DIGITAL EXPANSIONS WITH NEGATIVE REAL BASES
WOLFGANG STEINER

ABSTRACT. Similarly to Parry’s characterization of S-expansions of real numbers in real
bases f > 1, Ito and Sadahiro characterized digital expansions in negative bases, by the
expansions of the endpoints of the fundamental interval. Parry also described the possible

expansions of 1 in base 5 > 1. In the same vein, we characterize the sequences that occur

as (—f)-expansion of B;fl for some 8 > 1. These sequences also describe the itineraries

of 1 by linear mod one transformations with negative slope.

1. INTRODUCTION

Digital expansions in real bases 8 > 1 were introduced by Rényi [Rén57]: The (greedy)
B-expansion of a real number = € [0,1) is

_ ei(z) | ex()
5 B2

where |-| denotes the floor function and T} is the S-transformation

Tz:[0,1) = [0,1), =z~ fx—|Bzx].

+ooo o with g,(2) =[BT (2)],

Rényi suggested representing arbitrary = € R by

ei([z])  ealz])
r=|z|+ 5 + 52 +oee
whereas nowadays it is more usual (for z > 0) to multiply the 3-expansion of 3% by ¥,
with & an arbitrary integer satisfying z37% € [0,1). Anyway, the possible expansions can
be described by those of = € [0,1). A sequence bib, - - - is called S-admissible if and only if
it is (the digit sequence of) the S-expansion of a number z € [0,1), i.e., b, = &,(x) for all
n > 1. Parry [Par60] showed that an integer sequence b1bs - - - is S-admissible if and only if

00+ <iox brbpis -+ <iox aras--- forall k > 1,
where <jex denotes the lexicographic order and ajas - - - is the (quasi-greedy) f-ezpansion
of 1, i.e., a, = lim, ,;_e,(x). Moreover, a sequence of integers ajas--- is the (quasi-

greedy) [-expansion of 1 for some g > 1 if and only if

00 <jex Qgxt1 - Sjex @109 --- for all k > 2.

Part of this research was conducted while the author was visiting academic at the Department of
Computing of the Macquarie University, Sydney.
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(These results are stated in a slightly different way in [Par60)]; qua81 greedy [-expansions
were introduced by Daréczy and Kétai [DK95] under the name “quasi-regular” and got
the present name from Komornik and Loreti [KL07].)

Following [Rén57] and [Par60], a lot of papers were dedicated to the study of S-expansions
and [-transformations, but surprisingly little attention was given to digital expansions in
negative bases. This changed only in recent years, after Ito and Sadahiro [IS09] considered

B
(—B)-expansions, > 1, defined for x € [BH’ ﬂﬂ) by
ei(z)  ex) : n—
(1.1) x = yz +(_ﬁ)2+--- with e,(z) = [5“ BT_ﬁl(w)J,

where the (—/f)-transformation is defined by

T_gz[ﬁ;ﬁ,ﬁ)%[ﬁ;ﬁ,ﬁ), xH—Bm—MH BxJ

A sequence byby--- is (—f)-admissible if and only if it is the (—f3)-expansion of some
T € [g—ﬁ, ﬁ), i.e., b, = e,(x) for all n > 1. Since the map = — —fz is order-reversing,

the (—/)-admissible sequences are characterized using the alternating lexicographic order.
By [IS09], a sequence bybs - - - is (—/)-admissible if and only if

(1.2) a1ag - -+ > bibpy1 -+ >a Oaqag---  forall k> 1,

where ajas - - - is the (—f)-expansion of the left endpoint — ,8+1’ ie., a, = sn(ﬁ_—fl), which is
supposed not to be periodic with odd period length. If ajas--- = ajas - ag; for some
¢ >0, and /¢ is minimal with this property, then the condition 1) is replaced by

(13) ajag - -+ zalt bkkarl cec >alt Oa1 tee Clgg(agg+1—1) for all & 2 1.

Recall that the alternating lexicographic order is defined on sequences x5 -+, Y1y - - -
with - 21 =y1 -+ - yp_1 and z # yx by
) ) Tk <y, when k is odd,
T1xg - <a Y1y - -+ if and only if '
Yr < xr  when k is even.

The main result of this paper is a characterization of the sequences ajas--- that are
the (—f3)-expansion of —= T +1 for some 8 > 1. This turns out to be more comphcated than
the corresponding problem for S-expansions, and we will see that several proofs cannot be
directly carried over from positive to negative bases. From ((1.2) and ({1.3)), one deduces that

(1.4) Appi1 - <ap arag---  for all k> 2.

The proof of Proposition 3.5 in [LS] (see also Theorem [3| below) shows that

(1.5) a1ag - -+ > UUg - - - = 100111001001001110011 - - -,

where ujus - - - is the sequence starting with ¢"(1) for all n > 0, with ¢ being the morphism

of words on the alphabet {0, 1} defined by ¢(1) = 100, ¢(0) = 1. (See the remarks following
Theorem |3 and note that the alphabet is shifted by 1 in [LS].) Our first result states that a
sequence satisfying (1.4)) and (1.5 is “almost” the (—f)-expansion of —= sy +1 for some g > 1.
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Theorem 1. Let ajay - -+ be a sequence of non-negative integers satisfying (1.4) and (L.5)).
Then there exists a unique 3 > 1 such that

N 2wy [ -8 1
(1.6) Z(—é)j_ﬁ-l-l and ;(—B;je[ﬂﬂLl’B—i‘l] for all k > 1.

J=1
For a (—/f)-expansion of ,B__fl’ we have to exclude the possibility that Z;’il (a_’“g;] = ﬁ
for some k > 1. If @y~ - ag >a ugug - -+, then out of {ay - - - ay, ay - - - ag—1(ar—1)0}*, which

is the set of infinite sequences composed of blocks a;---ay and a; - ag_1(ax—1)0, only
the periodic sequence ay - --ay, is possibly the (—()-expansion of B__fl for some 3 > 1, see
Section [l This implies that

(1.7) arag--- & {ar---ag, ar - ap_1(ap—1)0} \ {a1 - ax}
for all £ > 1 with ay ---ay = wqus-- -,

(18) ajag - -+ ¢ {CLl .. '(lko, ay .- ak,l(ak—i—l)}“’
for all £ > 1 with aq - - ap_1(ar+1) = ugug - - - .

The main result states that there are no other conditions on aas - - -.

Theorem 2. A sequence of non-negative integers ajag - -- is the (—3)-expansion of 5__f1

for some (unique) B > 1 if and only if it satisfies (1.4)), (1.5]), , and (|L.8]).

It is easy to see that the natural order of bases 5 > 1 is reflected by the lexicographical
order of the (quasi-greedy) S-expansions of 1 [Par60]. For negative bases, a similar relation
with the alternating lexicographic order holds, although it is a bit harder to prove.

Theorem 3. Let ajas - -+ be the (—f3)-expansion 0fﬁ_—f1 and ayay - - be the (—p')-expansion
of 57_5/17 with 8,5 > 1. Then B < B if and only if ajas - -+ <u ajab---.

It is often convenient to study a slightly different (—f)-transformation,
T 5: (0,1 = (0,1], =z —Bz+ |8z + 1.

As already noted in |LS], the transformations 7"z and T _g are conjugate via the involution
o(z) = ﬁ —x, ie.,

T g0¢(x) =doT g(x) forallz e (0,1].

Setting &,(x) = [BT75" (z)| for z € (0,1], wehave z = — 3> | % = T e fféf%,

and £,(z) = €,(¢(z)). Note that T_B(x) = —fx — |—pPx] except for finitely many points,
hence T' g is a natural generalization of the beta-transformation. The map 7" 5 was studied
e.g. by Géra [GérQ7], where it corresponds to the case £ = [1,1,...,1], and in [LS]. The

following corollary is an immediate consequence of Theorems [I] and
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Corollary 1. Let ajas - -+ be a sequence of non-negative integers satisfying (1.4) and (|1.5)).
Then there exists a unique 3 > 1 such that

(1.9) — il C(L]_;; =1 and - JZI alzi]—ﬂ—;l €[0,1] forallk > 1.

Moreover, » 77| a(’“jé;l # 0 for all k > 1 if and only if (1.7)) and (L.8)) hold.

With the notation of [Gér07], this means, for £ = [1,1,...,1], that ajay--- is the
itinerary Itg(1) for some > 1 if and only if (L.4), (L.F)), (1.7), and hold. Note that
Gora [Gor07, Theorems 25 and 28] claims that already ((1.4)) is sufficient when a; > 2, and
he has a less explicit statement for a; = 1. However, his proof deals only with the first
part of the theorem, i.e., that there exists a unique § > 1 satisfying . To see that
this is not sufficient, consider the sequences ajas - -- € {2,10}¥. They all satisfy with
B = 2, and there are uncountably many of them satisfying and a; = 2. All these
uncountably many sequences would have to be equal to Ity(1) by |G6r07, Theorem 25],
which is of course not true. (See also [DMP11].) Moreover, Géra’s proof of the existence
of a unique 8 > 1 satisfying is incorrect when £ is small; see Remark

2. PROOF OF THEOREM [3|

Let 8 > 1. For a sequence of digits by --- b, set

Iy, = { € [Bfu 5+1) per(x) - =by by},

with €;(z) as in (L.1). Let Lg,, be the number of different sequences b, - - - b, such that
Iy, # 0, and let L’ n be the number of different sequences b - - - b, such that Ij,.;, is
an interval of positive length. (The latter is called the lap number of T";.)

Lemma 1. For any 3 > 1, we have that lim,_, +log Lg,, = lim,_,« = log L] n=logp.

Proof. It is well known that the entropy of 1_g, which is a piecewise linear map of constant
slope — (3, is log . The lemma can be derived from this fact, see [FL11], but we prefer giving
a short elementary proof, following Faller [Fal08 Proposition 3.6]. As ‘%T fﬁ(xﬂ = (" at
all points of continuity of 7", the length of any interval Ij,..;, is at most 57". Since the
intervals I, .4, form a partition of an interval of length 1, we obtain that Lg, > Lj, > ".

To get an upper bound for L’ , let m be the smallest positive integer such that 5’” > 2,
and let § be the minimal posmve length of an interval Iy,..,,, . Consider an interval Iy, .., ,
n > m, such that by - - - b, is neither the minimal nor the maximal sequence (with respect
to the alternating lexicographic order) starting with by - - - b, _,, and satisfying I,..,, # 0.
Then each prolongation b,b, - - - satisfies the inequalities in and , respectively,
for 1 < k <n — m. Therefore, byby - -- is (—()-admissible if and only if b, 11bp_mao - -
is (—B)-admissible. This implies that T"5™ (1y,..b,,) = I, _,,,1-b,, and the length of Iy,
is ™7™ times the length of I, . .., thus at least 5™"¢ when the length is positive.
There are at least L}, — 2L} . sequences b - - - b, such that I,..;, has positive length

n—m
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and by - - - b, is neither the minimal nor the maximal sequence starting with by - - - b,,_,, and
satisfying Iy,..;, # 0. This yields that (L}, — 2L}, )" "6 <1 for all n > m, thus

n—m n—m 2 n—22m
fa,ngﬁcs +2L/7n—m§65 + 65 + 4L o < -
—m IM/m]=2 j
< = 2[n/m] lL/ = nL/ < ]
=5 jgo Bm + n—[n/mlmtm < 5 Bm—2 +p Bm = "5 Bm — 2

This shows that lim,,_ %log L n=20
An interval Iy, ..., consists only of one point if and only if I;,..;, = {B;ijl} and bgyq--- b, =

ay - ap_y for some k < n. (This can happen only in case that ajas--- is periodic with
odd period length.) Therefore, we can estimate Lg, — L}, < Lj o+ L, +---+Lj5, < CB"
for some constant C' > 0, thus lim,_,o = log Lg, = limy, s 5 log L . O

For the proof of Theorem , let ajas - - - be the (—f3)-expansion of =2 and a}a) - - - be the

B+1

(—pB)-expansion of B_’_f/l’ B,p" > 1. If B = p', then we clearly have that ajaq--- = ajal---.
If ajas - - - = ajal - - -, then the (—/)-admissible sequences are equal to the (—3’)-admissible
sequences, thus Lg, = Lg, for all n > 1, and f = ' by Lemma . Therefore, the
equations f = (' and ajas--- = ajaj--- are equivalent. Hence, it suffices to show that
ajas - -+ <a ajal--- implies that 8 < (', as the other direction follows by contraposition.

Assume that ajas -+ <u ajah---, and let biby--- be a (—f)-admissible sequence. By
and respectively, we have that
(2.1) bibie -+ St a3z - < oy

Furthermore, as Oaj - - - age(ager1 —1) >ar Oajag - -+ for all £ > 0, we obtain that
(2.2) Dibrst -+ >ate 0a1as -+ - > 0, -+ .

If ajal--- is not periodic with odd period length, then (2.1) and (2.2) show that b;bs - - -
is (—p')-admissible, thus Lg, < Lg, for all n > 1, and § < ' by Lemma . Since
ayag - -+ # ayay - -+, this yields that < 4'. In case ajay--- = a} - - - d}, ., we show that

(2.3) ajag - g @h - a/%,(a/%,ﬂ —1)0.

This is clearly true when ay - - - agpy1 <are @ - - @y (ahy 1 —1). If a1 -~ agpy1 = af -~ - aby 4,
then agpyoGopis-- >a Ay ooy g+ = ajay -+ >u¢ G102 - -, contradicting . It
remains to consider the case that a;---agy1 = @) ---ayp(ahy,—1). If agpyy > 0, then
holds, otherwise a; - - - agpyo = aj - - - ahy (a4, ; —1)0. In the latter case, implies
that agpys- - Gapia Za Q1 Gopqo = a)---ahy(aby,;—1)0, and we obtain inductively
that holds. Now, (2.1)), (2.2), and show that byby - -+ is (—f’)-admissible, which
yields as above that 5 < 3.
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3. PROOF OF THEOREM [1I

Let ajas - -+ be a sequence of non-negative integers satisfying (1.4)) and (1.5). We show
that there exists a unique § > 1 satisfying (1.9)), which is equivalent to (1.6]). For n > 1, set

Fu(z) = (=2)" + Z(aj +1) (=2)",

Jo={z>1|Pj(z)€[0,1] forall 1 <j <n}.

Then J; 2 Jy O J3 O ---, and J, is compact if and only if inf J,, # 1.
First note that, for 8 > 1, (L.9) is equivalent to 8 € (1,5, Jn. Indeed, if (1.9) holds,

then P,(8) = =372, a(’fé;;l € [0,1] for all n > 1. On the other hand, if P,(5) € [0, 1] for

oo aj+l . P,
all n > 1, then |1+ 3772, Z5] = lim, o0 2 gj) =0, thus (T.9) holds.
Inductively for n > 1, we show the following statements, where we use the abbreviations
vijk for vvj - v, and vy for vjvig - ve—g:

(1) J, is a non-empty interval, with inf J,, = 1 if and only if a1 ,,) = up -
If P,(8) = P.(0') € {0,1} with 3,5 € J,, then 5= .
(2) If n is even, apn—2m+1] = UMt n—2m+1] OF Un—2mt2,n] 7 Q2m) for all 1 < m < n/2,
and af ;) 7 U ,n), then P,(min J,) = 0.
If n is odd and ap,—om+2n 7# ap1,2m) for all 1 <m < n/2, then P,(maxJ,) = 0.
(3) If nis even, ap n—om+1] 7 U n—2m+1] A0 Afp—2m42,n] = [1,2m) for some 1 <m < n/2,
and m is maximal with this property, then P, (min J,,) = Ps,,_1(min J,).
If n is odd, ap—2m42,n = p2m) for some 1 < m < n/2, and m is maximal with this
property, then P,(max .J,,) = Py,,_1(maxJ,).
(4) If n is even and ap—2m41,n) 7 p2m) for all 1 <m < n/2, then P,(maxJ,) = 1.
If n is odd, apn—2m] = Ujn—2m] OF Ajn—om+1,m] 7 A1,2m) for all 1 < m < n/2, and
a1n] 7 U, then P,(minJ,) = 1.
(5) If n is even, ap—am+1,m] = Gp,2m] for some 1 < m < n/2, and m is maximal with
this property, then P,(max J,) = Py, (max J,).
If nis odd, app—2m) 7# Upn—2m) A0d A_2mi1,n] = G[,2m for some 1 < m < n/2,
and m is maximal with this property, then P,(min J,) = Py, (min J,).
We have that Pj(x) =a; +1 —x, and a; > 1 by . If a3 > 2, then J; = [a, a1 + 1],
Pi(ay) =1 and Pi(a; +1) = 0; if a1 = 1, then J; = (1,2] and P;(2) = 0. Therefore, the
statements hold for n = 1. Assume that they hold for n — 1, and set

B={be{0,1,...,a1}: b+1—xP,1(x) € [0,1] for some x € J,_; },
ie., J, # 0 if and only if a, € B.
Assume first that ap n) # Ui ), i.e., inf J,_; = min.J,_; > 1, and that n is even.
(1) If ap—2mt1,n) 7# apom for all 1 <m < n/2, then P, (max.J,_;) = 0, thus
1 — (max J,_1) P,—1(max J,_1) = 1.

This implies that 0 € B, and P,(max J,,) = P,(max J,,_;1) = 1 if a,, = 0. Since the
map = — xP,_1(x) is continuous and J,,_; is an interval, we get that P, (max J,) = 1
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for a,, > 0 as well, when .J,, # (). Moreover, we clearly have that An—2m+1,n] 7 Q[1,2m]
for all 1 <m < n/2, thus (4) holds when a,, € B.

(i) If ap—2m1,n) = Gp1,2m) for some 1 < m < n/2, and m is maximal with this property,
then P,_1(maxJ,_ 1) = Pop—1(max J, 1), thus

agm + 1 — (max J,_1) P,_1(max J,_1) = Py, (max J,,_1) € [0, 1],

where we have used that J,_; C Ja,, and Py, (Jar) C [0,1]. This gives ag,, € B.
If a, = agy, then max.J, = maxJ,_; and P,(maxJ,_1) = Py, (maxJ,_;), thus
P,(max J,) = Pop(max Jy,) and ap—2mi1,n = Gp2m)- By the maximality of m, we
have that aj,—ap41,n) 7 ap,2q for all m < £ < n/2, thus holds.
If a, # agm, then the equation ap,—2m+1n) = a1 2m) and yield that a, > aop,,
thus P,(max J,,) = 1 when J,, # (), similarly to . Ifap o0 = ap—2er1,n), 1 <L <m,
then we also have that ajj 20y = apgm—2041,2m), thus az < asy < a,. This implies
that aj,—opi10) 7 apioq for all 1 <0 < n/2, thus holds when a,, € B.

(iii) If apn—2m) = Upn—2m) OF Q—2mn) 7 A[1,2m] for all 1 <m < n/2 — 1, then we have
that P,_y(minJ,_1) = 1, thus

a; +1— (minJ,_1) P,_;(min J,_1) = Pi(min J,_,) € [0,1],

and a; € B. If a,, = ay, then min J,, = min J,,_; and P, (min J,,_;) = P;(min J,_4),
thus Pn(min Jn) =P (min Jn)) and a,n—2m+1] = U1,n—2m+1] OF Q[n—2m+2.n] # a[1,2m)
for all 2 < m < n/2. Therefore, holds. If a, < ay, then P,(minJ,) = 0 when
Jn 7é ®7 a,n—2m+1] = U[1,n—2m+1] OT Q[p—2m+42.n] % Q[1,2m) for all 1 <m < n/2, thus
holds when a,, € B.

(iv) If apn—2m) 7 Upn—2m) and Gfp—omn) = a[1,2m) for some 1 <m <n/2—1, and m is
maximal with this property, then P, ;(min J,_1) = P, (min J,_1), thus

A2m+1 +1-— (I'IllIl Jn—l) Pn_l(min Jn_1> == P2m+1 (Il’llIl Jn_1> c [O, 1],

hence agyy1 € B. If a, = agyy, then minJ, = minJ, ; and P,(minJ, ;) =
Pypga(min J,, 1), thus P,(min J,) = Popy1(minJy,), and ap—omn) = api2m+1). The
maximality of m yields that aj; ;,—2/41) = U n—2041] OF Ap—2042n] 7 ap,2¢) for all m+
1 < ¢ <n/2, thus holds. If a, # asmy1, then a, < agyi1 by . If moreover
a[1,20-2] = An—2042n), 1 < £ < m, then we have that ap 2—2 = aj2m—20432m], thus
A1 > Aoyt > Gn. Then we get that P,(minJ,) = 0 when J, # 0, ajg p—0041) =
U n—2041) AN App_op42,) 7 ap2e) for all 1 <0 <n/2, thus holds when «a,, € B.

Since x + zP,_1(x) is continuous and J,_; is an interval, the set B is an interval of
integers. The paragraphs (jil) and show that a, is not smaller than the smallest element
of B, and show that a, is not larger than the largest element of B, thus a, € B.
We have therefore proved that .J, # 0 and f hold, when ay; ;) # up ») and n is even.
For odd n, the proof runs along the same lines and is left to the reader.

If apny = upp), then inf J,_y = 1. From [LS, Proposition 3.5], we know that u, € B,
that inf J, = 1 when a,, = u,,, and that min J,, > 1 when u,, # a,, € B. Let first n be even,
thus a,, < u, by . If app—om1,m) 7 pam) for all 1 <m < n/2, then we obtain as in
that 0 € B, thus a,, € B, and holds. If ap—2m+1,0) = ap1,2m) for some 1 <m < n/2, and



8 WOLFGANG STEINER

m is maximal with this property, then yields that as,, € B and ay,, < a,, thus a, € B.
If a,, = as,,, then holds; if a,, > as,,, then holds. Moreover, if a, < u,, then we
get that P,(min J,) = 0, thus holds. Again, if n is odd, then similar arguments apply.
Hence, we have proved that J, # () and f hold for the case that aj; n) = upn) too.
If J, is not an interval, then the continuity of  — xP,_1(z) on the interval J,_; implies
that P, meets the lower bound 0 or the upper bound 1 at least twice within J,,. Therefore,
suppose that P,(5) = P,(8") € {0,1} for 8,5 € J If P;(p) € (0,1] and P;(f) € (O 1]

for all 1 < j < n, then the (—f)-expansion of — m and the (—f')-expansion of = ,+1

both @,y (if P.(8) = 1) or ap »(a,+1) (if P,(8) = 0), thus 8 = 3’ by Theorem .

Suppose in the following that P;(") = 0 for some 1 < j < n, and let £ > 1 be minimal
such that Py(3") € {0,1}. If Py(B') = 0, then apyy = 0 and Ppyi(8') = 1, hence ap ) is
a concatenation of blocks ap 40 and ap ¢ (as+1), except possibly for the last block, which
is ap,g when P,(8") = 0. If Py(8') = 1, then ap ) is a concatenation of blocks ap 4 and
apn e (ag—1)0, ending with ap ¢)(a;—1) when P,(8) = 0. We obtain that

Pu(x) = Pa(B) + (Pu(z) — Pu(B)) Q)

for some polynomial Q(x) = Z?:_(f qj (—x)? with coefficients ¢; € {0,1}, and ¢j_1 = ¢j_2 =
-+ = @j_e41 = 0 whenever ¢; = 1. If Py(8) = P(f'), then the induction hypotheses yield
that g = p'. If Py(5) # Pg(ﬁ/) then Q(ﬁ) = 0, which implies that 1 < # + ﬁ +-.0=
,8“—1 when /£ is even, 1 < ,6"* + 624+1 +.-= # when ¢ is odd, i.e., B! < B+ 1.

To exclude the latter case, suppose that Pn(ﬁ) = P,(8") € {0,1} for 8,08" € J,, B # 1,
and that 3*! < 8+ 1 for the minimal ¢ > 1 such that P,(3') € {0,1}. Set g, = [2"+1/3],
and let, for k > 1, 74 and n; be the real numbers greater than 1 satisfying ,Ygﬁ =Y + 1,
nItt = gl "M 11 when k is even, n* = nl* " +1 when k is odd, as in [LS]. For the positive
integer m satisfying ¢,, < ¢ < g41, we have that § < 7, < 77m By Proposition 3.5 in [LS]
and its proof, § < 1, implies that the (—/)- expansmn of == B+1 starts with ¢ (1) and that

Tfﬁ(l) Z{0,1} for all 1 < j < |p™(1)| = gm+s1 + (2 )" where |w| denotes the length of
the word w. Since 5 € J,, and P,(8) € {0, 1}, we obtain that ajay--- starts with ¢ (1)
and that n > |p™(1)]. By equation (3.2) in [LS], we have that Pym(z) > 1 for all z > n,,
(note that 2™ = |™ 1(10)] < |¢™(1)]), thus Jom = (1,7y], and £ < g,,11 yields that
B = nm, £ = 2™. As [ and [’ are in the interval .J,_;, we also have that ~,, € J,_1.
The (—7m)-expansion of 1 is @™ (1) ¢=1(0) by [LS, Theorem 2.5]. Since n > 2¢ by
the above block decomposmon of ap ), we obtain that ajay--- starts with @m—l(loo()) if
m > 2, and with 100 if m = 1. In case m = 1, we get that P3(2) ¢ J3, contradicting that
2=mn =p € J,. Form > 2, we have that Pm-1(1000)[(7m) > Plem-1(10)|(m) = 1 because
Piom-13100)|(Mm) = Plom@))(Mm) < Plgm-11)|(nm) by equation (3.4) in [LS|] and, using the
notation of [LS], the function f,  ,m-1(o) is order-reversing. Again, this contradicts that
m = ' € J,. Therefore, we have shown that § = " whenever P,(3) = F,(5') € {0, 1},
8,5 € J,. Hence, J, is an interval, and — hold for all n > 1.
As the J,, form a sequence of nested non-empty intervals that are compact for sufficiently
large n, we have that () -, J, # 0, thus there exists some § > 1 satisfying , which is

are
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equivalent to ([1.6)). To show that [ is unique, suppose that ﬂn21 J, is not a single point.
Then (1,5, Jn is an interval of positive length, thus there exist 3,8 € (1,5, Jn, 8 # 3,
such that P,(58) € (0,1] and P,(8’) € (0,1] for all n > 1. This means that ajas - - - is both

the (—3)-expansion of =2 and the (—f)-expansion of -2, which contradicts that 3 # £’

B+1
by Theorem [3] This concludes the proof of Theorem

B’+1’

Remark 1. Some parts of the proofs of Theorems (1| and [3| can be simplified when one is
only interested in 5 > 1 not too close to 1. Since P,(x) = a, + 1 — xP,_1(x) for n > 2,
and Pj(x) = —1, the derivative of P,(z) is

n—1
2
Pl(z) = (=1) (Ppoi(z) + 2P, _((2)) = -+ = (=1)"z"" (1 I (igi)
j=1
If v € Jy 1, then 143777 f(ljx)) >1-1-_L_...= :cx;z11 If moreover z > (14+v/5)/2,

then we get that (—1)"P!(z) > 0, hence P, is a strictly increasing (decreasing) function
on J,_1 N [(14++/5)/2,00) when n is even (odd). Moreover, lim,, o |P.(7)| = oo if x >
(14++/5)/2 and x € J,, for all n > 1.

However, it is not true that P, is always increasing (decreasing) on J,,_; when n is even
(odd). For instance, if ajay - -+ starts with 1001, then Py(z) = 2* — 22% + 2% — z + 2 and
Js = (1,8] with 8% = 28% — 3+ 1 (8 =~ 1.755). The function P, decreases on (1, '],
with 3/ &~ 1.261, and increases on [, 00). Note that this is a major flaw in the proof of
Theorem 28 of [G6r07] (besides the fact that the statement is incorrect, as explained in the
Introduction). This lack of monotonicity is what makes Theorems [1| and [3| more difficult
to prove than the corresponding statements for S-expansions.

4. PROOF OF THEOREM 2

Let ajas - - - be a sequence of non-negative integers satisfying (|1.4) and ((1.5). We have al-
ready seen in the Introduction that these conditions are necessary to be the (—f)-expansion

of — m for some 3 > 1. Moreover, B can only be the number given by Theoreml Then

ajasg - -+ is the (—f)-expansion of —= B+1 if and only if > 7%, a’”] # ﬁ+1 for all £ > 1.

Suppose first that > 7%, akg)]] = 79 — for some k > 1, and let ¢ > 1 be minimal such that
> ey (a_egjj € {B+1’ B+1} If 3772, aeg)? = B_fl’ then the (—f)-expansion of 17 is a[l 7
Then ajay--- is composed of blocks ap g and ap ¢ (a;—1)0. Since Z akg)J] = ﬁ+1 for

some k > 1, we have at least one block a g (CLg—l)O le., ajay--- € {a[u CL[LZ)(CL(— )0\
{apg}. As apg is the (—f)- expansmn of — 5“, we have that @ > uius - -+, thus (1.7)

does not hold. If 3%, (afg)z = B+1’ then the (—f)-expansion of g—ﬁ is ap g (ae+1), arag - - -

is composed of blocks a0 and ap ¢ (ae+1), and we have that ap ¢ (ar+1) >a wiusg - - -,

thus (1.8]) does not hold. Therefore, (1.4}, (1.5, (1.7), and (1.8) imply that ayas - - - is the

(—B)-expansion of 3 fl for some (unique) 8 > 1.

Suppose now that (L.7) does not hold, i.e., ajas--- € {apx, apr(ae—1)0} \ {apy}
for some k& > 1 with @[z >a¢ wiuz---. We show that the sequence @ satisfies (1.4)).
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Suppose on the contrary that apjx @ g >ar a1 g for some 2 < j < k. This implies that
ajk) A[1,5) >alt a[1,k]- Since A[k+1,2k) = Q[1,k), WE obtain that Qlj,i+k) = A5,k Q[1,5) >alt Q[1,k]

thus ajaj1 -+ >a¢ a1as---, contradicting that ajas--- satisfies (1.4]). Therefore, ap

satisfies ([1.4]) and (1.5)), and we can apply Theorem (1| for this sequence. Let 5 > 1 be the
number satisfying (1.6 for the sequence @ . Then 8" also satisfies ((1.6]) for the original

sequence ajas - - -, thus f' = 3. Therefore, ajas - - - is not the (—/)-expansion of ﬁ_—fl

Suppose finally that (1.8) does not hold, i.e., ajas - - - € {ap k0, ap g (ar+1)}* for some

k> 1 with ap gy (ar+1) >ap urug---. If a1as--- = ap k0, then Z;’il (a_'“—g)@ = ﬁ, thus

ajas - -+ is not the (—f)-expansion of g—fl If ajay - -+ # ap )0, then we show that the se-
quence a ) (ar+1) satisfies . Suppose that ay;ry(ar+1) apgy(ar+1) >ae app(ar+1)
for some 2 < j < k. This implies that ajj ) (ar+1)ap ;) >ax apx. Since apry(ap+1)ap ;) =
ajeqk) for some £ > 2, we have that asasy -+ >a¢ a1ag- -+, contradicting that ajay - -
satisfies . As in the preceding paragraph, the number given by Theorem (1| for the
sequence ap k) (ap+1) is 3, thus ajas - - - is not the (—f)-expansion of 6__4?1 Therefore,

and ((1.8) are necessary for ajas - -- to be the (—f)-expansion of g—fl for some 3 > 1.
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