On continued fraction expansions in positive characteristic: equivalence relations and some metric properties

Valérie BERTHÉ Institut de Mathématiques de Luminy, CNRS-UPR 9016, Case 907, 163 avenue de Luminy, F-13288 Marseille Cedex 9, France and Hitoshi NAKADA^∗ Department of Mathematics, Keio University, 3-14-1, Hiyoshi, Kohoku, Yokohama 223, Japan.

Abstract The aim of this paper is to survey some properties of analogues of continued fraction expansions for formal power series with coefficients in a finite field. We discuss in particular connections between equivalence relations for continued fractions and the action of SL(2, F_q[X]).

1 Introduction

Let p be a prime, q be a power of p, and let F_q be the finite field with q elements. By analogy with the real case, one can classically extend arithmetical results concerning the ring Z of integers to the ring F_q[x] of polynomials with coefficients in F_q (see for instance [23]). The purpose of this paper is to discuss properties concerning some analogues of classical continued fraction transformations and to compare them with the real case. These transformations are defined on the set of Laurent formal power series (with coefficients in F_q(X)) of positive 1/X-valuation: they describe continued fraction expansions, with polynomials playing the rôle of the “digits”. More precisely, we investigate three different types of continued fraction expansions: the first one, which we call “+”-expansion, corresponds to the classical continued fraction (it was introduced by Artin in [5]); the second one, which we call “−”-expansion, corresponds to the real semiregular expansions, i.e., the expansion with “−” sign; and the third one corresponds to the Lüroth series expansion, which can be considered as an analogue of the decimal expansion. We discuss here some classical properties (modular equivalence, metric results) of these expansions. Most of these results are known in the “+” case. We survey the existing proofs and offer new ones.

∗The second author was partially supported by Grant-in-Aid for Scientific Research (c) (09640220), Ministry of Education, Science and Culture, Japan

In the real case, we have the following situation. Two real numbers x and y have ultimately the same “+”-continued fraction expansion (respectively the same “−”-continued fraction expansion) if and only if x and y are equivalent under the action of GL(2, Z) (respectively SL(2, Z)) (see for instance [84]). In this sense, “−” expansion seems to be natural. On the other hand, the transformation associated with this continued fraction does not have an absolutely continuous finite invariant measure (but an infinite one). The situation in positive characteristic is different. The equivalence relation by the semiregular expansion is a subrelation of the SL(2, F_q[X]) equivalence relation and is not identical to it. The following question is thus natural. How can we characterize the SL(2, F_q[X]) relation (or the GL(2, F_q[X]) relation) by using “−” and “+” expansions? We answer in detail this question in Section 4. Note that the case of the GL(2, F_q[X]) equivalence for “+” expansions was studied for instance by de Mathan in [48], see also [71].

Furthermore, by introducing a realization of the natural extension of both transformations associated to “+”-extensions and “−”-extensions, we give a proof, in Section 5, of the analogue of Galois’ Theorem (originally proved by Artin [5]): let f be a quadratic power series of negative degree and let f be its quadratic conjugate; then the continued fraction expansion of f is purely periodic if and only if f has positive degree.

In our situation, both transformations T_+ and T_− (associated to “+” and “−” continued fraction expansions, respectively) preserve the Haar measure and are isomorphic to the transformation L associated with the Lüroth series expansion. Actually this Haar measure preserving property for the transformation T_+ is first proved in [17, 19] as a special case of the Jacobi-Perron algorithm, as proved in [31, 36] for the transformation L. It is easy to see that these transformations T_+, T_− and L are isomorphic to each other in the sense of ergodic transformations, though they are certainly not in the classical case, that is, in the case of real numbers. In Section 6 we discuss the difference between the “+” and “−” continued fractions, and Lüroth series from a metric theoretic point of view. We end this paper by giving in Section 7 an overview of the abundant literature devoted to continued fraction expansions for formal power series with coefficients in a finite field.

2 Notations

By analogy with the real case, consider the following sets. The set which plays here the rôle of Z is the ring F_q[X] of polynomials with coefficients in F_q and the analogue of Q is the fraction field of F_q[X], i.e., the field F_q(X) of fractions with coefficients in F_q. Let F_q((1/X)) be the field of Laurent formal power series:

F_q((1/X)) = {f = ∑ n≥n_0

f_nX^{−n}, where f_n ∈ F_q and n_0 ∈ Z}.

This field is a complete metric space with respect to the valuation

v(f) = −deg(f) = inf{n ∈ Z, f_n ≠ 0}.

It is thus considered as the analogue of R. We define a non-Archimedean absolute values in F_q((1/X)) normalized by

|f| := q^{deg(f)}, for any f ∈ F_q((1/X)).

Let C be the completion of an algebraic closure of R ; C is algebraically closed. This field will be considered as an analogue of C.

Let X denote the valuation ideal of F_q((1/X)):

X = {f, v(f) ≥ 1} = {f = ∑ n≥1 f_nX^{−n}}.

The field F_q((1/X)) is locally compact. Let μ denote the Haar measure on F_q((1/X)) normalized to 1 on X .

Every f ∈ F_q((1/X)) has a unique (Artin) decomposition as

f = [f] + {f},

where the integral part [f] of f belongs to F_q[X] and the fractional part {f} of f belongs to X . For any a ∈ F_q((1/X)) and any r ∈ Z, let

B(a, r) = {f ∈ F_q((1/X)), v(f−a) > r} = {f ∈ F_q((1/X)), deg(f−a) ≤ −(r+1)}

be the closed disc (or cylinder) of center a and radius r We have

μ(B(a, r)) = q^{−r}.

The set X is isomorphic to ∏ n≥1 F_q. The measure μ can be seen as the product of the equirepartition measure on F_q.

In all that follows, F^∗_q denotes the set of non-zero elements of F_q. The set N denotes the set of natural integers greater than or equal to 0.

3 Some continued fraction expansions

Consider by analogy with the real case, the following transformations from X onto itself defined by:

T_+ : f → {^1_f }, if f ≠ 0 and T_+(0) = 0, T_− : f → −{^1_f }, if f ≠ 0 and T_−(0) = 0, L : f → (c − 1)(cf − 1), where c(f) = [^1_f ] if f ≠ 0, and L(0) = 0.

The map T_+ describes the regular continued fraction and has been introduced by Artin in [5]. For a brief sketch of the continued fraction theory in this framework, see for instance [5, 7]. The map T_− = (−T_+) corresponds to the semiregular continued fraction. The map L describes the Lüroth type expansion and has been introduced in [31, 36] for formal power series.

3.1 Continued fraction expansion Every f ∈ X has the following continued fraction expansion: f = 1 a_1(X) + 1 a_2(X) + . .. := [0; a_1(X), a_2(X), · · ·],

where the digits a_i(X) are polynomials of strictly positive degree and are defined by ∀n ≥ 1, a_n(X) = [ 1 (T_+)^{n−1}(f) ]. For f ∈ F_q((1/X)), we put a_0(X) = [f] and have

f = a_0(X) + 1 a_1(X) + 1 a_2(X) + . .. := [a_0(X); a_1(X), a_2(X), · · ·].

Such an expansion is unique (provided ∀n, deg(a_n) ≥ 1), even if f does not belong to F_q(X). Furthermore, the expansion terminates after a finite number of terms if and only if f belongs to F_q(X).

As in the real case, we do not have for such an expansion any admissibility condition, i.e., given any sequence of polynomials of positive degree (a_n)_{n∈N}, then the series

[a_0(X); a_1(X), a_2(X), a_3(X), · · ·] := a_0(X) + 1 a_1(X) + 1 a_2(X) + . .. ,

is easily seen to converge in X to a formal power series f, say, which satisfies: ∀n ≥ 1, a_n(X) = [^1_{(T+)n−1 (f)} ].

Let (^{pn(X)}_{qn(X)} )_{n∈N} be the sequence of convergents in the expansion of f, i.e.,

p_n(X) q_n(X)

= a_0(X) + 1 a_1(X) + 1 a_2(X) + .

.._{+ 1}

a_n(X)

= [0; a_1(x), · · · , a_n(X)].

It is easily seen as in the real case that, for every n ≥ 1

p_n(X)q_{n−1}(X) − p_{n−1}(X)q_n(X) = (−1)^{n−1},

i.e., p_n(X) q_n(X) = p_{n−1}(X) q_{n−1}(X) + (−1)^{n−1} q_{n−1}(X)q_n(X) , which implies that f = +∞∑ k=0 (−1)^k q_k(X)q_{k+1}(X) , and p_n(X) q_n(X) = n−1∑ k=0 (−1)^k q_k(X)q_{k+1}(X) . Since the absolute value is non-archimedean, we have for any n ≥ 1

|q_n(X)f − p_n(X)| = 1 |q_{n+1}(X)| = 1 |a_{n+1}(X)||q_n(X)|

. (1)

In the real case, we have a strict inequality: |q_n(X)f − p_n(X)| <^1_{|an+1(X)||qn(X)|} (see for instance [26]).

As another difference, we have the following characterization of convergents (see for example [7]): let (p(X), q(X)) ∈ (F_q[X])^2;

if |q(X)f − p(X)| < 1 |q(X)|

, then p(X) q(X) is a convergent of f.

The corresponding property in the real case is (see for instance [26]):

if |qf − p| < 1 2|q|

, then p q is a convergent of f.

3.2 Semiregular continued fraction expansion Consider now the semiregular continued fraction expansion corresponding to the map T_−. Every f ∈ X has the following expansion: f = 1 b_1(X) − 1 b_2(X) − . .. := [0; b_1(X), b_2(X), · · ·]_−

where the digits are polynomials with strictly positive degree and are defined by ∀n ≥ 1, b_n(X) = [ 1 T^{n−1}_− (f) ]. We also call this expansion “−”expansion or semiregular continued fraction.

The expansion terminates after a finite number of terms if and only if f belongs to F_q(X). For f ∈ F_q((1/X)), we put b_0(X) = [f] and have

f = b_0(X) + 1 b_1(X) − 1 b_2(X) − . .. := [b_0(X); b_1(X), b_2(X), · · ·]_−.

In the real case, such an expansion is unique provided there are infinitely many digits i such that b_i ≥ 3 (we have 1 = [0; 2, 2, 2, · · ·]_−). Such a phenomenon does not occur here: this expansion is unique in all cases.

Conversely, given any sequence (b_n)_{n∈N} of polynomials of positive degrees, then the series [b_0(X); b_1(X), · · · , b_n(X), · · ·]_− converges in X to a formal power series f, say, which satisfies: ∀n ≥ 1, b_n(X) = [^1_{T n−1− (f)} ].

Note that the convergents^{pn}_{qn} are exactly the same as in the classical expansion, but p_n and q_n are multiplied by (−1) for even n.

3.3 Lüroth continued fraction expansion Consider the map (introduced in [31, 36]) defined for any f ∈ X by

L : f → (c − 1)(cf − 1),

where c := [^1_f ], if f ≠ 0 and L(0) = 0. It is easily seen that L(X ) ⊂ X . Indeed 1 f − c ∈ X , hence

deg(cf − 1) < deg(f), i.e., deg[(c − 1)(cf − 1)] < 0.

Let f ∈ X . Define for n ≥ 1 the sequence

c_n(X) = [ 1 L^{n−1}(f) ]. If L^{n−1}(f) = 0, put c_k = 0, for k ≥ n. We thus have the following “Lüroth expansion” f = 1 c_1 + L(f) c_1(c_1 − 1) = 1 c_1 + 1 c_1(c_1 − 1)c_2 + L^2(f) c_1(c_1 − 1)c_2(c_2 − 1) = 1 c_1 + 1 c_1(c_1 − 1)c_2 + 1 c_1(c_1 − 1)c_2(c_2 − 1)c_3

+ . . .

Such an expansion is unique if f does not belong to F_q(X). For f ∈ F_q((1/X)), we put c_0(X) = [f] and have

f = c_0(X) + 1 c_1 + 1 c_1(c_1 − 1)c_2 + 1 c_1(c_1 − 1)c_2(c_2 − 1)c_3

+ . . . .

Furthermore, the expansion terminates after a finite number of terms, or is periodic, if and only if f belongs to F_q(X).

Given any sequence of polynomials (c_n) with positive degree, the series f = 1 c_1 + 1 c_1(c_1 − 1)c_2 + 1 c_1(c_1 − 1)c_2(c_2 − 1)c_3

+ . . .

is easily seen to be convergent. Hence, as in the real case, we do not have for such an expansion any admissibility condition.

We put for n ≥ 1 { s_{n+1} = (c_n − 1)c_{n+1}s_n + t_n, t_{n+1} = (c_n − 1)c_{n+1}t_n, with s_1 = 1 and t_1 = c_1. These equalities define the n-th (Lüroth series) convergents, i.e.,

s_n t_n = 1 c_1 + 1 c_1(c_1 − 1)c_2

+ . . . + 1 c_1(c_1 − 1) . . . c_{n−1}(c_{n−1} − 1)c_n ; however, we have to notice that^{sn}_{tn} is in general not reduced. Furthermore it is easy to see that

|t_n||f − s_n t_n | = 1 |c_n||c_{n+1}|

= q^{−(deg(cn+1)+deg(cn))}. (2)

For other continued-fraction-like expansions, see [33, 34].

4 Equivalence relations of continued fraction expansions

The aim of this section is to give a characterization of equivalence relations for “+” and “−” continued fraction expansions. The GL(2, F_q[X]) equivalence for “+” continued fraction expansions has been considered in [48], see also [71], and of course [5]. Both approaches [48, 71] are based on the following property: if α =^{Aβ+B}_{Cβ+D} , where α, β ∉ F_q(X), deg(β) ≥ 0, A, B, C, D ∈ F_q[X], |D| < |C|, and AD −BC is invertible, then^A_C and^B_D are successive convergents of α. Note that this result holds more generally for any function field k(X). We present here a different (yet classical in the real case) approach.

4.1 Statement of the results Let GL(2, F_q[X]) (respectively SL(2, F_q(X))) be the set of 2 × 2 matrices of invertible determinant (respectively of determinant 1) with F_q[X] entries. Let Q be a matrix in GL(2, F_q[X]); in all that follows the notation g = Q.f stands for g = a(X)f + b(X) c(X)f + d(X) , where Q = [ a(X) b(X) c(X) d(X) ] . Consider the two equivalence relations, say ∼_S and ∼_G, associated with the actions of GL(2, F_q[X]) and SL(2, F_q(X)). This means

f ∼_S g (respectively f ∼_G g)

if and only if there exists Q ∈ SL(2, F_q[X]) (respectively GL(2, F_q[X])) such that g = Q.f.

On the other hand, we also define two equivalence relations, say ∼ and ≈, associated with semiregular continued fractions:

f ∼ g, respectively f ≈ g if and only if there exist positive integers m, n and ν ∈ F^∗_q such that ∀k ≥ 0, d_{m+k}(X) = (ν^2)^{(−1)k} e_{n+k}(X), or ∀k ≥ 0, d_{m+k}(X) = ν^{(−1)k} e_{n+k}(X), respectively, where f = [d_0(X); d_1(X), d_2(X), · · ·]_− and g = [e_0(X); e_1(X), e_2(X), · · ·]_−. Theorem 1 Let f, g ∈ F_q((1/X)). The following holds:

• f ∼ g if and only if f ∼_S g, • f ≈ g if and only if f ∼_G g.

A similar result holds with the classical expansion corresponding to the map T_+. The equivalence relations become: f ∼_+ g or f ≈_+ g if and only if there exist positive integers m, n and ν ∈ F^∗_q such that ∀k ≥ 0, d_{m+k}(X) = (−ν^2)^{(−1)k} e_{n+k}(X), or ∀k ≥ 0, d_{m+k}(X) = ν^{(−1)k} e_{n+k}(X), respectively, where f = [d_0(X); d_1(X), d_2(X), · · ·] and g = [e_0(X); e_1(X), e_2(X), · · ·]. Theorem 2 Let f, g ∈ F_q((1/X)). The following holds:

• f ∼_+ g if and only if f ∼_S g, • f ≈_+ g if and only if f ∼_G g.

We will give detailed proofs for the “−” case in the next section. The “+” case can be handled in the same way.

4.2 Proof of Theorem 1 The sketch of the proof is the following. We will first produce a set of generators for the group SL(2, F_q(X)) (Lemma 1), then we will see how these generators act on the continued fraction expansion.

Lemma 1 For any Q ∈ SL(2, F_q[X]), there exists a matrix B of the form [ η γ(X) 0 η^{−1} ] or [ 0 η^{−1} −η γ(X) ] , with γ(X) ∈ F_q[X] and η ∈ F^∗_q such that

Q = A_1A_2 . . . A_nB, with A_i, for 1 ≤ i ≤ n, either of the form [ 1 0 α(X) 1 ] or [ 1 β(X) 0 1 ] , (3)

where α(X), β(X) ∈ F_q[X] and deg(α(X)) ≥ 1, deg(β(X)) ≥ 1.

Proof of Lemma 1 The proof works exactly as in the classical case SL(2, Z). Let Q = [ a(X) b(X) c(X) d(X) ] ∈ SL(2, F_q[X]) and

r(Q) = min(|a(X)|, |c(X)|).

Suppose r(Q) ≥ 1. Then, using the Euclidean division in F_q[X], we can transform the matrix Q into a matrix Q^′ with r(Q^′) < r(Q), by multiplying Q by the inverse of a matrix of type (3), which is also of type (3).

More precisely, suppose deg(a(X)) < deg(c(X)), then there exists α(X) ∈ F_q[X] (with deg(α(X)) ≥ 1) such that

deg(α(X)a(X) + c(X)) < deg(a(X)).

If deg(a(X)) ≥ deg(c(X)), then there exists β(X) ∈ F_q[X] such that

deg(a(X) + β(X)c(X)) < deg(c(X)).

Hence, by iterating this process, there exist A_1 . . . A_n of type (3) such that Q = A_1 . . . A_nB, with B = [ a^′(X) b^′(X) c^′(X) d^′(X) ] and r(B) = 0. We have further-

more a^′(X), b^′(X), c^′(X), d^′(X) ∈ F_q[X] and a^′(X)d^′(X)−b^′(X)c^′(X) = 1. Suppose a^′(X) = 0. Then b^′(X) ∈ F^∗_q and c^′(X) = −b^′(X)^{−1}. Suppose c^′(X) = 0. Then a^′(X) ∈ F^∗_q and d^′(X) = a^′(X)^{−1}.

Lemma 2 Let c ∈ F^∗_q and f = [d_0(X); d_1(X), d_2(X), · · ·]_−. We have

1. cf = [cd_0(X); c^{−1}d_1(X), cd_2(X), c^{−1}d_3(X), · · ·]_−;

2. −1/f = [0; −d_0(X), d_1(X), d_2(X), d_3(X), · · ·]_−;

3. if furthermore d_0(X) = 0, then 1 c − f

= [1/c; −c + c^2d_1(X), c^{−2}d_2(X), c^2d_3(X), c^{−2}d_4(X), · · ·]_−.

Proof of Lemma 2 We have [cf] = c[f], which proves the first assertion by induction. The proof of the second assertion is immediate. The third assertion comes from 1 c − f − 1 c = f c(c − f) = 1 c^2/f − c . We thus apply the first assertion by noticing that deg(d_1(X)) ≥ 1 and hence, −c + c^2d_1(X) ≠ 0.

Proof of Theorem 1 Let us first prove that the two equivalence relations ∼ and ∼_S are equal. It is easily seen that if f ∼ g, then f ∼_S g: suppose that there exist positive integers m, n and η ∈ F^∗_q such that

∀k ≥ 0, d_{m+k}(X) = (η^2)^{(−1)k} e_{n+k}(X), with f = [d_0(X); d_1(X), d_2(X), · · ·]_− and g = [e_0(X); e_1(X), e_2(X), · · ·]_−. Consider the matrix Q = [ η^{−1} 1 0 η ]

and apply Lemma 2 (1) to T^{m−1}_− (f − d_0(X)) and T^{n−1}_− (g − e_0(X)). We have T^{m−1}_− (f − d_0(X)) = Q.T^{n−1}_− (g − e_0(X)) and thus f ∼_S g.

Let us prove now the converse assertion. Let f = [d_0(X); d_1(X), d_2(X), d_3(X), · · ·]_−.

Consider the action of the generators of SL(2, F_q[X]) introduced in Lemma 1 on the expansion of f. Let us check that the image g of f under the action of any generator satisfies f ∼ g.

• Let β ∈ F_q[X]. Let g = f + β(X). These series have the same fractional part, i.e., g = [d_0(X) + β(X); d_1(X), d_2(X), d_3(X), · · ·]_−. This equality corresponds to the action of the matrix [ 1 β(X) 0 1 ] . • Let α ∈ F_q[X] with deg(α(X)) ≥ 1. Let g = f α(X)f + 1 = 1 α(X) + 1/f , which corresponds to the action of [ 1 0 α(X) 1 ] . Let us distinguish three cases according to d_0(X).

– Suppose deg(d_0(X)) ≥ 1. Recall that deg(α) ≥ 1. Then we see g = [0; α(X), −d_0 (X), d_1(X), d_2(X), d_3(X), . . .]_−.

– Suppose d_0(X) ∈ F^∗_q. Put c = d_0. In this case we have g = 1 α(X) − 1 −c − 1 d_1(X) ... ,

which implies, with assertion 3 of Lemma 2, g = [0; α(X) + 1/c, c + c^2d_1(X), c^{−2}d_2(X), c^2d_3(X), c^{−2}d_4(X), . . .]_−.

– Suppose d_0(X) = 0. If deg(α(X) + d_1(X)) ≥ 1, then g = [0; α(X) + d_1(X), d_2(X), d_3(X), . . .]_−.

If α(X) + d_1(X) = 0, then g = [−d_2(X); d_3(X), d_4(X), d_5(X), . . .]_−.

If α(X) + d_1(X) = c ∈ F^∗_q. By Lemma 2 (3), we have

g = [1/c; −c + c^2d_2(X), c^{−2}d_3(X), c^2d_4(X), . . .]_−.

• Let γ ∈ F_q[X] and η ∈ F^∗_q. Let g = ηf + γ(X) η^{−1} which corresponds to the action of [ η γ(X) 0 η^{−1} ] . Then Lemma 2 (1) implies

g = [η^2d_0(X) + ηγ(X); η^{−2}d_1(X), η^2d_2(X), η^{−2}d_3(X), . . .]_−. • Finally, let γ(X) ∈ F_q[X] and η ∈ F^∗_q. Let g = η^{−1} −ηf + γ = 1 −η^2f + ηγ(X) which corresponds to [ 0 η^{−1} −η γ(X) ] . Let us distinguish two cases according to d_0(X).

– Suppose d_0(X) = 0. If deg(γ(X)) ≥ 1, then g = [0; ηγ(X), η^{−2}d_1(X), η^2d_2(X), . . .]_−.

If γ(X) = 0, then g = [−η^{−2}d_1(X); η^2d_2(X), η^{−2}d_3(X), . . .]_−.

If γ(X) = c ∈ F^∗_q, then by Lemma 2 (3) g = 1 ηc − η^2[0; d_1(X), d_2(X), . . .]_− = [ 1 ηc ; −ηc+c^2d_1(X), c^{−2}d_2(X), . . .]_−.

– Suppose d_0(X) ≠ 0. We have g = 1 ηγ(X) − η^2d_0(X) − η^2[0; d_1(X), d_2(X), d_3(X), . . .]_− . If deg(ηγ(X) − η^2d_0(X)) ≥ 1, then g = [0; ηγ(X) − η^2d_0(X), η^{−2}d_1(X), η^2d_2(X), . . .]_−.

If deg(ηγ(X) − η^2d_0(X)) = 0, then g = [−η^{−2}d_1(X); η^2d_2(X), η^{−2}d_3(X)]_−.

We thus have proved that if f and g are equivalent under the action of SL(2, F_q[X]), then f ∼ g.

Suppose now that f and g are equivalent under the action of GL(2, F_q[X]). Then there exists a matrix Q ∈ GL(2, F_q[X]) such that g = Q.f. Consider the matrix Q^′ = [ η^{−1} 0 0 1 ] . Then Q^′Q ∈ SL(2, F_q[X]), whenever det Q = η. Let

g^′ = Q^′Q.f. We thus have from above g^′ ∼ f. Then

g = (Q^{′−1}).g^′ = ηg = [ηe_0(X); η^{−1}e_1(X), ηe_2(X), . . .]_−,

where g = [e_0(X); e_1(X), e_2(X), . . .]_−.

Then g ≈ f. Conversely, it is easily seen that if f ≈ g, then f ∼ g. Consider indeed a matrix of the form Q = [ η^{−1} 1 0 1 ] , where η ∈ F^∗_q, and apply Lemma 2 (1).

4.3 Remarks If q = 2, 5, then two formal power series are equivalent under the action of SL(2, F_q[X]) (respectively GL(2, F_q[X])) if and only if their “−” (or “+”) expansions are ultimately equal up to a non-zero square (respectively up to a non-zero multiplicative constant).

Furthermore, (−1) is a non-zero square in F_q if and only if q ≡ 1 modulo 4. In this case, the relations ∼ and ∼_+ are equal.

Let us introduce a continued fraction type expansion which describes the equivalence classes of the action of GL(2, F_q(X)) as the formal power series which have ultimately the same expansion.

Let us write f = [d_0(X); d_1(X), d_2(X), · · ·]_−.

For any k ≥ 0, let μ_k be the leading coefficient of d_k(X) (i.e., the coefficient of its term of highest degree) and let e_k(X) satisfy d_k(X) = μ_k(X)e_k(X). We thus have f = μ_0e_0(X) + 1 μ_1(X)e_1(X) − 1 μ_2(X)e_2(X) − . .. ,

which yields f = η_0e_0(X) + η_1 e_1(X) − η_2 e_2(X) − . .. ,

with η_0 = μ_0, η_1 = μ^{−1}_1 and η_{k+1} = (μ_kμ_{k+1})^{−1}, for every k ≥ 1. Hence every f ∈ F_q((1/X)) can be uniquely expanded as

f = η_0e_0(X) + η_1 e_1(X) − η_2 e_2(X) − . .. , where the coefficients η_i belong to F^∗_q and the digits e_i(X) are polynomials of positive degree with leading coefficient equal to 1.

Hence two formal power series f and f^′ are equivalent under the action of GL(2, F_q[X]) if and only if the two corresponding sequences (η_k, e_k(X)) and (η^′_k, e^′_k(X)) are ultimately equal, i.e., if there exist m, n such that

∀k ≥ 0, η_{k+m}(X) = η^′_{k+n}(X) and e_{k+m}(X) = e^′_{k+n}(X). (4)

One can similarly describe the action of SL(2, F_q[X]). Two formal power series f and f^′ are equivalent under the action of SL(2, F_q[X]) if and only if the two corresponding sequences (η_k, e_k(X)) and (η^′_k, e^′_k(X)) satisfy Equation (4), and there exists l, l^′ ≥ m, n such that ∏ 1≤k≤l η2k ∏ 0≤k≤l^′−1 η ′ 2k+1 ∏ 1≤k≤l η ′ 2k ∏ 0≤k≤l^′−1 η2k+1

is a non-zero square.

The study of the action of a homography on the continued fraction expansion often appears in the literature and has many applications, in particular in Diophantine approximation. We will review some connected works in the last section of this paper.

As a direct consequence of Theorem 1, we obtain the following: an irrational series is a fixed point of a non-trivial invertible homography if and only if its continued fraction expansion is ultimately periodic. We will study in detail the quadratic formal power series in the next section. For the corresponding study for formal power series with coefficients in a field of positive characteristic (not necessarily finite), see for example [71]. Periodicity is then replaced by the notion of pseudoperiodicity or quasi-periodicity [9, 67, 27] (i.e., periodicity up to a multiplicative constant). We will come back to the notion of quasi-periodicity in the last section.

5 Natural extension transformation and quadratic formal power series

The aim of this section is to prove an analogue of Galois’ Theorem. For this goal, we will introduce a realization of the natural extension for the transformation T_−. But we first need to prove the invariance of the Haar measure.

5.1 Invariant measure

Theorem 3 The Haar measure μ is invariant for the transformations T_+, T_− and L. These transformations are ergodic with respect to the Haar measure μ. For each of these transformations, the dynamical system (X , T, μ) (T = T_+, T_−, L) is conjugated to the symbolic dynamical system ( ∏ n≥1 F^0_q[X], σ, m), where F^0_q[X] = {h(X) ∈ F_q[X], deg(h) ≥ 1}, σ denotes the unilateral shift and m is the product of the measure m_0 defined on F^0_q[X] by

m_0{h(X)} = ( 1 q )_{2 deg(h(X))} . This conjugation is one-to-one except for a set of measure zero.

This Haar measure preserving property is a classical one. It has been first proved in [17, 18, 19] for the transformation associated with “+”-expansion, as a special case of the Jacobi-Perron algorithm. See also [28] for the ergodicity and other metric properties. The case of the transformation L is studied in detail in [31, 36].

Proof The sketch of the proof is the same for the three transformations. One shows that the random variables corresponding to the digit functions are independent and identically distributed random variables relatively to the Haar measure: the image measure is the product of the measure m_0 defined on the set of polynomials of positive degree F^0_q[X].

Consider for instance the case of the transformation T_+. For any nonnegative integer k, consider the map t_k : F^∗_q × F^k_q → F^∗_q × F^k_q , (α_0, . . . , α_k) → (β_0, . . . , β_k), where the quantities β_0, . . . , β_k are defined inductively by β_0 = 1/α_0 and ∑ i+j=n αiβj = 0, for 1 ≤ n ≤ k. The map tk is easily seen to be

one-to-one and onto.

We have f =^{α0}_{Xn} +. . .+^{αn}_{Xn} , with α_0 ≠ 0, if and only if [^1_f ] = β_0X^n +. . .+β_n, with (β_0, . . . , β_n) = t_n(α_0, . . . , α_n).

Hence, for any fixed polynomial h(X) of non-zero degree, we have

μ{f| a_1(f) = h(X)} = (1/q)^{2(deg(h(X))},

and for any fixed polynomials h_1(X), . . . , h_n(X) of non-zero degree, we prove in the same way

μ({f| a_1(f) = h_1(X); . . . ; a_n(f) = h_n(X)}) = n∏ i=1 μ({f| a_i(f) = h_i(X)}) = (1/q)^{2(deg(h1)+...+deg(hn))}.

Hence the maps f → h_i(X) are independent and identically distributed random variables.

Remark Note that the transformation associated with this “−” continued fraction expansion does not have an absolutely continuous finite invariant measure (but an infinite one) in the real case; recall that the regular continued fraction transformation and the transformation associated with the Lüroth expansion have a finite invariant measure [29].

5.2 A realization of the natural extension The dynamical system (X , T_−, μ) is conjugated to the symbolic dynamical system ( ∏ n≥1 F^0_q[X], σ, m), where F^0_q[X] = {h(X) ∈ F_q[X], deg(h) ≥ 1}. Furthermore we denote by F^0_q((1/X)) the set of those f ∈ F_q((1/X)) with deg(f) > 0. We have a probability measure m_0 on F^0_q[X] defined by m_0{h(X)} = q^{−2 deg(h(X))}. Next we define a probability measure ν on F^0_q((1/X)) :≡ F^0_q[X]×X by ν = m_0 × μ. Finally we define μ on X :≡ X × F^0_q((1/X)) by μ = μ × ν.

We define a map T : X → X by

T (f, g) = (T_−(f), [1/f] − 1/g) = ([1/f] − 1/f, [1/f] − 1/g).

Clearly T is 1-1 and onto on X \[(X ∩F_q(X)×F^0_q ((1/X))], where the exceptional set is a null set.

Theorem 4 The system (X, μ, T ) is a realization of the natural extension of (X, μ, T_−).

One can also consider the realization (X, μ, T_+) of the natural extension of (X , μ, T ) defined by

T_+(f, g) = (T_+(f), 1/g − [1/f]).

Proof Let (f, g) ∈ X = X × F^0_q((1/X)).

We suppose f = [0; d_1(X), d_2(X), · · ·]_− and g = e_0(X) − [0; e_1(X), e_2(X), e_3(X), · · ·]_−, i.e., 1/g = [0; e_0(X), e_1(X), e_2(X), · · ·]_−.

Then we see T (f, g) = (f^1, g^1), with { f^1 = [0; d_2(X), d_3(X), · · ·]_− g^1 = d_1(X) − [0; e_0(X), e_1(X), e_2(X), · · ·]_− Let Ω =

∏_{+∞}

−∞ F^0_q[X] be endowed with the probability measure P =

∏_{+∞} −∞ m_0 and σ be the shift operator on Ω. Then it is easy to see that the map

θ : (f, g) → (· · · e_1(X), e_0(X), d_1(X), d_2(X), d_3(X), · · ·)

induces a conjugacy between (X, μ, T ) and (Ω, P, σ). Namely, we see that

θT (f, g) = σθ(f, g) and μ = θ^{−1}P,

which implies the assertion of the theorem.

Remark Put (f^n, g^n) = T^n(f, g). For (f, g_1) and (f, g_2) ∈ X, we see that |g^n_1 −g^n_2 | tends to 0 exponentially fast as n goes to infinity. The same contracting property holds in the real case. We will use it in the next section to prove an analogue of Galois’ Theorem.

5.3 An analogue of Galois’ Theorem Let us deduce a characterization of the formal power series whose expansion is purely periodic. Recall that an expansion (d_n)_{n≥0} is said purely periodic (respectively eventually periodic) if there exists T > 0 such that: ∀n ≥ 1, d_n = d_{n+T} (respectively there exist T > 0, n_0 ≥ 1 such that: ∀n ≥ n_0, d_n = d_{n+T} ).

The following analogue of Lagrange’s Theorem is classical.

Proposition 1 Let f be an algebraic element over F_q(X). The series f is quadratic if and only if the continued fraction expansion of f is ultimately periodic.

One can prove this result by following the proof in the real case as in [37], see also [48, 71]. Note that Lagrange’s Theorem does not hold for any function field k(X) [71].

Theorem 5 Suppose that f ∈ X \ F_q(X) is a quadratic power series and let f denote its algebraic conjugate. Then the continued fraction expansion of f is purely periodic if and only if (f, f) ∈ X , i.e., deg(f) < 0 and deg(f) > 0.

Proof Let f ∈ X be a quadratic power series and let f be its algebraic conjugate. We have f ≠ f and f ∉ F_q(X). We can extend the definition of the map T to a map on X × F_q((1/X)): (f, g) → ([1/f] − 1/f, [1/f] − 1/g).

As f ∉ F_q(X), then it is easy to see that h = T (f) is quadratic (of algebraic conjugate h, say) and that T (f, f) = (h, h).

We will use the following notation:

∀n ≥ 0, T^n(f, f) :≡ (f^{(n)}, f^{(n)}).

The algebraic conjugate f^{(n)} of f^n equals f^{(n)}.

• Suppose the continued fraction expansion of f is strictly periodic. Suppose that f ∉ F^0_q((1/X)), i.e., deg(f) ≤ 0. We write f = [0; a_1(X), a_2(X), · · ·]_− and f = c − [0; b_1(X), b_2(X), b_3(X), · · ·]_−, where c ∈ F_q.

Let us prove that there exists n such that T^{n+1}(f, f) ∈ X . Suppose c = 0. Then we have (f)^1 = (a_1(X) − b_1(X)) − [0; b_2(X), b_3(X), · · ·]_−.

If furthermore a_1(X) − b_1(X) = 0, we see that (f)^2 = (a_2(X) − b_2(X)) − [0; b_3(X), b_4(X), · · ·]_−.

We thus consider the smallest integer n such that a_n(X) ≠ b_n(X). (Such an integer exists since f ≠ f.) If c ≠ 0, we put n = 0. We have (f)^n = (a_n(X) − b_n(X)) − [0; b_{n+1}(X), b_{n+2}(X), · · ·]_−.

Hence deg(f)^n ≥ 0 and (f)^n ≠ 0.

Suppose deg(f^n) = 0. Then we put c = a_n(X) − b_n(X): we have (f)^n = c − [0; b_{n+1}(X), b_{n+2}(X), · · ·]_−, c ≠ 0.

We deduce from Lemma 2 (3)

(f)^{n+1} = a_{n+1}(X) − 1/(f )^n

= a_{n+1}(X) − 1/c − [0; −c + c^2b_{n+1}(X), c^{−2}b_{n+2}(X), · · ·]_−. Hence we have T^{n+1}(f, f) ∈ X .

Suppose that f is strictly periodic, then there exists m > n such that T^m(f, f) = (f, f) ∉ X .

On the other hand, T^m(f, f) ∈ X , whenever m > n, which is impossible.

Consequently, it turns out that if f is purely periodic, then (f, f) belongs to X .

• Now suppose the expansion of f is not purely periodic, say, f = [0; a_1(X), a_2(X), . . . , a_{k−1}(X), a_k(X), a_{k+1}(X), . . . , a_{k+n}(X)

, a_{k+1}(X), . . . , a_{k+n}(X)

, . . .]_− and [0; a_{k−u}(X); a_{k−u+1}(X), · · · , a_{k−1}(X), a_k(X), a_{k+1}(X), . . . , a_{k+n}(X), a_{k+1}(X), . . . , a_{k+n}(X), . . .]_− is not purely periodic for any 0 ≤ u < k. We can define a strictly periodic g by

g = [0; a_{k+1}(X), . . . , a_{k+n}(X), a_{k+1}(X), . . . , a_{k+n}(X), . . .]_−. We have from above (g, g) ∈ X .

Since T^kg = T^kf, we see that T^k(g, g) = T^k(f, f). On the other hand, T^k is 1-1 on X \ (F_q(X) × F^0_q((1/X))). Hence (f, f) cannot belong to X , which ends the proof.

Corollary 1 If (f, f) ∈ X and f = [0; a_1(X), a_2(X), · · · , a_n(X), a_1(X), a_2(X), · · · , a_n(X), · · ·]_−, then f = a_n(X) − [0; a_{n−1}(X), · · · , a_2(X), a_1(X), a_n(X), a_{n−1}(X), · · · , a_2(X), a_1(X), a_n(X), · · ·]_−.

Proof The proof comes from

T^n(f, f) = (f, f).

Remark Note the following characterization of strictly periodic quadratic power series [56, 57]: a quadratic formal power series f of non zero integral part is purely periodic if and only if f satisfies an equation

Af^2 + Bf + C = 0,

with A, B, C ∈ F_q[X], deg(B) > deg(A) and deg(B) > deg(C).

6 Metric results

The purpose of this section is first to deduce, from the ergodicity of the transformations T_+, T_−, L, some classical distribution properties on the digits in the expansions, and then to compare these transformations from a metric theoretical point of view.

6.1 Ergodicity As an application of the ergodicity, we obtain easily the following results. For what concerns the map T_+, see [28]. The case of the Lüroth series expansions is considered in [31]. These results can be sharpened as in [36]. For the corresponding results in the real case, see for instance [10].

Theorem 6 The following results hold for all f ∈ X outside a set of Haar measure 0. Let T ∈ {T_−, T_+, L}. Let a_n(f) = [^1_{T n−1(f)} ], for n ≥ 1.

1. Let h(X) ∈ F_q[X] and deg(h) ≥ 1. The digit value h(X) has asymptotic frequency q^{−2 deg(h(X)}, i.e., lim N→+∞

card{1 ≤ n ≤ N; a_n(f) = h(X)} N = q^{−2 deg(h(X))} a.e.;

2. there exists a Khintchine-type constant, namely^q_{q−1} : lim n→+∞ 1 n (deg(a_1(f)) + · · · + deg(a_n(f))) = q q − 1 a.e.,

i.e., lim n→+∞

|a_1(f) . . . a_n(f)|^{1/n} = q^{qq−1} a.e.;

3. the three transformations have entropy^{2q}_{q−1} ;

4. suppose T = T_+ or T_− and let^{pn}_{qn} denote the n-th convergent of f; we have lim n→+∞ 1 n log_q |q_n| = q q − 1 a.e., lim n→+∞ 1 n (log_q |f − p_n q_n

|) = − 2q q − 1 a.e.;

suppose T = L and let^{sn}_{tn} denote the n-th Lüroth convergent of f; we have lim n→+∞ 1 n log_q |q_n| = 2q q − 1 a.e., lim n→+∞ 1 n (log_q |f − s_n t_n

|) = − 2q q − 1 a.e.

Proof To prove the first assertion, we apply the ergodic theorem to the characteristic function of the set a^{−1}_1 {h(X)}. For assertion 2, we apply the ergodic theorem to the map f → deg(a_1(f)).

Assertion 3 is a direct consequence of the Shannon-McMillan theorem [10]. Let us prove assertion 4. Note that

deg(q_n) = deg(a_n(f)) + deg(q_{n−1}) = ∑ 1≤i≤n

deg(a_i(f)).

Hence 1 n log_q |q_n(X)| = 1 n ∑ 1≤i≤n

deg(a_i(f)).

We have furthermore from Equation (1)

|f − p_n(f) q_n(f) | = 1 |q_n(f)| |q_{n+1}(f)| . We thus have

log_q |f −^{pn(f)}_{qn(f)} | = − log_q(q_n(f)) − log_q(q_{n+1}(f)) = −2 ∑ 1≤i≤n deg(ai(f)) − deg(an+1(f)),

hence the result.

Similarly,

deg(t_n) = 2 ∑ 1≤i≤n−1

deg(a_i(f)) + deg(a_n(f));

we get furthermore from Equation (2)

|f − s_n(f) t_n(f) | = 1 |a_n(f)||a_{n+1}(f)||t_n(f)| , i.e.,

log_q |f −^{sn(f)}_{tn(f)} | = − log_q(t_n(f)) − log_q(a_n(f)) − log_q(a_{n+1}(f)) = −2 ∑ 1≤i≤n deg(ai(f)) − deg(an+1(f)).

6.2 Remarks • We have normalized the absolute value as follows: |f| = q^{deg(f)}.

Consider another absolute value equivalent to the previous one on F_q((1/X)), and defined by ||f||_C = C^{deg(f)}, where C > 1. Let us compute the expectation of the random variable ||a_1(f)||_C . We have

μ{f; ||a_1(f)||_C = C^n} = q − 1 q^n ,

E(||c_1(f)||_C ) = +∞∑ n=1 q − 1 q^n

C^n =

(q − 1)C q ∑ n≥0 ( C q )^n.

Hence the expectation equals +∞ if and only if C ≥ q. This difference of behaviour of the expectation with respect to the normalization of the absolute value does not appear in the real case.

• We have seen (Theorem 6) that lim n→+∞ 1 n log_q |t_n| = 2 lim_{n→+∞} log_q |q_n|, a.e., and log |f − p_n q_n

| ∼ log |f − s_n t_n |. In this sense, the metrical constants appeared in Theorem 6 of continued fractions (either “+” or “−” expansions) and the corresponding constants for Lüroth series are the same. On the other hand, the next propositions show that the error term distributions are not the same to each other.

Proposition 2 For a.e. f ∈ X , we have lim N→+∞

card{n; 1 ≤ n ≤ N, |q_n|^2|f −^{pn}_{qn} | =^1_{|q|k} } N = q − 1 q^k , for any k ≥ 1. The same holds for “−” expansions.

Proof Because |q_n|^2|f − p_n q_n

| = |a_{n+1}|^{−1}

and the sequence (a_n) is an i.i.d. sequence with distribution q^{−2 deg(h)} for any polynomial h (with deg(h) ≥ 1), the assertion is an easy consequence of the strong law of large numbers.

Proposition 3 For a.e. f ∈ X , we have lim N→+∞

card{n; 1 ≤ n ≤ N, |t_n||f −^{sn}_{tn} | =^1_{|q|k} } N = (q − 1)^2

(k − 1) q^k , for any k ≥ 1.

Proof This follows from the equality

|t_n||f − s_n t_n

| = |a_n|^{−1}|a_{n+1}|^{−1}

and the i.i.d. property of (a_n).

Remark For the corresponding results in the real case, see [12] for the regular continued fractions and [29, 6, 16] for the Lüroth series in the case of real numbers. Because the absolutely continuous measure for T (in the real case) is not a finite measure, we can not get such a property for “−” continued fraction expansion of real numbers.

6.3 Full Schweiger systems and f-expansions

The study of f-expansions was essentially introduced by A. Renyi [70] in 1957. In his paper, the most important examples of f-expansions were continued fraction expansions, r-adic expansions, and β-expansions. Recently, Schweiger summarized in his book [72] a number of results obtained by many authors until the first half of 1990th, by introducing fibred systems. We can extend his unifying treatment to non-Archimedean fields f-expansions. Following Schweiger, we can define a full Schweiger system as follows. Let (Ω, B, μ) be a probability space and {Ω_a; a ∈ A} be a countable partition of Ω with the following properties:

• ∀a ∈ A, Ω_a ∈ B;

• μ(Ω_a) > 0.

We define a transformation T of Ω onto itself by the following

T ω = T_aω, if ω ∈ Ω_a, a ∈ A,

where T_a : Ω_a → Ω is bijective, bi-nonsingular. We assume that the following holds for any a ∈ A, dT_aμ dμ = μ(Ω_a) a.e.

We call such a system a full Schweiger system. For each ω ∈ Ω, we define

a_i(ω) = a, if T^{i−1}(ω) ∈ Ω_a, for i ≥ 1.

Then it is not difficult to see that if (Ω, B, μ) is a full Schweiger system, then T is μ-preserving. Moreover, the sequence of digits (a_i(.)) is an i.i.d. sequence.

7 A brief incursion into the literature

Let us end this paper by surveying some of the many works devoted to continued fraction expansions for formal power series with coefficients in a finite field. If these works are mostly devoted to generalizations of classical results on continued fractions (most of the basic facts in the real case have analogies for formal power series), numerous results illustrate the fundamental differences between positive and zero characteristic, as for instance in Diophantine approximation with the failure of Roth’s Theorem. The list of references given here although long, is far from being exhaustive.

Let us begin by some explicit computations of continued fraction expansions. In the real case very few explicit examples of continued fraction expansions are known; one can mostly expand power series or roots of some particular equations. Furthermore, it is a still open problem to determine if the set of partial quotients in the expansion of an algebraic number of degree greater than 2 is bounded. Only a few examples of such expansions are known (for more references see the survey [73]). The situation is drastically different here. Indeed Baum and Sweet [7] have produced a cubic series with partial quotients of bounded degree. We review in the next paragraph (devoted to results connected with Diophantine approximation) some more examples of algebraic series with bounded partial quotients issued from the Baum and Sweet series. Note also the explicit expansions in [4, 53, 68], and Thakur’s results on the expansion of the Carlitz analogue of the exponential [76, 77, 78].

Various unique expansions of Laurent formal power series over a field F are introduced in [33, 34], as the sum of reciprocals of polynomials, involving digits in F [X]. Such expansions include Lüroth expansions dealt in detail from a metric point of view in [31, 36]. See also [35] for expansions as a product. For a generalization of Jacobi-Perron algorithm, see [17, 18, 19, 20].

7.1 Continued fractions and Diophantine approximation

It is well known that Liouville’s Theorem holds in the context of Laurent series with coefficients in a finite field, but that Roth’s Theorem fails, as proved by Mahler’s counterexample [47] (see also [66]), which is of the form: f = a(X)f^{pk} + b(X) c(X)f^{pk} + d(X)

, (5)

where k ∈ N, a(X), b(X), c(X), d(X) ∈ F_q[X] and a(X)d(X) − b(X)c(X) ≠ 0. In particular there are numerous works devoted to the study of such examples of irrational algebraic series [7, 8, 38, 39, 40, 42, 48, 50, 59, 60, 71, 74, 75, 80, 81]. For a nice survey of Diophantine approximation in fields of power series, see [41].

Recall in particular the remarkable example of Baum and Sweet [7], i.e., a cubic series the continued fraction expansion of which has partial quotients with bounded degree; see also [8]. Mills and Robbins have extended Baum and Sweet’s approach to produce in [60] explicit expansions of algebraic elements in characteristic p > 2 for which the degrees of the partial quotients are bounded: they construct an efficient algorithm which produces the continued fraction expansion for a series f satisfying an equation of the form (5). For a study of rational approximations of such series and connected results see [13, 38, 40, 42, 43, 50, 80, 81]. A description of the approximation spectrum of those algebraic series which satisfy (5) is given in [71]. See also [79] for explicit continued fraction expansions for algebraic series with prescribed rational approximation exponent (including a nice review of Diophantine approximation for Laurent formal power series). Note the criterion in [39] for α’s to satisfy Roth’s Theorem, especially for q = 2.

Simultaneous approximation properties are considered in [49, 74, 75] for pairs of algebraic series, and also in [44] for a non-Archimedean analogue of the classical Kronecker sequences. See also [65] for connections with lowdiscrepancy sequences.

7.2 Continued fractions with bounded partial quotients

As in the real case (see for instance the survey [73]), there is an abundant literature devoted to continued fraction expansions with partial quotients of small degree, bearing an extremely close analogy to the real case.

Some classical problems (see [52] for a list of those problems in the real case) concerning limited continued fraction expansions (i.e., the rational and the periodic case) have been explored. Mkaouar gives an upper-bound for the period of a quadratic formal power series [56, 58]. Grisel uses in [24] an algorithm due to Mendès France [51] (which multiplies the continued fraction expansion of a formal power series by a rational fraction A/B ∈ F_q(X)) in order to investigate the length of the continued fraction expansion of α^n as n tends to infinity, for a rational fraction α. The distribution of the length of the continued fraction expansion of a rational series and asymptotic estimates for the average degree of the partial quotients are given in [30]. Note also [32] in connection with the length of the Euclidean algorithm. For other results connected to the degree (and to its distribution) of the partial quotients of a rational series, see [22], see also [54, 62].

As an application, there are some remarkable relationships with pseudorandom numbers generated by the digital multistep method [61], and with lowdiscrepancy sequences [65]. Niederreiter gives a description in [65] of a general principle for the construction of (t, m, s)-nets and (t, s)-sequences (i.e., highdimensional point sets or sequences extremly well distributed with respect to special classes of subintervals), with explicit connections with continued fraction expansions (note the problems asked at the end of [61]). Indeed the function which associates to a rational series the value of the maximum of the degrees of its partial quotients plays a fundamental rôle in the construction of (t, m, s)- nets. Probabilistic theorems on the distribution of sequences constructed by the digital method are also given in [44].

Several papers (for instance [11, 45] and also [13, 62, 45]) investigate the notion of orthogonal multiplicity (the orthogonal multiplicity of a monic polynomial g is the number of polynomials f coprime to g and of degree less than that of g, such that all the partial quotients of f/g have degree one). The polynomials which occur as the denominators of rational series whose partial quotients have all degree one (i.e., the polynomials of positive orthogonal multiplicity) occur in several fields, as reviewed in [11, 45] and [46] (where more generally families of continued fractions expansions are considered with partial quotients all lying in a given set). In particular polynomials of positive orthogonal multiplicity appear in stream cipher theory as minimal polynomials of initial segments of sequences with perfect linear complexity profiles [63].

The linear complexity profile of a sequence (s_n)_{n∈N} with values in F_q is defined as the sequence (L_N )_{N∈N}, where L_N denotes the length of the shortest linear recurrence satisfied by (s_n)_{n≤N} . The jumps profile, i.e., the sequence (L_N − L_{N−1})_{N∈N}, (with L_{−1} = 0), is intimately connected with the degrees of the partial quotients of the series ∑ n s_nX^{−n} [63, 82]. Furthermore a linear complexity profile is said perfect if the jumps have size 1 or equivalently if the partial quotients have degree 1. See [63, 82] for a method of construction of sequences with prescribed complexity profile and [63] for a criterion for a sequence to have a perfect linear complexity profile.

The algebraic series with bounded partial quotients produced respectively by Baum and Sweet [7], and by Mills and Robbins [60], have raised many interrogations, in particular concerning the automaticity of their coefficients. Indeed recall Christol’s criterion of algebraicity based on automata theory ([14] and also [15]): a formal power series f with coefficients in a finite field F_q(X) is algebraic if and only if the sequence of its coefficients is q-automatic (i.e., generated by a finite automaton). In the case where the partial quotients in the continued fraction expansion of f take finitely many values, Mendès France asked whether this sequence is itself p-automatic. A positive answer to this question has been given in [2, 3] in the case of Mills and Robbins examples [60] in characteristic > 2. But Mkaouar [55] (see also [83]) showed that the Baum and Sweet series [7] provides a negative answer to the question asked by Mendès France. Note the connection in [45] with folded continued fractions [69].

7.3 Connections with arithmetic

The theory of Laurent formal power series contains many analogues of classical objects deeply connected with continued fractions, as for instance analogues of the Poincaré upper half-plane, modular forms, cusp forms [23]... Explicit formulas for the analytic continuation of the Selberg zeta function for the “modular” group P GL(2, F_q[X]) are given in [37] (see also [1]).

Continued fraction expansions play a natural rôle in the study of quadratic function fields. They have been introduced for that purpose by Artin [5]. In particular continued fractions are used to give explicit formulas for class numbers of quadratic function fields [5, 21, 25, 27]. A characterization of quasi-periodicity (i.e., periodicity up to a non-zero multiplicative constant) for an algebraic function in a hyperelliptic function field is given in [9, 67, 27], in connection with the Pell equation. See also [71] for an algebraic characterization of quasiperiodicity using SL(2, F_q[X]) equivalence.

Acknoledgements We would like to thank H. Faure and T. Schmidt for their bibliographic help. Furthermore, we are greatly indebted to Allouche for his many useful comments.

References

[1] S. AKAGAWA Selberg zeta functions over function fields, Master Thesis, Tokyo University, Japan (1978).

[2] J.-P. ALLOUCHE Sur le développement en fraction continue de certaines séries formelles, C. R. Acad. Sci. Paris 307, Série I (1988), 631–633.

[3] J.-P. ALLOUCHE, J. BÉTRÉMA et J. SHALLIT Sur des points fixes de morphismes d’un monoïde libre, Theoret. Inform. Appl. 23 (1989), 235–249.

[4] J.-P. ALLOUCHE, M. MENDÈS FRANCE, A. J. van der POORTEN An infinite product with bounded partial quotients, Acta Arith. 59 (1991), 171–182.

[5] E. ARTIN Quadratische Körper im Gebiete der höheren Kongruenzen, I–II, Math. Z. 19 (1924), 153–246.

[6] J. BARRIONUEVO, R. M. BURTON, K. DAJANI, C. KRAAIKAMP Ergodic properties of generalized Lüroth series, Acta Arith. 74 (1996), 311–327.

[7] I. E. BAUM, M. M. SWEET Continued fractions of algebraic power series in characteristic 2, Ann. of Math. 103 (1976), 593–610.

[8] I. E. BAUM, M. M. SWEET Badly approximable power series in characteristic 2, Ann.

of Math. 105 (1977), 573–580.

[9] T. G. BERRY On periodicity of continued fractions in hyperelliptic function fields, Arch.

Math. 55 (1990), 259–266.

[10] P. BILLINGSLEY Ergodic theory and information, J. Wiley (1965). [11] S. R. BLACKBURN Orthogonal sequences of polynomials over arbitrary fields, J. Number Theory 68 (1998), 99–111.

[12] W. BOSMA, H. JAGER, F. WIEDIJK Some metrical observations on the approximation by continued fractions, Indag. Math. 45 (1983), 281–299.

[13] M. W. BUCK, D. P. ROBBINS The continued fraction expansion of an algebraic power series satisfying a quartic equation, J. of Number Theory 50 (1995), 335–344.

[14] G. CHRISTOL Ensembles presque périodiques k-reconnaissables, Theoret. Comput. Sci.

9 (1979), 141–145.

[15] G. CHRISTOL, T. KAMAE, M. MENDÈS FRANCE, G. RAUZY, Suites algébriques, automates et substitutions, Bull. Soc. math. France 108 (1980), 401–419.

[16] K. DAJANI, C. KRAAIKAMP On approximation by Lüroth series, J. Théor. Nombres Bordeaux 8 (1996), 331–346.

[17] E. DUBOIS Algorithme de Jacobi-Perron dans un corps de séries formelles, Thèse de troisième cycle, Faculté des Sciences de Caen, 1970.

[18] E. DUBOIS, R. PAYSANT-LE ROUX Algorithme de Jacobi-Perron dans un corps de séries formelles, C. R. Acad. Sc. Paris A 272 (1971), 564–566.

[19] E. DUBOIS, R. PAYSANT-LE ROUX Étude métrique de l’algorithme de Jacobi-Perron dans un corps de séries formelles C. R. Acad. Sc. Paris A 275 (1972), 683–686.

[20] K. Q. FENG, F. R. WANG The Jacobi-Perron algorithm on function fields, Algebra Colloq. 1 (1994), 149–158.

[21] C. FRIESEN Continued fraction characterization and generic ideals in real quadratic function fields, The arithmetic of functions fields (Columbus, OH, 1991), 465–474, Ohio State Univ. Math. Res. Inst. Publ. 2, de Gruyter, Berlin, 1992.

[22] C. FRIESEN, D. HENSLEY The statistics of continued fractions for polynomials over a finite field, Proc. Amer. Math. Soc. 124 (1996), 2661-2673.

[23] D. GOSS The algebraist’s upper half-plane, Bull. (New series) of the Americ. Math. Soc.

2 (1980), 391–414.

[24] G. GRISEL Longueur de la fraction continue des puissances d’une fraction rationnelle, C. R. Acad. Sci. Paris 322, Série I (1996), 301–306.

[25] C. D. GONZÁLEZ Class numbers of quadratic function fields and continued fractions, J.

Number Theory 40 (1992), 38–59.

[26] G. H. HARDY, E. M. WRIGHT An introduction to the theory of numbers, Oxford Science Publications (1979).

[27] D. HAYES Real quadratic function fields, CMS Conf. Proc. 7, Amer. Math. Soc., Providence, R.I. (1987), 203–236.

[28] V. HOUNDONOUGBO Développement en fractions continues et répartititon modulo 1 dans un corps de séries formelles, Thèse de troisième cycle, Université de Bordeaux I, 1979.

[29] H. JAGER, S. de VROEDT Lüroth series and their ergodic properties, Nederl. Akad.

Wet., Proc., Ser. A 72 (1969), 31–42.

[30] A. KNOPFMACHER The length of the continued fraction expansion for a class of rational functions in Fq (X), Proc. Edinburgh Math. Soc. 34 (1991), 7–17.

[31] J. KNOPFMACHER Ergodic properties of some inverse polynomial series expansions of Laurent series, Acta Math. Hung. 60 (1992), 241–246.

[32] A. KNOPFMACHER, J. KNOPFMACHER The exact length of the Euclidean algorithm in Fq (X), Mathematika 35 (1988), 297–304.

[33] A. KNOPFMACHER, J. KNOPFMACHER Inverse polynomial expansions of Laurent series, I-II, Constr. Approx. 4 (1988), 379–389, and J. Comput. Appl. Math. 28 (1989), 249–257.

[34] A. KNOPFMACHER, J. KNOPFMACHER Infinite products for power series, J. Approx.

Theory 59 (1989), 276–281.

[35] A. KNOPFMACHER, J. KNOPFMACHER Unique factorizations of formal power series, J. Math. Anal. Appl. 149 (1990), 402–411.

[36] A. KNOPFMACHER, J. KNOPFMACHER Metric properties of algorithms inducing Lüroth series expansions of Laurent series, Astérisque 209 (1992), 237–246.

[37] S.-Y. KOYAMA Selberg zeta functions of P GL and P SL over function fields, Number Theory and its applications, Developments in Math. 2 (1999), 253–261, Kluwer Academic Publications.

[38] A. LASJAUNIAS Diophantine approximation and continued fraction expansions of algebraic power series in positive characteristic, J. Number Theory 65 (1997), 206–225.

[39] A. LASJAUNIAS Continued fraction for algebraic formal power series over a finite base field, Finite Fields Appl. 5 (1999), 46–56.

[40] A. LASJAUNIAS Quartic power series in F3((T^{−1})) with bounded partial quotients, preprint 99.

[41] A. LASJAUNIAS A survey of Diophantine approximation in fields of power series, preprint 2000.

[42] A. LASJAUNIAS, B. de MATHAN Thue’s theorem in positive characteristic, J. Reine Angew. Math. Math. 473 (1996), 195–206.

[43] A. LASJAUNIAS, B. de MATHAN Differential equations and Diophantine approximation in positive characteristic, Monatsh. Math. 128 (1999), 1–6.

[44] G. LARCHER, H. NIEDERREITER Kronecker-type sequences and nonarchimedean diophantine approximations, Acta Arith. 63 (1993), 379–396.

[45] A. G. B. LAUDER Polynomials with odd orthogonal multiplicity, Finite Fields Appl. 4 (1998), 453–464.

[46] A. G. B. LAUDER Continued fractions of Laurent series with partial quotients from a given set, Acta Arith. 90 (1999), 251–271.

[47] K. MAHLER On a theorem of Liouville in fields of positive characteristic, Canad. J.

Math. 1 (1949), 397–400.

[48] B. de MATHAN Approximations diophantiennes dans un corps local, Bull. Soc. math.

France 21 (1970), 1–93.

[49] B. de MATHAN Simultaneous Diophantine approximations for algebraic functions in positive characteristic, Monatsh. Math. 111 (1991), 187–193.

[50] B. de MATHAN Approximation exponents for algebraic functions, Acta Arith. 60 (1992), 359–370.

[51] M. MENDÈS FRANCE Sur les fractions continues limitées, Acta Arith.23 (1973), 207– 215.

[52] M. MENDÈS FRANCE Remarks on continued fraction expansions, Enseign. Math. 39 (1993), 249–257.

[53] M. MENDÈS FRANCE, A. J. van der POORTEN Some explicit continued fraction expansions, Mathematika 38 (1991), 1–9.

[54] J. MESIROV, M. M. SWEET Continued fraction expansions of rational expressions with irreducible denominators in characteristic 2, J. Number Theory 27 (1987), 144–148.

[55] M. MKAOUAR Sur le développement en fraction continue de la série de Baum et Sweet, Bull. Soc. math. France 123 (1995), 361–374.

[56] M. MKAOUAR Sur le développement en fraction continue des séries formelles quadratiques sur F2(X), J. Number Theory 80 (2000), 169–173.

[57] M. MKAOUAR Sur le développement en fraction continue des séries formelles quadratiques sur Fq (X), Acta Arith., to appear.

[58] M. MKAOUAR Sur les séries formelles algébriques de type (I), preprint 99.

[59] W. H. MILLS Continued fractions and linear recurrences, Collection of articles dedicated to Derrick Henry Lehmer on the occasion of his seventieth birthday, Math. Comp. 29 (1975), 173–180.

[60] M. H. MILLS, D. P. ROBBINS Continued fractions for certain algebraic power series, J.

Number Theory 23 (1986), 388–404.

[61] H. NIEDERREITER Continued fractions for formal power series, pseudorandom numbers, and linear complexity, Contributions to general algebra, 5 (Salzburg, 1986), 221–233, Hölder-Pichler-Tempsky, Vienna, 1987.

[62] H. NIEDERREITER Rational functions with partial quotients of small degree in their continued fraction expansion, Monatsh. Math. 3 (1987), 269–288.

[63] H. NIEDERREITER Sequences with almost perfect linear complexity profile, in “Advances in Cryptology: Proc. EUROCRYPT’87” (D. Chaum and W. L. Price, Eds.), Springer, Berlin, 1988, pp. 37–51.

[64] H. NIEDERREITER Continued fraction expansions of rational functions, in “Finite Fields, Coding Theory, and Advances in Comm. and Computing” (G. L. Mullen and P. J.-S. Shiue, eds.), Lecture Notes in Pure and Appl. Math. 141, pp. 433–434, Dekker, New York, 1993.

[65] H. NIEDERREITER Low-discrepancy sequences and non-Archimedean Diophantine approximations, Studia. Sci. Math. Hungar. 30 (1995), 111–122.

[66] C. F. OSGOOD Effective bounds on the “diophantine approximation” of algebraic functions over fields of arbitrary characteristic and applications to differential equations, Indag. Math. 37 (1975), 105–119.

[67] R. PAYSANT-LE ROUX Périodicité des fractions continues dans un corps de fonctions hyperelliptiques, Arch. Math. 61 (1993), 46–58.

[68] A. J. van der POORTEN Continued fractions of formal power series, Advances in number theory (Kingston, ON, 1991), 453–466, Oxford Sci. Publ., Oxford Univ. Press, New York, 1993.

[69] A. J. van der POORTEN, J. SHALLIT Folded continued fractions, J. Number Theory 40 (1992), 237–250.

[70] A. RÉNYI Representations for real numbers and their ergodic properties, Acta Math.

Acad. Sci. Hung. 8 (1957), 477–493.

[71] W. M. SCHMIDT On continued fractions and Diophantine approximations in power series fields, Acta Arith., to appear.

[72] F. SCHWEIGER Ergodic Theory of Fibred Systems and Metric Number Theory, Oxford (1995).

[73] J. SHALLIT Real numbers with bounded partial quotients: a survey, Enseign. Math. 38 (1992), 151–187.

[74] Y. TAUSSAT Approximations diophantiennes dans un corps de séries formelles, Thèse de troisième cycle, Université de Bordeaux I, 1986.

[75] Y. TAUSSAT Approximation simultanée de deux séries formelles quadratiques, Séminaire de théorie des nombres de Bordeaux, 1982–18983 (Talence, 1982/1983), Exp. No. 21, 11 pp., Univ. Bordeaux I, Talence, 1983.

[76] D. THAKUR Continued fraction for the exponential for Fq [T ], J. Number Theory 41 (1992), 150–155.

[77] D. THAKUR Exponential and continued fractions, J. Number Theory 59 (1996), 248– 261.

[78] D. THAKUR Patterns of continued fractions for the analogues of e and related numbers in the function field case, J. Number Theory 66 (1997), 129–147.

[79] D. S. THAKUR Diophantine approximation exponents and continued fractions for algebraic power series, J. Number Theory 79 (1999), 284–291.

[80] J. F. VOLOCH Diophantine approximation in positive characteristic, Period. Math. Hungar. 19 (1988), 217–225.

[81] J. F. VOLOCH Diophantine approximation in characteristic p, Monatsh. Math. 119 (1995), 321–325.

[82] M. WANG Linear complexity profiles and continued fractions, in “Advances in Cryptology–Eurocrypt ’89”, J.-J. Quisquater and J. Vandewalle (eds.), Lecture Notes in Comput. Sci. 434, Springer (1989), 571–585.

[83] J.-y. YAO Critères de non-automaticité et leurs applications, Acta Arith. 80 (1997), 237–248.

[84] D. B. ZAGIER Zeta funktionen und quadratische Körper, Hochschultext, Springer Verlag, 1981.