,
Qry1 = 48Q3 + (96Ry, — 6)Q2 + (43R — SRy — 2)Qx + 12R3 — 4R? — Ry,.

Rational independence of 1,a, 5. Suppose that 1, «, 5 are rationally

dependent. Then there exist integers ng, ni, no satisfying ng+nia+nqo8 = 0.
Since a, 5 are both irrational, n1,ns # 0. Then we have

n2| n2|
In1g@hgr1all = [In2gip 1 Bl < nal g1 8l < = A
Qpro2  Capa29ak11

Thus, there exists an integer p satisfying

p |2
”1q£1k+1 ’”1|aﬁlk+2(qﬁk+1)2
Choose k large enough for aly; ,, > 2|ni||nz| to hold. Then, by Legendre’s
theorem (see e.g. [Bug04, Theorem 1.8]), one gets p/(n1qy;, 1) = ps/qs for
some positive integer s. Since qury2 = Qo + 1 > yo@irr > M1y
we get s < 4k + 1. Also from qflk“ = qupr1 + 1, we get s # 4k + 1. If we
assume s < 4k, then

’a ~ b o — Pak| >
qs Qak | — 2qakqak+1 2(94/1k+1)2 ailk+2 (QQk_H)
which contradicts (4.1]).

(4.1)

o —

Z 1 1 > |TL1’ ’ng‘

27

Organization of the proof. We will work mainly with the points of
the first level provided by E,,, i (c, B). This will be sufficient to derive

infinitely many lengths for the points in Ey with N = qq4+1 = qﬁlk“ —1.
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The study of the first level will be divided into Lemma [£.1] and Proposi-
tion [4.2] The main difficulty here is that the map ¢ of Lemma [2.1] provides
points that can be either to the right, or to the left of a given point (as-

sumption (2.3)) does not hold).

Distribution of the points of E . We now consider

q4k+17q4/1k+1 (CV, 6)
points of the first level provided by Eq4k+1,qgk+1(0‘w3)' Recall that gy, , =
qak+1 + 1. With the notation of Lemma 2.1} put ¢ = j = 4k 4+ 1. Observe

that ¥ = 1. We consider

O = llga—18Il = llganel

According to Lemma [4.1] below, one has ¢, > 0.

Note that there are more than the four lengths of Lemma since
assumption is not satisfied. Indeed, one has —||qura|| + ||¢)_1 8] =
0 > 0, which contradicts gy, 18Il < llqaee|l — [lg4,Bl, by noticing that
@181l = llayBll + llahy 1 Bll, since ajy, ., = 1. However, even though
is not satisfied, Lemma provides a convenient expression ¢ for the
neighbor map, which will be used in the proof of Proposition below,
showing that there are at most 12 lengths.

LEMMA 4.1. For all k,

0 < 20paak 41 < ||qarrrcll < llghg418ll-
Proof. We have

lgk-r0f) = ———— = :
k10| = — =
gk + qkﬂngg:ﬂzu 0 + qk—1 1
ag41 +
Apyo + -
Hence
lqanol = : - .
M R 1 B R b
5181l = : - S
_ :
Rk+1—2Qk—Rk+% Rk+1_%+m
where
1 , 1
5:= T , s = i
Agpy3 +—————— Wy +
Qgpra + - Wporg +

satisfy
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6Qkt1+3Rpr1+1  3agpys +4 o < S0k 1 6Qps1 +3Rpr1 —2

8Qki1+4Rki1+1  4agris+5 daspys+1  8Qui1 + 4Rk —3
AQp1 + 3Rk —2 Tya <4 < Qpyg+1 _ A4Qkp1 +3R1 — 1
8Qk+1+6Rp1—3 2aﬁlk+4 +1 2aﬁlk+4 +3 8Qk4+1+6Rp1 —1 '
Then

Ry+3-2s Ry +s'
S = 3(6Qr+4Rk+s)  3(6Qr+4Rk+s’)

1 Ry +s’ 1 Ri+3—2s
(Rk+1 -3t 3(6Qk-]f-4Rk+s')) (Rk+1 -3t 3(6'QZ+4R;C+S))
By elementary computation we get
1 1

<O < .
3(6Qk + 5Ri)RZ,, " 3(6Qk + 4Ry) (Rt — 1/3)2

Also,
: [remyell S —
) q - )
11+ 14+ (R —1)s 4k+1 Qa1+ Rraqs'

qik+1C¢|| =
lawsaal = -

thus
1 1

<
3(Rkr1—1/3)? " Qry1 + R
1

< Naarsrell < @Bl < Oy ™
k1

0< 25ka4k+1 <

PROPOSITION 4.2. Let «, B be given by the construction above. Consider
points of the first level provided by EQ4k+17‘12k+1 (v, B). The neighbor map ¢ =
g§q4k+lvq2k+1 satisfies the following.

(1) If qax <0 < qaryr and ¢y, < m < ¢y, then
P(na+mp) = (n—qr)a+ (m—qy_1)8, Aln,m)=.
(2) If 0<n < qup—1 and @y — Qap+1qy, g <M< QY yq, then
D(na+mp) = (n+ agpr1qae) + (M + aapr1@ip 1 — Qi) 5,
A(n,m) = ||gyp 418l — aa+10p.
(3) If qap—1 <n < qar and ¢y q — (Qarg1 — 1)@y <M < @y, then
D(na+ mp) = (n+ (agpgr — Dgar)a + (m + (agkr1 — 1)@ — Qps1)B5
A(n,m) = ||qy41 Bl — (aapr1 — 1)d.
(4) If que—1 < n < 2qup—1 and Qg — Qa1 < M < Qg —
(ask41 — 1)q)y,_q, then

D(na+mpB) = (n + 2aap11qak — qar+1)@ + (M + 204811041 — Qapr1)Bs
A(n,m) = |10l + 1g4g1 Bl — 2048410k
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(5) If 21 < n < qu and (Iﬁlk_,_l - a4k+1Q§1k_1 < m < qz;k;+1 -
(aag41 — 1)q)y_y, then
P(na+mpP) = (n+ (2aar41 — 1)qur — qars1)
+ (m + (2aap41 — 1)qip—1 — Qarr1) 35
A(n,m) = llqarrell + | ¢hgsa Bl — 2aar1 — 1)
(6) If 0 < n < qu—1 and qﬁkz+1 = (agp1 + Dy, < m < qzlik+1 -
Qak1Qy;_q» then
B(na+mpB) = (n+ 2aup41qak — Qak1) + (M + 20451 Cp— 1 — Cipy1) 65
A(n,m) = |lqar10)l + 1181 — 205410k
(M) If qae—1 < n < qar and @y — (aargr + Dy < m < @y —
Aak+1Q4;,_y > then
D(na+mpP) = (n+ agp1qar — Qr+1) + (M + agpr 1@y 1) 6,
A(n,m) = ||qak+10l| — aar110k.
(8) If 0 <n < qu and gy — (aapy1 + ¢+ 1)gyy < m < gy —
(@ak41 + €)qyy_1, where 1 < ¢ < agpq1 — 1, then
B(na+mp) = (n+ (agrs1 + ) — Qi) + (M + (aaps1 + 1) 5,
A(n,m) = [lqap10f| — (aapt1 + )0k
(9) If 0 <n <2qp—1 and 0 <m < ¢y 1 — 204611G);_,, then
D(nac+mpB) = (n+ 2a4p410ak — Gak+1) + (M + 2a4511¢4,_1) 6,
A(n,m) = ||qap+10]] — 2048110k
(10) If 2qur—1 <n < qax and 0 <m < @y — (20441 — 1)qy,_,, then
D(nac+mpB) = (n+ (204041 — Dqar — Qa1+ (m + (204541 — 1)qy 1) 6,
A(n,m) = ||lqars10] — (2aa541 — 1)
(11) If (¢ —1)quk + 2qap—1 < n < cqag + 2qup—1 and 0 < m < ¢, where
1 <c<agp1 — 1, then
P(na+mpB) = (n+ (204141 — €)qar — Qar1)@ + (M + (204641 — ¢)qy,_1)5,
A(n,m) = |qar10]| = (2a4r41 — €)0k.

(12) If (@ap41 — 1)qar + 2qar—1 <0 < qag41 and 0 < m < ¢}, then

P(na+mp) = (n+ aspy1qare — Qarr1) + (M + aar1q,1)5,
A(n,m) = |lqae+1¢¢]| — @ar416k-
REMARK 4.3. Observe that there are overlapping regions between points

corresponding to cases (8) and (10) (when ¢ = agx41 —1), and between cases
(10) and (11) (when ¢ = 1).
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Proof of Proposition @ Let @ and A stand for the functions defined in
the statement of the proposition. We want to prove that @ coincides with &
on E, g and that similarly A coincides with A. The proof works as
for Lemma we will show that the sum of the lengths provided by A
(with multiplicities) equals 1.

According to Lemma one checks that the lengths A are all nonneg-
ative. The intervals for the pairs (n,m) in Proposition are also well-
defined. Indeed, one checks that g4 — 2q4%_1 > 0 by noticing that ayqy = 3,
and also gy, — (2a4r41 + 1)q)y,_; > 0.

One has qj‘kﬂ = Qqx+1 + 1. With the notation of Lemma one has
b' = 1. Since ¢y = Qi1 — Ty Qi = Qg — Gagr We have

’m - qﬁlk|qflk_’_1 = |m + qflk—1|qflk+l'

As in Lemma we consider the cyclic permutation ¢ on E

q4k+lzq4/1k+1 (Of, B)
defined, for all (n,m) € gq4k+1’q4,1k+17 by

p(na +mp) = |n + qaklgy o +|m — q2k|qﬁk+16
=|n+ Q4k|Q4k+la +[m+ qilk—l‘qﬁkﬂﬁ'

We first provide some dynamical insight on the way the 12 lengths in Propo-
sition have been obtained. As stressed before, assumption is not
satisfied, and the neighbor map @ is not equal to ¢. In fact, there are points
x for which ¢(x) is obtained from x by performing a clockwise jump of dx,
but there are also points z for which ¢(z) is located in the anticlockwise
direction (¢(z) < ), with x being the clockwise neighbor of ¢(z). However,
the map @ can be recovered by performing suitable inductions of the map
¢ on the set of points for which ¢(z) > z. Let

G:={na+mp: Qa1 — qar <N < Qui41 O Upy1 — Up—1 = Lp <M<y}

One has G C Eq4k+17q2k+1(a,[3). Then G is the set of points such that

¢(x) > x, that is, ¢(z) is obtained from x by performing a clockwise jump
of 0r = ||¢4y_18| — llqare| > 0. Elements no + mf in ¢(G) are such that
0<n<qor0<m< g, ;. This is the complement of the set of (n,m)
corresponding to case (1). Let Fg be defined on Epsr iy (a, B) as the first
entering time of ¢ to G, that is,

Fg(na+mp) :== min{¢ > 0 : ¢*(na +mpB) € G}.
Also, define S as the second entering time of ¢ to G:
Sc(na +mpB) == min{l > Fg(na +mpB) +1: ¢‘(na +mpB) € G}
= Fg(ptematm® (na 4 mpB)) + Fo(na + mp).
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Fig. 6. The points marked by o are elements of G. Elements of ¢(G) are marked in light
gray.

We need to consider the second entering time to recover an element located
in the clockwise direction.

Let us now define a map & on EQ4k+17q2k+1

- o (na+ mp) if na +mp ¢ ¢(G),
b(na+mp) = {¢Sc(na+mﬁ) (na+mp) if na+mpB € ¢(G).

(a, B) as follows (see Figure@:

The map @ is a cyclic permutation on Eq4k+17q2k+1(a’ﬂ)' This is illus-

trated by the skyscraper tower construction of Figure [7] (see for instance

[Pet89, p. 40]). One can check that & coincides with the function @ on

Epinnd, (a, B). We will not use this fact in the proof but, as said before,
Aypy1

it aims at providing some insight on the organisation of the cases that occur
in the statement of Proposition

G

~ ¢ | P

to N ¢

1o @

I ?(G)
Fig. 7. Each k-level of the tower is moved to the level of index —k, with the indices of
tower on the left being positive, and negative on the right. The actions on the rooftops
are ¢ and @, respectively.

G |

G

We now come back to the proof of Proposition Let us count the
number of points (n,m) taking the same value A. There are

(a) (qak+1 — qar)qyy, points such that A(n,m) = &, (case (1));

(b) Gak—1Gak+14q);_; points such that A(n,m) = Hqng,BH — A4p+10k
(case (2)); B

(¢) (qak — qar—1)(@arp+1 — 1)qy,_, points such that A(n,m) = ||qﬁlk+1ﬁ\| -
(agp+1 — 1)0 (case (3)); o

(d) 2qar—1qy,_, points such that A(n,m) = |lqurr10l|+q)y 1 Bl — 204510k
(cases (4) and (6));
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() (qar — 2qar—1)qy;_; points such that A(n,m) = |lqurr10|| + [l ahy1 81 —
(2a4p+1 — 1)0g (case (5)); B

(f)  2(qar — qak—1)qyy_, points such that A(n,m) = |qapr1a| — aap+10k
(cases (7) and (12));

(8) 2qurqy,_, points such that A(n,m) = ||qu+1¢]] — (aakt1 + ¢)dy for
1 <ec<agpsr —1 (cases (8) and (11));

(h) another (qar — 2qax—1)(q4yy1 — (20441 + 1)¢}y,_;) points such that
A(n,m) = ||qars1c] — (2a4x+1 — 1)8x (those points correspond to
case (10), and case (8) with ¢ = agg41 — 1, but we do not take into
account case (11) with ¢ = 1);

(1) 2qar—1(@ypyq — 204ar+144;,_,) points such that A(n,m) = |lqrr1al —
2a45+10k (case (9)).

As noticed in Remark there are overlaps between cases (8) and (10)

(¢ = agps1 — 1) and between cases (10) and (11) (¢ = 1). There are

(qak — 2qak—1)q);_ points in both intersections, thus in (h) the total number

of points is

(qar — 2qak—1) (Capg1 — (2aap41 — D @p—1) — 2(qar — 2qak—1)qap 1
= (qak — 2qak—1) (@1 — (2aak41 + 1)gi_1).
We denote the sum of all the lengths A of the intervals given in the statement

of the proposition by
S = > A(n,m) = So + S1 + S2 + 53,

0<n<qax+1,0<m<qy, |
where Sy corresponds to case (a), S; to cases (b) and (c), Sy to cases (d)
and (e), and S3 to the other cases. This yields
So := (qak+1 — k) 44Ok
S1 = qur—10ar1194%—1 (|41 Bl — @an410k)
+ (qar — qar—1)(aar+1 — 1)qp1 (141 Bl — (aapg1 — 1)61),
S2 1= 2qup-104k—1 (| aak+10 + | @411 8] — 204k416k)
+ (g4 — 2qar—1) @41 (|qar10] + [|@hpi1 Bl — (2a4r41 — 1))
Let us prove that S = 1. Since the sum of the lengths A for case (g) is

agp4+1—1
2qundin—1 Y, (laansrall = (aapsr + c)6r)
c=1
Aapr1 — 1) agp10k
= 24y 1 (@arr1 — 1) (|| qaps1]] —a4k+15k)—QQ4qu/1k71( dk+1 2) dk+1

= 2qu1qyp—1 (a1 — 1) |qar+10l| — 3qanqap—1 (aar+1 — 1) aap410%,
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we get

S3 := 2(qar — qak—1) Qa1 (1 garr1]| — aar10x)
+ 2qur Qg1 (@akr1 — 1) || qars1l| — 3qan@lp— 1 @kt (a1 — 1)
+ (qar = 2qa1-1) (g1 — aag+1 + Dy 1) (lgar+1all = (2aa511 — 1)0%)
+ 204k 1 (@hp 1 — 204k 11945 1) (|arr10]] — 2a4410%).

Further,

S1 = (qakt1 — qak) g1 | Qg1 Bll
— ((aap+1 — 1) (@ar+1 — Qak) + Qakt1Gak—1)dap—1 0%
Sy = qurq—1 ([|qar+ 10l + Hq4/1k+1/8H) — (2quk+1 — k) dup—10%;
S3 = qur Qa1 — Gan—1) | qar1]|
+ ((@arg1 + 1) (qar+1 + Qar—1) — Qar)Qap— 10k — (20ak+1 — Qak) Qg1

Therefore,

S = qurdiper llgar+10ll + Qa4 1941 (| Gk 41 5]l
+ (Q4k+1 - q4k)qik6k + (Q4k+1 - Q4k)qgk716k - (2Q4k+1 - Q4k)qﬁuc+15k
= Q4ka1k+1||Q4k+104H + Q4k+1q£1k—1‘|q£1k+1/BH - Q4k+1q£1k+15k
= qurQypir | ganr10)l + qarr1 01 1@ Bl
= Q194511 (|48 + | @p41 81 = Nlaaxel])
= Qa1 (Qarllgan 10l + qarrallganel]) — @an1 (Gl Gapera Bl + dara llaaiBll)
= Q1 — Qart1 = 1.
Hence, the intervals (na+mf3, @(na+mf3)) never overlap (as intervals of T),

which implies that &(na + mp3) is the neighbor point of na + mg, that is,
@ = @, which ends the proof of Proposition "

End of the proof. According to cases (11) and (12) of Proposition [4.2]
one has, for n = cqu + 2qa1—1, 0 < c < agpr1 — 1 and m =0,

Dyprar ., (Cask + 2qak—1) o+ 05)

= ((2a4k+1 — 1)quk — qar+1 + 2qap—1) + (2a4p41 — ¢ — 1)1 B
= (qak+1 — qar ) + (2agp11 — ¢ — 1) qyp_1 5-

Let N = qur1 = @y, — 1. For each 0 < ¢ < agpy1 — 1, the following
pair of points belongs to En(a, f):

(cqur + 2qar—1),  (Quit1 — qar) + (2a4x41 — ¢ — 1)q)_1 8-

Since En(a, ) C Eq4k+1’q:1k+1(a’ B) and the pairs above are adjacent points
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of £

q4k+17q2k+l(a, B), for each 0 < ¢ < agp+1 — 1 we have

(qab+1 — qa)a + (20441 — ¢ — 1)@y 1 B — (cqu + 2qup—1)
= ((2aak41 — ¢ — 1)qar — qakr1) + (2aap41 — ¢ — 1)1 B
= ||gars10]| = (204541 — ¢ — 1)0, € A(En(av, B)).

Since the sequence (a4r+1) of partial quotients goes to infinity, we con-
clude that
limsup #AEN(a, §) = oo,

N—o0

which completes the proof of Theorem [L.1J(ii).
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Abstract (will appear on the journal’s web site only)

For a given real number «, let us place the fractional parts of the points
0,a,2a,...,(N — 1)a on the unit circle. These points partition the unit
circle into intervals having at most three lengths, one being the sum of the
other two. This is the three-distance theorem. We consider a two-dimensional
version of the three-distance theorem obtained by placing on the unit circle
the points na + mp for 0 < n,m < N. We provide examples of pairs of
real numbers («, ), with 1, a, 8 rationally independent, for which there are
finitely many lengths between successive points (and in fact, seven lengths),
with («, 5) not badly approximable, as well as examples for which there are
infinitely many lengths.
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