BETA-EXPANSIONS OF RATIONAL NUMBERS
IN QUADRATIC PISOT BASES

TOMAS HEJDA AND WOLFGANG STEINER

ABSTRACT. We study rational numbers with purely periodic Rényi -
expansions. For bases 8 satisfying 52 = a8+ b with b dividing a, we give
a necessary and sufficient condition for that all rational numbers p/q €
[0,1) with ged(g,b) = 1 have a purely periodic S-expansion. A simple
algorithm for determining the infimum of p/q € [0,1) with ged(q,b) =1
and with not purely periodic S-expansion is described that works for all
quadratic Pisot numbers f.

1. INTRODUCTION AND MAIN RESULTS

Rényi S-expansions [RénH7] provide a very natural generalization of stan-
dard positional numeration systems such as the decimal system. Let § > 1
denote the base. Expansions of numbers x € [0,1) are defined in terms of
the S-transformation

T:[0,1) = [0,1), x — Sz — |Bz].

The expansion of z is the infinite string xy2923- -+ where x; = [TV x|,
For g € N, we recover the standard expansions in base [ and the (-
expansion of z € [0,1) is eventually periodic (i.e., there exist p,n such
that x4, = xy, for all £ > n) if and only if 2 € Q. This result was gener-
alized to all Pisot bases by Schmidt [Sch80], who proved that for a Pisot
number [ the expansion of z € [0,1) is eventually periodic if and only if
x is an element of the number field Q(S). Moreover, he showed that when
[ satisfies 8% = af + 1, then each € [0,1) N Q has a purely periodic
[-expansion.

Akiyama [Aki98] showed that if § is a Pisot unit satisfying a certain
finiteness property then there exists ¢ > 0 such that all rational numbers
x € QNJ0,¢) have a purely periodic expansion. If § is not a unit, then
a rational number p/q € [0,1) can have a purely periodic expansion only
if ¢ is co-prime to the norm N (). Many Pisot non-units satisfy that there
exists ¢ > 0 such that all rational numbers 5 € [0,¢) with ¢ co-prime to
N(pB) have a purely periodic expansion. This stimulates for the following
definition:

Definition 1.1. Let g be a Pisot number, and let N(/3) denote the norm
of 3. Then we define v(f) € [0, 1] as the maximal ¢ such that all £ € QNI0, ¢)
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with ged(gq, N(5)) = 1 have a purely periodic S-expansion. In other words,

¥(8) = inf{ 2 € QN[0,1) : ged(g, N(8)) = 1,

§ has a not purely periodic expansion} uU{1}.

The question is how to determine the value of v(8). As well, knowing
when () = 0 or 1 is of big interest. Values of v(5) for whole classes of
numbers as well as for particular numbers have been given [Aki98, [ABBS0S,
AS05, MS14, [Sch80]. Periodic greedy expansions in negative quadratic unit
bases were studied in [?].

It is easy to observe that the expansion of x is purely periodic if and
only if z is a periodic point of T, i.e., there exists p > 1 such that T?z = .
The natural extension (X,7T) of the dynamical system ([0,1),7") (w.r.t.
its unique absolutely continuous invariant measure) can be defined in an
algebraic way, cf. §2.3 Several authors contributed to proving the following
result: A point x € [0,1) has a purely periodic S-expansion if and only if
x € Q(B) and its diagonal embedding lies in the natural extension domain
X. The quadratic unit case was solved by Hama and Imahashi [HI97], the
confluent unit case by Ito and Sano [[SO1, IS02]. Then Ito and Rao [IR05]
resolved the unit case completely using an algebraic argument. For non-
unit bases 3, one has to consider finite (p-adic) places of the field Q(5).
This consideration allowed Berthé and Siegel [BS07] to expand the result
to all (non-unit) Pisot numbers.

The first values of () for two particular quadratic non-units were pro-
vided by Akiyama et al. [ABBS08]. Recently, Minervino and the second
author [MS14] described the boundary of X for quadratic non-unit Pisot
bases. This allowed them to find the value of v(/3) for an infinite class of
quadratic numbers. Namely, let 3 be the positive root of 5% = a8 + b for
a > b > 1 two co-prime integers; then

BQ 7b2
0 otherwise

(8) = {1 — B2 i g > p(b— 1),

(note that this value is 1 if and only if b = 1).

The purpose of this article is to generalize this result to all quadratic
Pisot numbers  with norm N(5) < 0. (Note that when N(5) > 0, then
[ has a positive Galois conjugate ' > 0 and () = 0 by [Aki98, Propo-
sition 5].) To this end, we define -adic expansions (not to be confused
with the Rényi S-expansions) similarly to p-adic expansions with p € Z, see

also §2.4

Definition 1.2. Let S be an algebraic integer. The [-adic expansion of
x € Z[P] is the unique infinite word h(z) = wgujuy--- such that u, €
{0,1,...,IN(8)] — 1} and = — X015 w;8" € B"Z[F] for all n € N.
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Theorem 1. Let 3 be a quadratic Pisot number, root of 3% = a3 + b with
a>b>1. Then

0 if sup,ez Pui—p)(B') > B or infjez Prjy(8') < —1,

B—a  ifsupjez Prip)(0) € (26 —a—1,7]

V(8) = and infjcz Pp(jy(B') > B —a —1,

1 +infjcz Pr(j(B') otherwise,
where Pugyyug..(X) = 250 un X"

In many cases, we obtain the following direct formula (which we conjec-
ture to be true for all a > b > 1):

Theorem 2. Let 3 be a quadratic Pisot number, root of 3°> = a3 + b for
a>b>1. Suppose a > 1+—2‘/5b ora=1"b orged(a,b) =1. Then

(1.1) Y(8) = max{0, 1 + inf Pay(5)}.

The infimum in (|1.1)) can be computed easily with the help of Proposi-
tion below. In the case § € Z, Proposition provides an even faster
algorithm, and we are able to prove a necessary and sufficient condition for

7(B) =L
Theorem 3. Let 3 be a quadratic Pisot number, root of * = a3 + b with
a>b>1 and such that b divides a.
(i) We have v(B) =1 if and only if a > b* or (a,b) € {(24,6),(30,6)}.
(ii) Ifa=0b> 3 then y(8) = 0.

This paper is organized as follows: In the next section, notions on words,
representation spaces and f-tiles are recalled, and properties of f-adic ex-
pansions are studied. Section [3| connects tiles arising from the [-transfor-
mation and the value v(f) in order to prove Theorem [I} The proof of Theo-
rem [2)is completed in Section 4] together with that of Theorem [8] Comments
on the general case are in Section [f] along with a list of related open ques-
tions.

2. PRELIMINARIES

2.1. Words over a finite alphabet. We consider both finite and infinite
words over a finite alphabet A. The set of finite words over A is denoted A*.
The set of all (right) infinite words over A is denoted .A“, and it is equipped
with the Cantor topology. An infinite word is (eventually) periodic if it is
of the form vu* = vuuu---; a finite word v is the pre-period and a non-
empty finite word u is the period; if the pre-period is empty, we speak about
a purely periodic word. A prefix of a (finite or infinite) word w is any finite
word v such that w can be written as w = vu for some word u. We denote
by u[n] the prefix of length n of an infinite word w.
To a finite word w = wowy - - - wy_1 we assign the polynomial

k—1
Pu(X) =Y wX"
=0
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Similarly, P,(X) = Y ,»ou; X" is a power series for an infinite word u =
UgU1UD - - - .

2.2. Representation spaces. The following notation will be used: For
integers a, b € Z, we denote by a L b the fact that a and b are co-prime, i.e.,
that ged(a,b) = 1. Moreover, for b > 2 we put Zy, == {p/q:p,q €Z, q L b}
(the ring of rational numbers with denominator co-prime to b).

We adopt the notation of [MS14], however, we restrict ourselves to
being a quadratic Pisot number. Let K = Q(f). Since § is quadratic, there
are exactly two infinite places of K; they are given by the two Galois iso-
morphisms of Q(f): the identity and z +— 2z’ that maps S to its Galois
conjugate. Both these places have R as their completion.

If B is not a unit, then we have to consider finite places of K as well.
We define the ring Ky as the direct product Ky = [],(5) Ky, where p runs
through all prime ideals of Q(3) that divide the principal ideal (5) and K,
is the associate completion of K; for a precise definition, we refer to [MS14,
§2.2]. The direct products K := K x K’ x K; and K" := K’ x K} are called
representation spaces. We define the diagonal embeddings

§:QB) =K, z (x,2',2¢) and 0: Q(B) = K, z— (2, z¢),
where ¢ is the vector of the embeddings of x into the spaces K,. We put
St={zp:xe S} forany S C K.

In particular, we consider Z[5];, which is a compact subset of K;. Since
multiplication by [ is a contraction on K, we have that SPZ[8] — {0¢}
as n — 0o.

2.3. Beta-tiles. For x € [0,1), we define the (reflected and translated)
[-tile of x as the Hausdorff limit

Q(x) = kh_)m §'(z — B*T(2)) C K.

Note that the standard definition of a -tile for z € Z[37']N[0,1) is R(x) ==
§(x) — Q(z), see e.g. [MS14]. For a quadratic Pisot number 3, root of
% = aB + b with a > b > 1, we have that Q(z) = Q(0) for z < 8 —a
and Q(z) = Q(S — a) otherwise. The dynamical system ([0,1),7") admits
(X,T) as its natural extension, where

X = ([0,8—a)x Q0)) U ([8—a,1)x QB —a)) CK

is a union of two suspensions of f-tiles and T (x,y) = §(5)(x,y) — o(| Bz]).
The natural extension domain is often required to be a closed set, but here
it is more convenient to work with the one above, since the following result
holds:

Proposition 2.1 ([HI97, [R05, BS07]). For a Pisot number 5, we have that
x has a purely periodic B-expansion if and only if x € Q(5) and §(z) € X.



BETA-EXPANSIONS OF RATIONAL NUMBERS 5

2.4. Beta-adic expansions. In Definition [I.2] S-adic expansions are de-
fined on Z[3]. By Lemma [2.2| below, we extend this definition to the closure
Z[ )¢ similarly to the p-adic case. To this end, let

D: Z[B)y — Z[B)y, x> Btz —d(2)r),

where d(x) is the unique digit d € A = {0,1,...,|N(8)| — 1} such that
B: ' (x —dy) is in Z[B];. Such d exists because Z[3] = A+ BZ[f]. It is unique
because (¢ + SZ[B])s N (d + BZ[B])s # O implies (87 (c — d))¢ € Z[B]¢ and
thus ¢ = d (mod N(f)) by the following lemma:

Lemma 2.2 ([MS14, Lemma 5.2 and Eq. (5.1)]). For each z € Z['|\Z|5]
we have x; ¢ Z[Bs. There exists k € N such that Z[3~]NB*O C Z[3], where
O is the ring of integers in Q(f3).

Lemma 2.3. The (-adic expansion map hyg : Z[5]y — A“ defined by
hi(z) == wpuiug - -+, where wu; = d(D'(2)),
is a homeomorphism. It satisfies that h¢(x¢) = h(z) for all x € Z[f].

Proof. The map h; is surjective because h(P,(5¢)) = u for all u € A*. It
is injective because h¢(2) = uw = uguyuy - -+ implies that z € Y02 w; B +
BRZ[ B¢ for all n, thus z = P,(5).

Since Oy is open and Z[37]; = K¢, we get from Lemmal[2.1]that Z[]; =
Uzezs ¢ + BFO; for some k € N, and therefore it is an open set as well.
Then the preimage h;*(vA“) = P,(5;) + BFZ[B]s is open for any v € A*.
As the cylinders {vAY : v € A*} form a base of the topology of A, the
map h; is continuous.

The inverse h; ' is continuous because 3FZ[3]; — {0;} as n — oo.

For x € Z|[B], the equality h¢(z¢) = h(z) follows from the fact that

Bz —d(x)) € Z[B). O

Note that we can also identify the set Z[S]f with the inverse limit space
@Z[ﬂ]/ﬁ"Z[ﬂ]. Indeed, the map

n—1

KD UpUjUg -+ > (517527537 . ')7 where gn = ZUZ/BZ

1=0

is an isomorphism AY — @Z[ﬁ] /B"Z[F], and the following diagram com-
mutes:

Z[Ple > Z[Be
i ik
A (shift) A@

= s

W Z[]/ 8" ZIB] —— L Z[5]/ " Z[f]
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Ky
. Q@\ = .
== -
1 Q(0) = Q(O)
ool 0,5 —a) K’
e jf 7(B)
QB -a) 5 %:
; —

ls-a:m8-al[g _ a,1)

FIGURE 1. The tiles Q(0) and Q(3 —a) for 8 = 1++/3. The
(red) stripes illustrate the intersection of Y = K’ x (Z); with
the tiles.

3. BETA-TILES AND THE VALUE (/)

The goal of this section is to prove Theorems [I] and [, using the con-
nection between f-tiles and the value of v(5). First we prove the following
lemma about the closures of Z and Z; in K;:

Lemma 3.1. We have that (Z)¢ = (Zy)s = (Zy N [, d))s for all ¢ < d.

Proof. We have that (Z); = (Z, N |[c,d]); by [ABBS08, Lemma 4.7]. Clearly
Z C Zy whence (Z)¢ C (Zy)e. We will prove that (Z)¢ C (Z)¢, namely
that every point x/q € Zy, for x,q € Z and ¢ L b can be approximated by
integers. For each n € N there exists ¢, € Z such that ¢,q = 1 (mod b").
Then {—gnz = (1-¢,9)7 € %b"Z C %B"Z[ﬁ], therefore (¢,z)f — (z/q);. O
Proof of Theorem [l By Definition [L.1] Proposition ?? and since §(1) ¢ X,
we have that
v(B)=inf{z € Zy: x>0, (x) ¢ X }.

For x € QN0, 8 — a), the condition d(z) € X is equivalent to ¢'(z) € Q(0);
forx € QN [B —a,l), it is equivalent to ¢'(z) € Q(5 — a).

We recall the results of [MS14, §9.3], where the shape of the tiles is
described. The intersection of Q(z) with a line K’ x {z} is a line segment
for any z € Z[B); and it is empty for all z € K¢\ Z[f]s, see Figure [
Let 0~ Q(x) denote the set of the segments’ left end-points, and similarly
01 Q(x) the set of the right end-points. For 2 € {0, 8 — a}, put

l, =supm'(6-Q(z)NY) and 7, :=inf7'(67Q(z)NY),

where Y = K’ X (Z); and " denotes the projection 7’: K’ x K; — K,
(y,z) — y. Then all numbers p/q € Z,, in [ly, 9] N[0, 8 — a) have a purely
periodic expansion, and so do all numbers p/q € Z, in [l_,, 75-0] N[ —a, 1).
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0 a—b+1,.

/—N

FIGURE 2. Boundary graph for quadratic 5-tiles, cf. [MS14]
Fig. 6]. Each arrow in the graph represents exactly b edges.

Outside these two sets, numbers p/q € Zj;, that do not have a purely periodic
expansion are dense, since the points ¢'(p/q) are dense in Y by Lemma [3.1]
Therefore, the value of v(5) depends on the relative position of the above
intervals (see Figure (1)) in the following way:

(3.1)
0 if lo >0 orrg <0,
L if [y <0and o €[0,5— a),
v(B) = B—a iflog<0,rg>0F—aand f—a¢ [lg—a,"5-a),

min{rs_,, 1} ifly <0,r70>F—aand f—a € [lg_a, Tp—al-
In the rest of the proof, we will show that
(3.2) lo=lge—1=—-p+ 316112) Phii—p)(B")
(3.3) and ro=15_=1+ }Ielg Puiy (8.

As infjez Pr;y(8') < Pro)(8') = 0, we see that implies the statement
of the theorem.

We use results of [MS14, §§8.3, 9.2 and 9.3|, namely Equations (8.4)
and (9.2), which read:

z€ R(x) NR(y) ifand only if 2z =0d"(x)+ P,(0'(B)),

where u = ugujus - - - is an edge-labelling of a path in the boundary graph
in Figure [2] that starts in the node y — z; and

OR(x) = (R(@) "Rz + B — [z +])) U (R(z) N R(z — 8 — | — B))),

where the first part is the left boundary R~ (x) and the second part is the
right boundary Rt (z). Therefore

9"R(0) = 9*R(B — a) = R(0) NR(B — a)
={Pu(0'(B)) : uw € (AB)“ },

O"R(0) = R(a+ 1 — B) N R(0)
—(§'(a+1—B)+ Pu(0'(B)): u e (AB)},
I

O R(B —a)=R(B—a) NR(26 — |28])
={d'(B—a)+ Puld'(B)) : u € (AB)* },
where we put B = {a—b+1,a—b+2,...,a}. We have that
[ Pa((8)) € (AB)* } = { P (8'(5) — Pu(@(5)) - w € A}
= —0'(1) = { Pu(0'(B)) 1w € A” },
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since A=b—1—Aand B=a— A Because Q(z) = §'(z) — R(x), we have
0FQ(z) = 0'(x) — OFR(z). We obtain

07Q(0) = &'(8 —a) + { Pu(d'(B)) : w € A¥},
QB —a)=0(B—-at+1)+{Pu((B):ue A},
07Q(0)=0TQ(B—a)=01)+{P.(5(B)) :ue A}
We have that
§'(1)+ Pu(6'(B)) €Y <= 1t + Pu(fr) € Zs
= Pu(Br) € Ly <= u € hy(Zy),

because h¢(P,(ff)) = w and h¢ is a homeomorphism by Lemma Then,
since the map Zs — K', 2 +— Py (»)(B’) is continuous, we get that

inf 7r’(8+Q(x) N Y) =1+ inf th(z)(ﬁ/) =1+ inf Ph(j)(ﬁl).
2E€7Ls JEZ
This justifies (??). Similarly, ¢'(8 — a) + P,(0'(8)) € Y if and only if u €
h¢(Z¢ — B¢), therefore
supm (0~ Q(f—a)NY)—1=sup7' (0~ Q(0)NY) = 6’—a+su§ Puii—p) (8.
je

Since ' — a = —f3, this justifies (77). O

Proof of Theorem@ case a > 1+T‘/5b. Since ' < 0, we have that

b—1
sup Pri_g(8) < sup Pu,(B) = Pp_1ow(f) = ———.
jeg h(j B)(ﬁ) > uEfIl)‘” (8 ((b—1)0) (8 1— ()2
We will show that this quantity is < 28 — a — 1. First, we derive, using
() =aB +b, B=a—3 and 1 — (')* > 0, that it is equivalent to

(3.4) a+ab+ B'(a*+a+2b—2) > 0.
We know that 8 < a + 1, therefore 8 = a +% > a(a;ll)er and 3 = —% >
(a+1)b

As well, a® +a + 2b — 2 > 0, therefore we estimate

ab?(($)? =4 —1)+b°(($)*+2%—2)+2b
a’+a+b '

T a’+a+b’

a+ab+f(a*+a+2b—2) >

When 3 > 1+2\/5’ all three terms in the numerator are positive. Since the

denominator is also positive, we get that sup,cz Pr(;—g)(8') < 28 —a — 1.
Theorem 1| then implies ([1.1)). d

The proof of the case a L b of Theorem [2f was given in [MS14l §9]. The
proof of the case a = b is given in the next section on page [9 because it
falls under the case when b divides a.

The following proposition shows how to compute the infimum in The-
orem [2| and thus the value of (/) in a lot of (and possibly all) cases.
Comments on the computation of (/) by Theorem [I] are in Section [f] We
recall that w[n] denotes the prefix of w of length n.
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a/b=12 3 45 6 7 8 9101112131415
b=1|1|1 1|11 /111|111 )1|1]1]|1
2|~(1j1j1j1y1f1y1j1j1{1{1j1j1j1
310 ~|1{1{1j1j1j1f1f1 /141|111
410 («|~|1(1|1|1(1]1}|1f1|1]1|1]|1
O[O0« ||« |1f1 (111|111 ]|1|1]|1
6{0(«|~|1(1|1|1(1|1|1|1|1]|1|1]|1
TIO |« |« *|=|=|1/2|2(1|1|1|1|1]|1
10| x|« |«|*|*|~[1|1T|1/1|1]1|1]|1
QIO = | = |« |||+« |1]1]1]|1
10 {0 =[x [ x|x|*|x|x|~|1|1]|1]1]|1]1
11 {00 [ *|*x|*|*|*|*|*|1]|1]1]1]1
121010« | x| x| x| x| x| x|+« 1|1]1]1

TABLE 1. The values of v(/3) for the case when b divides a.
The star +" means that the value is strictly between 0 and 1.

Proposition 3.2. Let 3% = a8 + b with a > b > 2. Then for each n € N
we have

(35)  fPp(F) e, min  Puppa(8) + () w1

Lemma 3.3. Let z,y € Z[f] satisfy that x —y € b"Z[5]. Then h(z)[n] =
h(y)[n].

Proof. Since b = 82 — af3 € BZ[P], we have that z — y € S"Z[S]. Let
h(z) = upuy - - -. Then ZL‘—Z?;& u;3’ € 7|3 and therefore y—Z?;& u; 0 €
B"Z[ ], which means that ug - - - u,_; is a prefix of h(y). O

Proof of Proposition[3.4 Set ju, = minjego1,. pn—13 Pr(j)a)(8). The state-
ment actually consists of two inequalities, which will be proved separately.
Let j € Z. Since h(j)[n] = h(j mod b")[n] by Lemma[3.3 and since 8’ < 0,

we have
Pu((B) = Pagiagoe-1=)(8) 2 i + (8)" 1255 if n is even,
Puiy(B') 2 Pugypago-10)= (8") > b + (B)" 12557 if nis odd.

To prove the other inequality, let k£ € {0,...,b" — 1} be such that p, =
Priygn (8')- Then

Pugy(8") < Pugoa-noy- (8) = 1 + (8)" 2 if n is even,
Pri)(B") < Proyngo-1))(8) = pin + (ﬁ’)’”“ll_b(’iﬁl,)2 if n is odd;

this provides the upper bound on the infimum. Il

4. THE CASE b DIVIDES «

In this section, we aim to prove Theorem [3| which deals with the par-
ticular case when b divides a. Table [I| shows whether () is 0, 1 or strictly
in between, for b < 12 and a/b < 15. The first non-trivial values are listed
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a b ~(8) a b v(8)
2 2 0.91480304419665 - - - 12 6 0.73611417827238 - - -
53 0.99296350010077 . 18 6 0.99389726639536 - - -
S 1 0933512914675 . 14 7 0.58490653345818 - -
19 4 0.99930778900007 . .. 21 7 0.94452609461867 - - -
28 7 0.99798478308267 - --
10 5 0.83415079417546 - - 35 7 0.99998604176743 - --
15 5 0.99530672367191 - - - 427 0.99999999999971 -
20 5 0.99999990711058 - --

TABLE 2. Numerical values of v(3), where 3% = af8 + b, that
correspond to the first couple ‘<’ in Table [I]

in Table [2] The algorithm for obtaining these values is deduced from The-

orem [2| (which covers all the cases when § € Z since then either a = b

or a > 2b > 1+—2*/5b), and the following proposition, which improves the
statement of Proposition [3.2]

Proposition 4.1. Let * = af +b with a > b > 2 and § € Z. Then for
each n € N we have

. / . ! N2n _ b—1 /
;2; Ph(j) (6 ) € jG{O,H.l.l.l,/ll)"—l} Ph(j)[[Qn]] (B ) + (6 ) 1- ()2 [5 70]

Lemma 4.2. Let 8% = cbB + b. Let x,y € Z|f] satisfy that x —y € b"Z[ ]
for some n € N. Then h(z)[2n] = h(y)[2n]. Moreover, for all x € Z[f]
and d € A there exists y € x + b"A such that h(y)[2n+1] = h(z)[2n]d.

Proof. We have 32 = b(cB + 1) € bZ[B] and b = % — c(1 + ¢*b) 33 + 32p* €
5+ BPZ(8] C BZ[B), whence (?Z[B] = bZ[f] and FrZ[F) = "Z[F) for
all n € N. Following the lines of the proof of Lemma [3.3 we obtain that if
x —y € b"Z[S] then h(x) and h(y) have a common prefix of length at least
2n.

To prove the second statement, put ugu; - -+ == h(x). Since b" € 32" +
B*HZ[8], we have that wuguy - - - ug,_1d is a prefix of h(x + eb™) for any
e =d— uy, (mod b). O

Proof of Proposition [f.1. We follow the lines of the proof of Proposition [3.2]
for the case n even. The lower bound is the same in both statements,
therefore we only need to prove that infjcz Pri;)(8") < Prpen(8'), where
k = argminjcqo,.. pn—1} Pr(j)[2n)(8’)- For each m € N, there exists k,, € Z

77777

such that h(k,,)[2n+2m] € h(k)[2n](0.A)™ by Lemma Then

]1161£ Puij(8) < 755\1 Phiey (8) < 7;%% Preypgorm(-1)0)« (8") = Pryny(8').
[

Remark 4.3. We have that

(4.1) [t = Puypa(8) = min  Puiypa(3),

min
je{0,1,....bn—1} JEIp_1+b"1A
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(empty prefix)

00

1

10

0000 === =2 _ 1011

0000 00  s———

0011 00 ———

000010
001110

0

| 000000 00 ==
! mms 00000011
00110001 — — 00110010
| 0000000000 =i _ /oo
| 0000001100 ~—

| 0011000101 =a! — 0000001110
| L 0011000111

; 00 0000 00 00 00
0

001100010101 = | 000000000011

-
- 001100010110
0

00110001010101 =

0110001011011
0011000101010100% 6411 000101100111

0011001010101 11.0p - 911000101 10010011
1 0P1100010110011111

FIGURE 3. The computation of (1 + v/3). By a thick line
with a bold label we denote the intervals that we ‘keep’ (these
arise from numbers in J,), by a thin line the ones that we
‘forget’. The labels next to the intervals are the corresponding

prefixes h(j)[2n].

where
Jo = {O},
J, = {j €Jo1 +VTA: Prijzny(B') < pin + |5/|2n+1 1—6(_61')2 }

To verify , we first show that the sequence (p,)nen is non-increasing.
Let j € {0,...,b" — 1} be such that f1,, = Ppj)j2n3(3). Then by Lemma
there exists d € A such that h(j+db™)[2n+1] = h(j)[2n]0, whence g1 <
Prijtarmypen+21(8") < pin.

Suppose now that j € {0,...,0" — 1} \ (J,_1 + b" ' A). Then there
exists m < n such that Pugypmp(8) > pm + |87 22k, therefore

) 1_(5/)27
Ph(j)[[Qn]] (6) > i 2

Example 4.4. As an example, the computation of () for 8 = 1 + /3,
the Pisot root of 32 = 283 + 2, is visualized in Figure [3| For each step of
the algorithm, the value of v() lies in the left-most interval. Already in the
5th step we obtain that v(5) € [0.900834,0.970552], therefore it is strictly
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between 0 and 1. Note that in the 9th step we have that pg = P, (') with
#9) = 001100010101010001, and ~(8) € [0.910126652,0.915876683]. In the
40th step, we have that

10 = 001100(01)*000100(0001)*(00)2(01)>(00)3(01)°(00)201
and () ~ 0.914803044.

Proof of Theorem[3, case a =b. Take a =b > 4. Then b = >+ (b—1)3> +
(2b+1)5*, therefore h(b)[4] = 001(b—1). According to Proposition 4.1} we
have that

A = inf Py () < Poorp-1y(B) = (B')* + (b—1)(8")".

JEZ

For a = b > 5, we use the estimate —f’' € (b+1’ 1) to obtain that A <

1-— b(bgjnla‘) —1, therefore y(8) = 0. For a = b = 4, we have Pyy1—1)(8') =
—1.0193, thus A < —1.
When a = b = 3, we verify that h(21)[12] = 001200020201 and Propo-
sition y1€1dS A < P001200020201 (ﬁ/) ~ —1.0726 < —1, therefore ’y(ﬂ) =0.
When a = b = 2, we can follow the lines of the proof of the case a >
%b, because we observe that is satisfied, namely 6 + 83" ~ 0.1436 >

0. U

The proof of Theorem |3|is divided into several cases.

Proof of Theorem@ case a > b?. Any j € Z\ {0} can be written as j =
b"(jo+j1b), where n € N, jo € A\{0} and j; € Z. Then h(j)[2n+1] = 02,
becase b" € 3" + BQ”HZ[ﬁ] whence

Pr7)(8") = Pugi)jzn+11(—-1)0)= (8") = Poznip-1y0)= (5)
b—1)8 (b= 1)b5
— N\ 2n 1 ( ) — N\ 2n (1 o )
(1 ) = O (L ) >0
where the last inequality was already proved in [MS14, Theorem 6]. As

h(0) = 0¥, we have Py (8’) = 0. From Theoremwe conclude that vy(3) =
1 —|— infjez Ph(j) (5/) = ]_ |:|

The remaining cases of the proof of Theorem Bl make use of the following
relations. Let ¢ .= a/b € Z. Then ,B% = 1+cﬁ € 1—cB+c2p%— 363+ B[P,
and more generally,

bn n n
(4.2) Fan €1l—nch+ ( H) B — ( §2>C363 + p*Z[B] for any n € N.
For j = (jo + 710)b" with n € N, and jo,71 € Z we have that BJW =

joﬁ% + jlﬁQg’:TTQ, therefore
(4.3) € Jo — joncl + <jo<";“1)c +n >B

52
- (jo (") + jan + 1)c)53 1 BzZ[).
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Proof of Theorem[3, case B> = 303 + 6. We have b = 6 and ¢ = 5. As in
the proof of the previous case, we will show that Pp;)(3") > 0 for all j € Z.
Let j # 0 be written as j = b"(jo + 71b) with jo € A\ {0} and j; € Z, then
h(j) = 0*"upuyus - - - for some uguy - -+ € A* with ug = jo, and Py(;) (') =
(8)*" Py (8'). We consider the following cases:
o If Uo 2 2, then Puo?um(ﬁ/) Z P2(50)w (5/) > 0.
o If up =1 and u; < 4, then P,y,..(8") > Piyos)~(8') > 0.
o If ugu, = 15, then yields that jo = 1 and —jonc =5 (mod 6),
therefore n = —1 (mod 6) and n = 6ny — 1, i.e., —joncfB = 56 —
30n,8 € 58 — 5n, 3% + BYZ[B]. Therefore

J 14584 ((631)52 +j1)62

6271
— <(6"1“)6ZI(6”1”53 +30n171 + 5711)53 + B*zZ[B).
The coefficient of 32 is congruent to 0 modulo 6 regardless of the
values of n; and j;. This means that ug = 0. Then Pi5,,0005)~(5') >
P1500(05)w(5/) > 0.
Therefore we have Pp;)(3) > 0 for all j € Z. O

Proof of Theorem[3, case B> = 243+ 6. We have b = 6 and ¢ = 4. We use
the same technique as in the case 32 = 308 + 6.

o If Uo > 2, then Puoul'”<5,) > P2(50)w (ﬁ/) > 0.

o If Uy = 1 and Uy S 3, then Puourn(ﬁ/) Z P13(05)w (ﬁl> > 0.

e Since c is even, we get that u; = —jonc (mod 6) is even, therefore
UpU7 7£ 15.

o If ugu; = 14, then gives jo = 1 and —jonc = 4 (mod 6), i.e.,
n = —1 (mod 3) and n = 3n; — 1, whence —jonc = 45 — 12n,5 €
48 — 2n, 3% + BYZ[3]. We derive that

5271 € 1+ 4p + (some integer)3* — (14471‘% —30n; + 12n1j1)63 + B*ZB).

As above, we get that uz = 0 regardless of the values of n; and ji,
thus Puoul---(ﬁl) 2 P1400(05)w (ﬁ/> > 0. O

Proof of Theorem|[3, case ¢ == a/b < b and ¢ ¢ {4,5} when b=06. Let n =
[5-1. From (4.2), the g-adic expansion h(b") starts with 02"1(nb—nc). If
7= & Z, then we have nb—nc > c and thus Py(np—ne)(8') < 1+(c+1)" <0,
using that 5" = —% < _cbil < —CJ%I. By Proposition , this proves that
v(B) < 1if ¢ is not a multiple of b — c.

Assume now that ;% € Z, i.e., n = ;%. For j == 0" — (";’1>02bn+1, we

have by (4.3) that

e 1=nei— ()" = () n+ 1) 5" + 5'2(a]
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Since —nc = ¢ —nb € ¢ — nf% + FZ[B] and (n + 1)c = nb € BZ[F], we
obtain that

oet+cp— (") +n)8 + 52i8)

ﬁ2n
If (n§2) A +n#0 (mod b), then
N\ 2n—+2 _ b2
Ph(j)[[2n+4] (@’) < Pyenieor (5/> _ (5 )b + (6/>2n+3 _ (5/)2n+25bﬂ <0,

since 1 + ¢’ = % and B < a+ 1 < b?, therefore v(8) < 1 by Proposi-
tion .11

It remains to consider the case that (";2) A +n=0modb, ie.,

2
n= —bn(n6+)c2n mod b,

because (n + 1)c = nb. Multiplying by b — ¢ gives

2
c= _bn(n6+)c3 mod b.

Note that w =(b—c) (”;2) € Z. We distinguish four cases:

(i) If 6 L b, then ¢ = 0 mod b, contradicting that 1 < ¢ < b.
(ii) If 2 | b and 3 1 b, then c is a multiple of b/2, i.e., ¢ = b/2, n = 1.
As n is also a multiple of b/2, we get that b = 2, thus ¢ = 1. For
B% =28 + 2, we already know that (3) < 1, see Example
(iii) If 3 | b and 2 1 b, then ¢ and n are multiples of b/3. For ¢ = b/3
we have n ¢ Z. For ¢ = 2b/3, we have n = 2, thus b € {3,6}.
However, b = 6 contradicts 24 b and b = 3 (i.e., ¢ = 2) contradicts

”§2>03 +n = 0mod b.

(iv) If 6 | b, then ¢ and n are multiples of /6, thus ¢ € {b/2,2b/3,5b/6},
n € {1,2,5}. If n = 1, then b = 6, thus ¢ = 3, and (";2)63 +n#
0mod b. If n = 2, then b € {6,12}; we have excluded that b = 6,
¢ =4; for b =12, ¢ = 8, we have (”;’2)03+n§_ﬁ0modb. If n =25,
then b € {6,30}; we have excluded that b = 6, ¢ = 5; for b = 30,
c = 24, we have ("§2>c3 +n # 0mod b. O

5. THE GENERAL CASE

In the general quadratic case where 1 < ged(a, b) < b, the conditions of
Theorem [2| need not be satisfied. This means that we have to rely on the
more general Theorem , i.e., to compute the two values inf;cz Pp(;)(8') and
supjez Paj—p)(F)-

We can derive, in a similar manner to Proposition [3.2] that for all n € N,

! / "n\n__b—1 !
(1) swp Pugp(F) € max | Pug-pr(#) + (5)" el 1)

Let now s, > 1, for n € N, denote the smallest positive integer such
that s, € "Z[f], and 1, == >~ Then z,y € Z have a common prefix of

n—1"

length n if and only if y — x € s,Z. Therefore, in both (3.4) and (5.1)) we
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can take {0,1,...,s, — 1} instead of {0,1,...,b" — 1}. Moreover, following
Remark [£.3] we can further restrict to the sets

Jo = {0}7 ‘](/) = {_5}7
Jn = {.] € Jn—l + Sn—1{07 ceey 'y — 1} : Ph(])[[n]}(ﬁl) S Hn + |ﬁ,|n1b_:é/ }7
J1I1 = {j € Jn,1 -+ Sn,l{O, ey Ty — 1} : Ph(])[[n]](ﬂ/) Z Vp — |61’n1b_;§/ }7

where we denote

pn = _omin P (8 and vy = max - Pogyn (5).

We conclude by several open questions that arise in the study of rational
numbers with purely periodic expansions:

(A) Prove or disprove that () = 1 for a quadratic Pisot number g > 1,
root of % = afi + b, if and only if ¢ € Z and a > b* or (a,b) €
{(24,6), (30,6)}.

(B) For which quadratic 8 we have that v(5) = 0?7 Can we drop the
restrictions on a and b in Theorem More specifically, is it true
that a < HT‘/gb implies () = 07

(C) What is the structure of the prefixes of S-adic expansions of integers
for a general quadratic 57

(D) What about the cubic Pisot case? Akiyama and Scheicher [AS05]
showed how to compute the value v(53) for § &~ 1.325 the minimal
Pisot number (or Plastic number), root of 3* = 3 + 1. Loridant et
al. [LMST13] gave the contact graph of the -tiles for cubic units,
which could be used to determine (/) for the units, in a similar
way to what Akiyama and Scheicher did. The consideration of the
[-adic spaces could then allow the results to be expanded to non-
units as well.
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