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Abstract

In this paper we define timed regular expressions, a formalism for specifying discrete behav-
iors augmented with timing information, and prove that its expressive power is equivalent to the
timed automata of Alur and Dill. Thisresult isthe timed anal ogue of Kleene Theorem and, simi-
larly to that result, the hard part in the proof is the trand ation from automata to expressions. This
result is extended from finite to infinite (in the sense of Biichi) behaviors. In addition to these
fundamental results, we give a clean algebraic framework for two commonly-accepted formalism
for timed behaviors, time-event sequences and piecewise-constant signals.

1 Introduction

Thetheory of automata, by now about half a century old, constitutes the foundation for many branches
in Computer Science. In essence, it isatheory about sequences of discrete events occurring one after
the other and about formalisms for describing sets of such segquences, most notably by finite-state
transition systems (automata) that generate or accept them. Since automata can model computer
programs, digital circuits and many other discrete-event dynamical systems, they can be used for
simulation, verification and synthesis of such systems.

Classical automata theory deals only with a qualitative notion of time: a sequence of events
specifies the ordering of their occurrence times, but not the distance between them in terms of “real”
time. While this level of abstraction has proven to be very useful for the analysis of certain systems,
many application domains require more detailed model sthat include timing information. For example,
we might want to refine a specification of theform “every aisfollowed by b” into “every aisfollowed
by b within 5 seconds’. Likewise, we might want to augment automaton models of systems with
information concerning the time it takes to complete a transition. To this end a timed theory of
automata and sequential behaviors needsto be devel oped, in which timed extensions of the ingredients
of the classical theory can be investigated.

Timed automata [AD94], automata equipped with clocks, have been studied extensively in recent
years as they provide arigorous model for reasoning about quantitative time. Together with other for-
malisms such as real-time logics, real-time process algebras and timed Petri nets, they constitute an
underlying theoretical basis for the specification and verification of real-time systems. The main at-
traction of timed automata is due to their suitability for modeling certain time-dependent phenomena,
and the decidability of their reachability (or empty language) problem, a fact that has been exploited
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On the theoretical front, however, the results are somewhat less satisfactory. The classical theory
of automata is extremely simple and elegant. It establishes, for example, that the expressive power
of finite automatais equivalent to that of a plethora of other formalisms such as regular expressions,
monadic second-order logic, linear language equations, rational formal series, finite monoids as well
as sequential digital circuits. Almost none of these facts has been proven for the general class of timed
automata.l

In this paper wetry to follow the spirit of [Trad5], where acall wasformulated to “ lift” the classical
results of automata theory to deal with timed automata. We investigate a timed version of one of
the cornerstones of the classical theory, namely Kleene Theorem, which states that the recognizable
sets (those accepted by finite non-deterministic automata) are exactly the regular (or rational) sets
(those definable by regular expressions). An infinitary version of this theorem shows that regular

___________

prove the timed analogues of these results we define timed regular and timed w-regular expressions
and show that they denote exactly what timed automata can recognize. As in the classical theorem
one direction, the construction of automata from expressions, is rather straightforward, while the
proof of the other direction, from automata to expressions, is much more involved. In order to match
the expressive power of timed automata we use expressions that employ, in addition to the standard
operators and a time-specific operator, two additional constructs, namely, intersection and renaming.
In the preliminary version of this paper [ACM97] we have proved the necessity of intersection and
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organized as follows.

Section 2 : We discuss two commonly-used models for timed behaviors, namely time-event se-
guences and piecewise-constant signals, and show how they can be obtained by combining
the free monoid (Z*, -, ) of event sequences with the commutative monoid (R, +,0) of time
passage. This short algebraic excursion can be skipped by those who can live without it.

Section 3 : We introduce the syntax of timed regular expressions. The main novelty with respect
to classical expressions is in the use of the time restriction operator (@)  that restricts the
time-event sequences in ¢ to be of metric length in the interval [I,u]. Several classes of these
expressions are introduced and relations between them are explored. In particular the proof
that the specia o and ® operators, which correspond to non-resetting automaton transitions,
can be eliminated from expressions is an important contribution to the understanding of timed
behaviors.

Section 4 : Timed automata as acceptors of sets of finite time-event sequences are defined.

Section & : The easy part of the timed Kleene Theorem, the transformation of expressionsinto timed
automata is proved.

Section 6 . In this section we prove the harder direction of the main result, the trandation of timed
automata into expressions. We first remind the readers of the language equations used to prove

Lin fact, dready in ['5[5_54] it was proved that the class of languages accepted by timed automata is not closed under
complementation and hence no smple logical characterization of this class exists.



the classical Kleene Theorem, and explain the difficulty in applying them to timed automata.
Then we prove a useful lemma, stating that any language accepted by atimed automaton can be
written as amor phic image of afinite intersection of languages accepted by one-clock timed au-
tomata. Thisalowsusto do therest of the proof using one-clock automata, which are relatively
simpler. The one-clock automaton is transformed into a system of quasi-linear language equa-
tionswhich is solved using avariant of Gaussian elimination (these equations werefirst defined

timed automata.

Section . We move on to infinite time-event sequence, define timed w-regular expressions and timed
w-automata, and prove the correspondence between them (Buchi-McNaughton Theorem).

Section 8 We summarize the results and compare them with related work.

2 Monoids, Event Sequences and Signals

21 TheMonoidsX* and R,

There are two basic approaches for enriching sequential discrete behaviors with metric timing infor-
mation, oneis, so to speak, event-based and the other is state-based.

o Time-event sequences. these are sequences where non-negative time durations are inserted be-
tween events. Time-event sequences allow two events to happen at the same metric time instant
(without any time passage between them) but still one after the other inthe discrete sense. Time-
event sequences are equivalent to the commonly used timed traces in which a non-decreasing
sequence of time stamps is attached to an event sequence.

e Sgnals: similarly to sequences that can be viewed as functions from an initial segment of N
to an alphabet X, signals are functions from an initial segment [O,r) of the non-negative real
line R, to X satisfying some additional sanity condition, e.g. [0.r) can be decomposed into a
finite number of left-closed right-open intervals such that the value of the signal is constant on
each interval. Such piecewise-constant signals are used extensively in modeling the behavior of
digital circuits and in presentation of solutions to scheduling problems.

In order to cast these objects in an algebraic framework, we need to consider the algebraic char-
acterization of their two components, discrete events and time passage, and then mix them together.

A monoid isatriple (M, ¢,e) where M isaset, ¢ is an associative binary operation on M and eis
the identity element of M satisfying ecm = moe = mfor every me M. The set of al finite sequences
of elements taken from a set £ is a monoid under the concatenation operation - and the empty word
€ isitsidentity element. Such a monoid is called the free monoid generated by X and is denoted by
(x*,-,€), or £* for short. Note that X need not be finite nor countable: we can define, for example,
R* as the monoid of al finite sequences of real numbers. The free monoid is the primary object
for describing behaviors of discrete-event systems and its subsets are the subject matter of formal
language theory. We will sometimes write myny instead of my o mp or my - my.

If we express the passage of time using numbers, then the significant operation is addition: if
r; seconds pass and then additional r, seconds pass, the total elapsed time isry + r, seconds. Sets
such as N, Q, or R, are monoids under addition, with O serving as the identity element. It is worth
mentioning that they are commutative, that is, they satisfy my + m, = mp + ny. We will concentrate
on the more general monoid (R, +,0) for which N and Q. are sub-monoids.
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2.2 Mixing Monoids

We want to create a monoid, whose elements consist of an interleaving of time passages and events
(or of time passages of different sorts, when we consider signals). We use the following construction
which allows to put elements of two monoids in a sequence:

The free shuffle of two monoids (A, ¢4, €,) and (B, <p, &) isthemonoid M = (AwB)*, namely the
free monoid generated by the disjoint union of both A and B. An element of M may look like this:

aj-agx-br-ey-bp-az-e-bs 1

In order to obtain a canonical form, in which there is always an alternation of elements of the two
monoids, we define a congruence relationd generated by the following equalities:

g - aj = g ©a 4,
bi - bj = by op bj 2
=6 =¢
These rules alow to replace two adjacent elements in the sequence, which come from the same
monoid, by one element, and to get rid of “dummy” identity elements. Applying these rules, we
can reduce any element of an equivalence class into acanonical form which isan alternating sequence
of elements of A and B. For example, the sequence in (1) can be reduced to

(al <>aa2) . (b1<>b bz) -ag- b3

We call ~ the reduction congruence on (AW B)*. The set of congruence classes of ~, also known as

and on algebraic structures in general:

Definition 1 (Free Products of Monoids) Let (A, ¢a,€5) and (B,op, &) be two monoids. Their free
product isAEB = (AwB)*/ ~ where ~ isthe reduction congruence.

The properties of AEH B can be described in a category-theoretic setting, where it is termed the
co-product of A and B. There are two canonical morphismsi,: A— AHBand i, : B— AHB which
insert elements of A and B respectively into AEHB. Any pair of morphisms6;: A—C,and 6,:B—C
to athird monoid C, induces a morphism 6 = 6, H 6, from AH B to C (the co-product of 6, and 6p),
as can be visualized by the following commutative diagram:

A—2. AEB~2-B
\9 /
0z 6y

In particular, to project AEHB onto A, let 6, be theidentity 1d, : A— A and let 6, be the constant
function e, : B — A which maps B to the identity element of A. This way we obtain the canonical
projection &, : AEHB — A:

C

2A congruence is an equivalence relation ~, which is closed under the monoid operation, that ism~ i impliesmy - m-
My ~ my - -y, for every my,mp € M.



A2+ AEB~2-B

%

Definition 2 (The Time-Event Monoid) The time-event monoid over a set X of events is the free
product .7 (X) = Z* HR_ of the free monoid over X and the monoid of non-negative real numbers
under addition.

Tta
Idy

A

2.3 Time-Event Sequences

When the alphabet X is clear from the context we will use .7 instead of .7 (X). A typical element of
the free shuffle will look like:

0.7-a-b-3-54.-ab-c-0-a-¢-54-a-0.2
and after reduction into canonical form as;
0.7-ab-8.4-abca-5.4-a-0.2

For completeness sake we mention that as atimed trace, this sequence (without the last term 0.2) will
be written as:
(a,0.7),(b,0.7),(a,9.1),(b,9.1),(c,9.1),(a,9.1), (a,14.5)

Time-event sequences seem to be conceptually clearer than timed traces as the same type of concate-
nation applies to events and time durations. The philosophy behind time-event sequences is the one
employed in the timed automata literature: abehavior is an alternating sequence of time passages and
of events, which occur at certain time points and consume no time. There are two natural projections
on .7, one that ignores the events and one that ignores the metric information:

Definition 3 (Untimeand Length) Let 7 =X*HR,

e Thelength morphismA : .7 — R, isthe projection on R, obtained by mapping elements of Z*
to 0.

e Theuntime morphismu : .7 — X* isthe projection on X* obtained by mapping elements of R ,
toe.

Clearly A(u) isthe duration of the time-event sequence u, while u(u) is the sequence of all the
discrete eventsin u without timing information. For example:

A(0.7-ab-8.4-abca-5.4-a-0.2) = 14.7

and
1(0.7-ab-8.4-abca-5.4-a-0.2) = ababcaa.

In this paper we use .7 as the underlying set for timed languages on which we prove Kleene
theorem. For the sake of completeness we will formalize below the equally important and intuitive
concept of continuous-time, piecewise-constant signals. The appropriate timed automata for accepting
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24 Signals

The main difference between signals and time-event sequences is that in signals discrete values are
associated directly with time durations. a signal may have one value inside a time interval of length
r1, then another value for aduration of r,, etc. This motivates the idea of multi-sorted time formalized
asfollows.

Definition 4 (The Signal Monoid) Let X be an m-element set, and let {JR, : a € £} be m distinct
copies of the monoid R ;.. The signal monoid over X isthe free product . (Z) = Eﬂz aR4
ac

It is convenient to use exponential notation for elements of JR,. For example, 3.2 € yR, can be
written as b32 and read as “b during 3.2 time units’. Using this notation, atypical element of the free
shufflefor £ = {a, b, c} would be

a5 . b2 . b4.2 . 32‘5 . bO . C7

whose normal form after reduction is

5.152. 525

a %

-C.

Two features distinguish signals from time-event sequences:

1. Filtering of zero-duration events. with signalsit isimpossible to express a phenomenon such as
“the signal value was a for some time, then switched to b and then immediately to ¢’ because of
the elimination of b®. This conforms to the usual semantic interpretation of signals as functions
from R, to X, which have a unique value at every time instant.?

2. Stuttering: two consecutive elements a” and a° are reduced in the normal form to a' 5. Hence,
the untiming of asignal should be a non-stuttering sequence (a sequence without two consecu-
tive occurrences of the same letter) or, equivalently, the stuttering closure of such a sequence.

In order to define the untiming of signals we need to introduce the stuttering-closed monoid generated
by X, whichis XV = X*/ ~, where ~ is the congruence generated by the equalities of the form

aa=a
for every a € . Hence, a sequence such as abac stands for the equivalence classatb™a’c™.
Definition 5 (Untimeand Length for Signals) Let.”(Z) = EEZA&
ac

e The length morphism 4 : ¥ — R, is obtained as a co-product of m morphisms of the form
ea . aR+ — R+.

e The untime morphism u : . — XV is obtained as a co-product of m morphisms of the form
0a: R — XY, whichmap a® to e and @ (withr > 0) to a.

The reader can verify that these are the intuitive meanings of length and qualitative behavior
associated with signals. For example,

A(a>-b%?-a*°.¢’) = 20.7

3If zero durations are not eliminated one hasto resort to constructs such as* super-dense” |exicographically ordered time
in order to maintain the notion of a behavior as a function from time to states, see, e.g. [MMP93].



and
u(a®-b%2.a%%.¢c’) = abac.

The framework of mixing monoids allows to define easily an agebraic structure for the most
general situation where both piecewise-constant behaviors and discrete events can occur in the same
system. For completeness we give a definition:

Definition 6 (Signal-Event Monoid) Let X, and X, be finite sets (signal alphabet and events alpha-
bet). Let JR, ,a € X1 bedistinct copies of the monoid R,.. The signal-events monoid over 1,5, isthe
free product .7 (£1,%2) = EEZ aR4 BX5.

acly

For example, for £; = {a,b,c} and X, = {x,y, z} typical element of the signal-event monoid would be

7

p%2.a%%.z.¢

a5.xy. -y.

2.5 Timed Languages and Operations

From now on we restrict ourselves to the monoid .7 of time-event sequences and its subsets which we
call timed languages. We denote the concatenation operation by -, and define an additional concatena-
tion operation, specific to timed languages. Before introducing the syntax we need some preliminary
definitions.

Definition 7 (L eft Derivative) For every two sequences u and v the left derivative of u by v is a
partial function defined as:

VU= wif Iwu=w
| L otherwise

In other words, v\u is defined if visaprefix of u, and in that case v is removed.
Definition 8 (Absorbing Concatenation) The partial operator o on .7 isdefined as:
uov =u- (A (u)\v)

that is, uo v is defined only if v starts with a time duration of at least A (u), and in that case A (u) time
is removed from the front of v before concatenation.

For example, (a-5-b)o(3-c)=_1and (a-5-b)o(7-c)=a-5-b-2-c. Notethat A(uov) = A(v)
whenever uov is defined. The o operation is motivated, as we shall see later, by timed automaton
transitions that do not reset a clock. This operation, similarly to concatenation, can be extended to
an operation on timed languages by letting LyoL, = {uov:ue€ L1 Av € Ly}. Figured illustrates
absorbing concatenation in comparison with the standard one.

In order to prove that languages accepted by timed automata can be expressed using timed regular
expressions, we will need sometimes to split the alphabet of the automaton, define the expression on
the extended alphabet and than map it back to the original aphabet using the following operation.

Definition 9 (Renaming) Let £, and X, be two alphabets. A renaming from X, to %, is a function
0 : X1 — XU {e}. Wewill use the same symbol for the natural extensions of 6 to sequences, 6 : X; —
X%, and time-event sequences, 6 : (Z;BR,) — (Z5BR,) .
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Figure 1. Two concatenation operations.

3 Timed Regular Expressions

An integer-bounded interval is either [I,u], (I,u], [I,u), or (I,u) wherel € N and u € NU {e} such
that | < u. We exclude =] and use | for [I,1]. In the following definition we introduce several classes
of regular expressions, each using another subset of the expression formation rules.

Definition 10 (Timed Regular Expressions) Timed regular expressions over an alphabet X (also re-
ferred to as X-expressions) are defined using the following families of rules.

1. afor everyletter a € ¥ and the special symbol € are expressions.

2. If ¢, p1 and ¢, areX-expressionsand | isan integer-bounded interval then (@), @1 - @2, 1V @2,
and ¢* are Z-expressions.

3. If @, g1 and @, are Z-expressions then ¢y o @p, @* are X-expressions.

4. If 1 and ¢, are X-expressions, ¢p isa Xg-expression for some alphabet %o, and 6 : g — ZU{¢e}
isarenaming, then g1 A @2 and 0 (¢p) are Z-expressions.

Expressions formed using rules 1 and 2 are called timed regular expressions and denoted by & (X).
If, in addition, rule 3 is applied we call them extended timed regular expression and denote them
by &€ (X). Rules 1,2,4 yield generalized timed regular expressions denoted by ¥4 (X). Finally, the
generalized extended expressions (¥6¢&’) are obtained using all the four rules.

The semantics of (generalized extended) timed regular expressions, [ ] : 966 () — 27, isgiven by:



] = {&}

%@H = {rraireRy}
Konl]l = [eln{u:A(u)el}
[V = [ Ullg2]
[o1-@2] = [ -[e2]
o] = UZo([o----ol)
i times
[progz] = [gallofe2]
[¢®] = Uo(lpo---o0])
i times
(oA = [ed N le2]
[o(e)] = {6(u):ueo]}

The novel features here with respect to untimed regular expressions are the meaning of the atom
a which represents an arbitrary passage of time followed by an event a and the (¢), operator which
restricts the metric length of the time-event sequences in [[¢] to be in the interval 1. We will show
in the next section that the absorbing concatenation o and the absorbing iteration ® can always be
eliminated and hence timed regular expressions and extended timed regular expression have the same
expressive power. We call the corresponding class of languages timed regular languages. Unfortu-
nately this class does not match the expressive power of timed automata which requires both renaming
and intersection.

We will use the following shorthands:

oi

a=(@o ¢ =00 ¢°=000% o

simple additional algebraic properties involving absorbing concatenation.

Proposition 1 (Algebraic Properties of Absorbing Concatenation) The o operation satisfiesthefol-
lowing equalities:

o V-distributivity: (acV)oy=aoyVBoyandao(fVy)=0ofVooy
e associativity: (ocofB)oy=0oo(Boy)
e mixed associativity: oco (B-7) = (oo B)-yif BNR, = B

The situation with mixed associativity is not as good as it could be: typically a- (Boy) # (o) o7y.

4The meaning of this restriction is that every u € B contains at least one discrete event a € X. It can be also written as
e ¢ u(B). Without this restriction we have, e.g. 50 (3-7) = 10 while (503)-7=0.



Weillustrate the semantics of the expressions and some obvious properties viaexamples. Thefirst
exampl es demonstrate the interaction between time restriction and standard concatenation. Let

>

=

o1 =
¢ =
03 =

The semantics of these expressionsis the following:

>

BRI

2]
2 (D)2g
> 3.6

ICTH

(] = {r-a:re[1,2]}
2] = {ri-a-ra-birie[L,2Are[2,4]}
[os] = {ri-a-ra-b:ri+roe[3,6)}

Expression ¢; allows a to occur anywhere in the [1,2] interval. Similarly ¢, alows b to occur
between 2 and 4 time units after the occurrence of a, while @3 constrains b to occur in the interval
[3,6] and after the occurrence of a. Clearly [[¢2]] C [¢3].

Putting time restriction outside the Kleene star, we can express constraintsinvol ving an unbounded
number of time durations. The expression

(@) 2
denotes the set )
{ri-a-rz-a--rc-arke NAY r e [1,2]}.
i=1
Therole of intersection is to express “ unbalanced parentheses’ like in the expression

((@a-b)s-c)A(a-(b-c)3)

denoting the set
{rl-a~r2-b-r3-c: (r1+r2:3)/\(r2+r3:3)}.

The role of renaming in the tranglation from automata to expressions WI|| be elaborated in Sec-
tion 6.2. Using the syntax we have chosen for time-event sequences, it is impossible to express
without renaming sets containing any time-event sequence which does not terminate with an event,
i.e. sequence of the form w-r such that r > 0. Using renaming it can be expressed as the image of
w- (&), where a is mapped to €. Such time-event sequences can be expressed using a richer syntax
which allows to specify arbitrary timed durations without events (we do not use them because they
complicate other proofs). However renaming remains necessary even for such aricher syntax (and for
signals). The language

{ry-a---rg-a:1< j <kand Zr._Zr._l}
i=1 i=]

over the alphabet {a} can be expressed as the image of the {a, b}-language given by the expression

<§+~Q>1-§+A§+-<b-§+>1

without renaming, although |t can be recognized by ati imed automaton.
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The rest of this section is devoted to the non-standard o and ® operations which facilitate the
trandation from automata to expressions but, as we show in the sequel, do not contribute to the
expressive power of timed regular expressions. We start with some examples.

The o operation acts like standard concatenation whenever the second operand denotes alanguage
without a restriction on the duration of time before the first event. For example

aob=a-b
On the other hand consider the expression

(@40 D)3

Using o means that the time spent in (a) 4 is taken into account in (b), 3, Which is equivalent to
pushing the first sub-expression inside the parentheses of the second to get the expression

(@14 D3

whose semantics is the set
{r-a-s-b:re[l4Ar+se (2,3}

Sincer +s< 3impliesr < 3, thisis equivalent to the expression

(@3 -bp3

In general, occurrences of the o operation can be transformed into - by moving parentheses, however
the first time restriction of the second operand should be isolated and made explicit. In case that the
second operand starts with an iteration, the first occurrence should be pulled out from the scope of *,
for example:

ao((b)s)* =ao(eV (b)s- ((b)s)*) =aceVvao((b)s- ((b)s)) =
(@oV (2o (b)s)- ({b)s)" = (a)oV (a-b)s-

The case of ® is more complicated. Consider the expression

oo

(@ng)® =V (@png)"

i=0
and take one of the components of the infinite union
(@ [1.,3])04 = (@pzo@pzo(@ao(@ns
which, by pushing parentheses, can be rewritten as
(@3 13 A3 Dy
The corresponding semanticsis

{ri-a-rz-a-rz-a-rg-a: ri€[L,3A
ri+rz € [1,3/A
rM+rao+rse [1,3}/\
ri+ro+r3+rae (1,3}

11



As one can see, thefirst and last inequalities imply, due to convexity, the other “internal” inequalities
and thus

((@) (1,3] )04 = ((a) (1,3 & & a) (1,3
and, more generally

(@n3)” =eV{@mny @y
The convexity argument is the main idea behind the elimination of ®. Due to the additivity of time it
is sufficient to test the length after the first occurrence (for the lower-bound) and the last occurrence
(for the upper-bound). For the occurrences in between we can apply * to an “untimed” version of the
expression without worrying. The next two examples demonstrate the special role of timing bounds
appearing at the beginning of the expression under ®.

Consider first the expression

(@ - (0)2)*

for someintervals| and J. In this case

((@)1 - (0)3)°® = ((a)i - (b)s) o (@) - (b)s) o (@) - (b)s)

and by pushing parentheses we get the expression

(((@)1-(b)s-a) - (b)s-a) - (b)s
whose semanticsis:

{ri-a-s1-b-ry-a-s-b-rz-a-s3-b: riela
S € JIN
ri+si+rzeln
S € IN
r+si+ro+s+r3eln
s €J}

Here the convexity argument applies only to (a); and the length of each and every b should bein J:

(@)~ (0)2)® =&V (@) ((0)s-a)") - (b)y

On the other hand, in the expression

((@)10(b)a)® = (((a)-b)s)”
both a and b are in the scope of timing restrictions that appear at the beginning of the expression.
Taking
(@)1 -b)a)® = (@)1 -b)s) o (@)1 - b)) o ({(a)1 - b))

and pushing al the parentheses forward, we obtain

(((({(@)1-D)s-a)i-D)y-2)i - D)y
The semantics of this expression is:

{ri-a-s;-b-ry-a-s-b-rz-a-s3-b: rieln
r+s €JA
ri+si+raeln
rM+Si+r+seJA
r+si+rn+s+r3cla
r+si+r+s+r3+s€Jd}
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As before, only the first two and the last two inegqualities are informative and the rest are redundant:

(((@)-b)3)* = eV ((@)-b)sV {{((a) -b)s(ab)*-a) - b);

Thisistheintuition underlying the fact that o and ® can be eliminated altogether. The proof of this
fact will use induction on the weight of the regular expression, which, informally speaking, denotes
the number of (-), operations appearing at the “front” of the expression, i.e. in the sub-expressions
that denote the beginning of the time-event sequences in the corresponding language.

Definition 11 (Weight of a Regular Expression) Theweight isa function { : & — N defined induc-
tively as.

@ =0
fle) = 0
(V) = §(81)+E(&)
((61-8y) = { §(81)+6(&) if ec 8]
E(61) if &¢[6]
¢(6") = &(9)
c((on) = ¢(6)+1

Therulefor 6, V 6 is dueto the fact that its front consists of the fronts of 6; and .. If 6, contains &
then &, ispart of thefront of ;- 6,. Therulefor 6* (for 6 % €) followsfromtheidentity 6* =6-6* Ve.
It should be noted that the weight is a measure on the syntax and not on the semantics: (81 V &,); has
asmaller weight than (61), v (62), athough they are equivalent.

Asusua in the theory of formal languages, special attention should be paid to the membership of
€ inagiven language (e.g. testing this membership is needed in order to compute the weight function).
The next lemma allows to test this membership and to remove € when necessary without changing the
weight.

Lemma 2 (Testing and Removing €) For a timed regular expression vy it can be effectively tested
whether or not € € [[y]]. An expression v(y) such that [v(y)]] = [[7] — {€} can be effectively con-
structed. The operation v preserves the weight.

Both a Boolean-valued function t testing whether € € v and the operator v (removing €) can be
defined recursively as follows.

7@ = 0 @ = a
Te) = 1 vie) = 0
(V) = 1(61)V1T() v(61V o) = v(6)VVv(d) _
T I Bt &
T(6f) = 1 v(6]) = V()-8
f(<51>) = (&) A (0€l) v((o >) = (v(&))
We leave the proof of weight-preservation to the reader. J

The next result gives a characterization of expressions of weight 0 and a single weight-increasing
rule allowing to obtain any regular language. We will call expressions of the form \/;a; - ¢ slow
expressions — in these expressions (whose weight is zero) there is no upper-bound on the occurrence
time of thefirst event. An expression is e-free if its semantics does not contain €.
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Lemma 3 (Special Form of Expressions)
1. Any expression of weight O is equivalent either to y or to Y+ € where y is a slow expression.

2. Any expression y of a non-zero weight can be rewritten as

y={(a)h-oVP 3)
where o, 8, ¢ € & (or B isempty), o ise-free, and {(y) = { () +C(B) +1

In other words, this lemma says that starting from slow expressions and using only the inductive rule
(d), we can build expressions for all regular languages. The proofs of the two statements are similar
and we prove here only the second, more complicated one.

Theideaof the proof issimple: since {(y) > 0, yisnot atomic and thereisat |east one (), operator
inits front. Making this operator explicit gives the required representation. Formally, we proceed by
induction over the structure of y, considering the following cases:

Y=01V & : Then at least one of 61, 02 should have a positive weight. Suppose w.l.0.g. that itis 6.
By inductive hypothesis 61 = (o) - 1V B1. Hence y = (o)) - @1V (B1 V 82) and we obtain the
required decomposition (3) with o = o1, @ = @1 and 8 = B1 V .

y=061-62: If {(61) > 0, then by inductive hypothesis 61 = (o) - @1V B1. Then the representation

y= (o)1 (91-82)V (B1-52)

has the required form (3) with o« = o, ¢ = @1- & and B = By - 5.

Otherwiseif £(61) = 0O, then, according to the definition of {(61-2), € € &1 and £(82) = {(7)
ispositive. By inductive hypothesis 6, = (o) - @2V B2. In this case the required representation
is

Y=(eVVv(d1)) - 02=080VV() = (o) @2V (B2VV(d)-02)

y=290; : Inthiscase {(81) = {(y) ispositive and by the inductive hypothesis 61 = (1) - @1V 1 with
oy e-free. We can represent y as follows:

y=v(81)-6;Ve=(an)i-(pr-8)V(v(Br)- 61 Ve),
which isin the required form.

y=(8) : If § ise-free, then y isaready in the required form with o = § and ¢ = €. Otherwise if
€ € 0, then either y= (v(0));-eVeory=(v(d)) -&V0depending on whether ornot 0 € I.

The reader can verify that in all the cases the equality {(y) = (o) + §(B) + 1 is preserved. 4

The proof of elimination of absorbing concatenation and iteration proceeds by induction on the
weight of the expression. The following two lemmata establish the base case (slow expressions of
weight 0) and the inductive step.

Lemma4 (Elimination for Slow Expressions) If yisslow then
0oy=0-y, Oo(evVy)=080eVdoy=(0)oVo- Yy 4
and

=7 (evy)¥=7 (5)

14



The inductive step in based on the following identities:

Lemma 5 (Elimination by Weight Reduction) For any three languages o, ¢, B, such that o is -
free, and any interval |, the following equalities hold:

do((a)i-@Vp)=(Soa)-@Véop (6)

and

(o) -pVvB)® = B®v
(B¥oa)-@oB®V (7)
((B¥oo)-@o(a-@VP)?oa) -@op®

Equation (6) followsimmediately from the definition of absorbing concatenation and from Proposition
d. Thefirst line of equation (i) corresponds to the case when o - ¢ never occurs in the sequence, the
second line — to the case when it occurs only once. The last line corresponds to the case when it
occurstwice or more. For thiscaseit is sufficient to restrict to theinterval | only the termination times
of thefirst and the last occurrences of o.. By virtue of the convexity of | this guarantees that all other
occurrences of o between them also fit in thisinterval. J

Proposition 6 (Elimination of Absorbing Concatenation and Iteration) Let M and L be regular
timed languages, i.e. defined by expressionsin &. Then:

1. Thelanguage L oM isregular.
2. Thelanguage L® isregular.

The regular expressions for these languages can be obtained algorithmically.

The proof of both factsis by induction on the weight, where the base case is covered by Lemmad.
The inductive step for o can be made as follows. Given an expression y of a non-zero weight, we
convert it according to Lemmagto theformy = (a); - @ vV B with { (), {(B) < {(y) and & & . Now
we use the identity (6) of LemmaX. The regularity of the right-hand follows from the inductive hy-
pothesis since both 6 o o and 6 o B have smaller weight. This provesthefirst statement of Proposition
B.

Using this proposition and Lemma§ the inductive step for ® isimmediate: given an expression
y of anon-zero weight we take its representation y = (a); - @ VV 8. Then we apply the identity (7).
Its right-hand side is regular by inductive hypothesis, since ® is applied there only to expressions of
weight smaller than y. Hence L is regular and this concludes the proof of proposition &. Clearly,
recursive algorithms for elimination of o and ® can be derived from this proof. J

The following result is now immediate.

Theorem 1 £& (%) has the same expressive power as &' (X).
Asan example let us eliminate o from

6 = (d)zo ({(a)16-D)s-C)"

First transform the second term to the form:
(@108 )" = (@16 -D)s-C- ({(@)r6 D)8 C)* Ve
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X1>1/%:=0

true/xi,x2:=0

Figure 2: A timed automaton.

and then compute

§ = ((d)zo((@)e-b))s-c-({((@e-b)s-c)"V((d)3)o
= (((d)3-@)j1g-b)s-c (((@g-b)s-0)"

An example of elimination of absorbing iteration (applied to the language of a timed automaton) can
be found at the end of Section B.8.

4 Timed Automata and their Languages

This section introduces timed automata as recognizers of timed languages, starting with an informal
illustration of the structure and the behavior of timed automata. Consider the timed automaton of
figure 2. It has two states and two clocks x; and x,. Suppose it starts operating in the configuration
(01, 0,0) where the last two coordinates denote the values of the clocks. When the automaton stays at
01, the values of the clocks grow at a uniform rate. After one second, the condition x; > 1 (the guard
of the transition from g to qp) is satisfied and the automaton can move to g, while resetting x, to 0.
Having entered gy at a configuration (gp,t,0) for somet, the automaton can either stay there or can
unconditionally move to g; and reset the two clocks. By fixing some initial and final states, and by
assigning letters from X to some transitions, we can turn timed automata into generators or acceptors
of timed languages, i.e. sets of time-event sequences. The definition below isaminor modification of

the original definition in AD94].

Definition 12 (Timed Automaton) A timed automaton isatuple o = (Q,C,A,X,s,F) whereQisa
finite set of states, C isa finite set of clocks, X isan input (or event) alphabet, A isatransition relation
(seebdow), s€ Q aninitial stateand F C Q a set of accepting states.The transition relation consists
of tuples of theform (q, ¢, p,a,d) whereqand  are states, ac XU {e} isaletter, p C C and ¢ (the
transition guard) is a boolean combination of formulae of the form (x € I) for some clock x and some
integer-bounded interval |.

A clock valuation is a function v: C — R, or equivalently a |C|-dimensional vector over R, .
We denote the set of al clock valuations by 7. A configuration of the automaton is hence a pair
(q,v) € Q x . consisting of a discrete state (sometimes called “location”) and a clock valuation.
Every subset p C C induces a reset function Reset,, : 7# — 7 defined for every clock valuation v
and every clock variable x € C as

0 if xep
v(x) if x&p

That is, Reset,, resetsto zero all the clocksin p and leaves the other clocks unchanged. We use 1 to
denote the unit vector (1,...,1) and O for the zero vector.

Reset, v(X) = {
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Definition 13 (Steps, Runsand Acceptance) A step of the automaton is one of the following:

e Adiscrete step:
a
(q,V) - (qlvvl)a

where a € XU {e} and there exists 6 = (0,¢,p,a,d) € A, such that v satisfies ¢ and V' =
Reset, (V).

Ati :
° Ime step t
(q,V) - (q,V+t1),

wheret e R,..

A finite run of a timed automaton is a finite sequence of steps

(Go, Vo) —2 (01, V1) =2 -+~ (G, V).

The trace of a run is the time-event sequence z; - z, - - - z,. A trivia run isjust a configuration (q,Vv),
anditstraceise.

An accepting run is a run starting from the initial configuration (s,0) and terminating by a discrete
step to a final state, i.e. g, C F and z, is a discrete step.

The language of a timed automaton, L(.<7), consists of all the traces of its accepting runs.

A dight modification of this definition is needed in order to accept signals (or signal-event se-
guences), namely to associate an element of the signal alphabet to each state of the automaton

non-countable number of initial states and the language equations developed in Section & should be
parametrized by clock values and the construction becomes much more complicated.

5 From Expressionsto Timed Automata

Here we prove the easy part of the timed version of Kleene Theorem, namely, every timed regular
automata are built from expressions by induction on the structure of the expression. We make this
construction in the most general settings, namely, for the class ¥£¢°, and show that an accepting
timed automaton can be built for every language defined by a (generalized extended) timed regular
expression.

Before giving the formal definition let us explain the construction intuitively (see also Figure Q).
The automaton for a can make, at any non-negative time, an a-transition from the initial state to the
final state. For the union of two languages we choose non-deterministically between the two automata.
To concatenate two languages, we add transitionsto theinitial state of the second automaton for every
accepting transition of the first automaton. For standard concatenation, such transitions reset the
clocks, while for absorbing concatenation the clocks are not reset. Likewise for the * operations we
add transitions to the initial state and reset all the clocks.

The construction of the automaton for ¢® is better understood using an extension of timed au-
tomata where upon a transition a clock can be assigned the value of another clock. The basic ideais
that for every new iteration of ¢ we need the values of al clocks to represent the total time elapsed
in the previous iterations. We achieve this by adding a new clock x which is never reset to zero and
transitions to the initial state in which all clocks get the value of x (see Figure 3). Our construction
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Figure 3: Constructing automata from expressions.
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below “simulates’ these automata using ordinary timed automata that keep track of the clocks that
have been reset. References in the guards to those clocks which have not been reset are replaced by
referencesto x. For the (@), operator we introduce anew clock x and add atest (x € I) to the guard of
every transition leading to f. For intersection we do the usual Cartesian product (taking special care
of e-transitions). Finally for renaming we just rename the transition labels.

Definition 14 (Automata from Expressions) Let .« = (Q1,C1,A1,X,51,F1) and oo = (Q2,Co, A2, X, %, F2)
be the timed automata accepting the languages [¢1] and [[¢2]] respectively. We assume that Q; and
Q2 aswell asC; and C; are disjoint.

e The automaton for [e]] is ({s, f },{x},A,Z,s,{f}), wherethetransition relationisA = {(s,x =
0,0,¢,f)}.

e The automaton for [[af], a€ X is ({s,f},0,A,Z,s,{f}), where the transition relation is A =
{(s,true,0,a, f)}.

e The automaton for [[p1V @2] is (Q1UQ2U{s},C1UCy,A, X, s,FLUR,), where A is constructed
by adding to A1 U A, two new e-transitions (s,x= 0,0, ¢,s), wherexisany clockand i € {1,2}
(if thereis no clock in the automata we should add one).

e Theautomaton for [@1 A @2] 1S (Q1 x QU {f},CLUC,,A X, (s1,%),{f}), where A contains

— atransition {((0s, G2), g1 A P2, p1U p2,, {0y, d)) for any (qu, ¢1,p1,8,0y) € Ay and any
(G2, 92, p2,8,0) € Az};

— atransition {((qz, G2), 91/ ¢2, p1Up2,a, f) for any (a1, ¢1,p1,a, f1) € As andany (02, ¢2, p2, &, f2) €
A2} where f1 € Fpand fo € By
— atrangtion {(<QI7QZ>7 ¢17p1a87 <q/17QZ>) for any (Q1,¢1,P1>£aq/1) € Al}:
— atrangtion {((q,d2), $2, p2, €, (1, Gp)) for any (02, ¢2, p2,€, ) € Az}
e Theautomaton for @1 - @2] is(Q1UQ2,C1UC,, A, X, 51, F>) where A isconstructed from A UA»
by inserting for every transition of the form (g1, ¢, p,a, f1) in A1 with f; € F; a new transition

(01,9,Co,a,52). The automaton for [[@;1 o ¢2] is the same except for the fact that the new tran-
sitionisof theform (g1, ¢,0,a,%).

e Theautomaton for [[¢; ] is.«” = (Q1,C1,Z,A,s1,F1) where A is constructed from A4 by adding
for every transition of the form (q,¢,p,a, f1) in A1 with f; € F; a transition of the form

(q,(b,C]_,a, Sj_)

e The automaton for [¢}] is &/ = (Qq x 2°1,CLU {x}, X, A, (s1,0),F1 x 2°1). The second com-
ponent of the state records which clocks have been reset during the current iteration of [¢1].
There are two types of transitionsin A:

— Transitions simulating those of «7: for every transition of the form (q,¢,p,a,q) in Ay
and every D C C; therelation A contains ((g,D), ¢p,p,a,(q,DUp))

— Looping transitions: for every transition of theform (g1, ¢, p,a, f1) in A; with f; € F; and
every D C C; therelation A contains ((q1, D), ¢p, p, &, (S1,0)).

Here ¢p is obtained by replacing in ¢ all occurrences of clocks not belonging to D by x.
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e The automaton for [[@;] (respectively [¢;*]) is obtained by the union construction from the
automaton for {&} and the automaton for [[¢;"]] (respectively for [[¢;"]).

e The automaton for [[(¢1),] is< = (QrU{f},CiU{x},A,X,s1,{f}) where A is obtained from
A1 by introducing for every transition of the form (q, ¢, p,a, f1) in A3 with f; € F; a new tran-
gtion (g, A (x€l),p,a, f).

e The automaton for [[0(¢@1)] and 6 : £ — ¥ is &/ = (Q1,C1,A, Y 51, F1) where A is obtained
from Az by replacing every transition of theform (q,¢,p,a,q') inA; by (q,0,p,6(a),d).

This concludes the construction that gives one side of Kleene theorem:

Theorem 2 (Expressions = Automata) Every timed language defined by a (generalized extended)
regular expression is accepted by a timed automaton.

6 From Timed Automatato Expressions

6.1 TheApproach

Our proof of the other (and harder) side of Kleene theorem is modeled after the proof of the classical

of the form: |
X;:oqv\/ﬁij-xj i=1,...,n (8
j=1

where the X; stand for unknown languages and o, fjj — for given regular coefficients. Each unknown
X; of the system corresponds to the language accepted by the automaton starting from state ;. Asan
example consider the first (untimed) automaton on Figure4. The languages associated with its states
satisfy the following self-explanatory system of equations:

X3 = avb-X3
Xo = bva-Xs 9)
X1 = a-XVvb-X3

X=aVp-X
admits aminimal solution
X=p" o

it can be proved that any system of equations such as (8) has a regular minimal solution and a cor-
responding regular expression can be found effectively from the coefficients. If, in addition, € ¢ Bij
then the solution is unique. For example, the solution for (9) is:

Xz = b*-a
Xo = bva-b*-a
X1 = a-(bva-b*-a)vb-a

Adapting this proof to timed automata is problematic as the timed automaton of Figure 4 shows.
In this automaton the transition from q; to g, resets the clock and hence a fragment of the equation
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b,x=5/x:=0
Figure 4: A timed and an untimed automaton

for g1 will be X; = (a)s- X2V ..., however, we cannot do the same and use (b), - X3 for that part of
X1 accepted viaqs, because after completing action b the automaton enters state gz with aclock value
other than zero. To tackle this problem we could associate a language with every configuration of the
timed automaton, i.e. let X , denote the language accepted starting from state g; and clock valuation
v. Thiswould lead to an infinite number of variables and equations. We use an aternative solution,
namely associate X; with the language accepted from (¢, 0) and use the absorbing concatenation for
non-resetting transitions. The system of equations for the automaton is thus

Xs = (@sV(b)s-Xs
X2 () (7.0) V (@) 10,20 © X3
X1 = (@5 XV (b)20X3

Such “quasi-linear” equations, which use both kinds of concatenation, can be written for any one-
clock automaton. However, when an automaton .« has several clocks, the set of transitions cannot
be partitioned into resetting and non-resetting ones, and we need first to split the automaton into
several one-clock automata, the intersection of their languages gives the language of <. For each
such automaton we define the corresponding equations and by showing how such equations can be
solved the proof of Kleene theorem will be completed.

6.2 From Timed Automatato One-Clock Automata

The reduction into one-clock automata starts with a language-preserving transformation on the au-
tomaton, which eliminates undesirable features as a preparation for the trandation into expressions.
Then we “determinize”’ the automaton by assigning a distinct letter to every transition outgoing from
any state. Having done that we can split the automaton into several one-clock automata from which
language equations are constructed.

An automaton is disiunction-freeif for every transition (q,¢,p,a,d ), the formula ¢ is a conjunc-
tion of simpletests (x € |) and their negations. An automaton is strongly-deterministic if it contains no
e-trangitions and for any state g and any letter a the transition relation contains at most one outgoing
transition from q labeled by a. Note that strong determinism is a syntactic property which is sufficient
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but not necessary for determinism — the latter can be implied by empty intersections of guards for
two transitions labeled by the same |etter.

Lemma 7 (Digjunction-free and Strongly-deter ministic Automata) Fromany timed automaton .o/
over X one can construct a disjunction-free and strongly-deterministic automaton <7’ over ¥, and a
renaming 6 : ¥ — ¥ suchthat L(«) = 6(L(«")).

To get rid of disunctions we first convert every transition guard into a disjunctive normal form
(DNF) ¢ = ¢1V ¢2 V... ¢ Where every ¢ is a conjunction. We then replace every transition 6 =
(0,¢,p,8,d), where ¢ = ¢1V ¢V ... ¢ by k transitions of the form (q,¢i,p,a,q), i = 1,...,k
Clearly, this automaton accepts L(<). Any digunction-free automaton & = (Q,C,A,X,s,F) can
be converted into a strongly-deterministic automaton v’ = (Q,C,A’, X x {1..M},s,F), where M is
the maximal number of transitions with the same label outgoing from the same state, A’ is obtained
from A by replacing any transition (g, ¢, p,a,d) by (q,¢,p,(a,i),q), choosing a different i compo-
nent for each transition a going from state g. For the renaming 6 : (ZU{e}) x {1.M} — ZU{e}
defined by the formula 6 (a,i) = a we have the language equality 6(L(<7")) = L(A). 4

Theorem 3 (Reduction to one-clock automata) Let .7 be a timed automaton with k clocks. One
can build k one-clock automata <71, . . . , %% and a renaming 6 such that

L(</) =6 ((k] L(M)) .
i=1

Proof: First wetransform <7 into adisjunction-free and strongly-deterministic form .z’ = (Q,C,A’,¥' S |F’)
and find arenaming 6 such that L(«7) = 6(L(<")). LetC = {xa,...,X}. We separate <7’ into k au-
tomata o« = (Q,{x},A{,X’,s,F’) such that for every (q,9,p,a,q) € A’ thereis (g, ¢i,pi,a.q) € A
such that p; = p N {x;} and ¢; is obtained from ¢ by substituting truein every occurrence of xj € | or
of x; ¢ 1 for every j #i. In other words, every .2 respects only the constraints imposed by the clock
x; and ignoresthe rest of the clocks. Since the automaton .7’ is strongly-deterministic, every accepted
sequence is atrace of exactly one run, and thisisthe same run in every 4. A runispossiblein every
o iff itispossiblein .o/, a
An example of the translation appears in Section 6.6.

6.3 Equationsfor Timed Automata

From one-clock automata we derive timed language equations involving the o operation and whose
solutions involve also the ® operation. Both can later be eliminated using the procedure described in
section 3.

Definition 15 (Quasilinear Equations) A system of quasilinear timed language equations has the
following form:

n n
Xi:OCi\/\/ﬂij-Xj\/\/’y{jOXj, i=1,...,n (20
j=1 j=1

where X; stand for unknown timed languages and the coefficients o;, Bij, % — for given timed lan-
guages.
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To avoid some complication with non-unique solutions (and non-associative multiplication) we con-
sider only normal systems of equations where all coefficients satisfy

BiiNRy+ =0; %#jNRy =0 (11)

that is, any sequence in any coefficient language except the ¢;’s should contain at least one discrete
event from X.

Definition 16 (From One-Clock Automata to Equations) Let.«Z = (Q, {x},A,X,s,F) beaone-clock
automaton. The system of equations associated with <7 is (10) with an unknown X; for every q; € Q.
The coefficient o is the digunction of expressions (a), for all the transitions (gi,x € l,p,a,f) € A
with f € F. The coefficients f3;j, %; are constructed from the transitionsin A as follows:

Transition Coefficient
(a,xel,{x},aq;) Bij= (@)
(QiaX€|7073-7CIj) %J:<§>|

Note that if the transition guard of the transition is tr ue, then the corresponding coefficient isjust a.
The following self-evident lemma specifies the connection between the language of atimed au-
tomaton and the constructed equations.

Lemma8 Let L; be the language accepted by the automaton from configuration (g;,0). Then X; =
L1,...,% = Ln isasolution of equations (10).
6.4 Solving Quasilinear Equations

The rest of this section is devoted to the description of the solution algorithm, which is an adaptation
of the standard Gaussian elimination procedure used for linear equations.
The following lemma gives a solution to a single equation with only one operation.

Lemma9 Let o, [,y betimed languages.
1. The smallest solutionto X = oV yo X isX? = y® o g
2. Thesmallest solutiontoY = oV B-YisY? = B* - ;

3. If B and y satisfy the normality condition (1) then these solutions are unique.

The proof is similar to the proof of the same result for untimed equations, we give a sketch only for
the absorbing concatenation.
First we verify that X° is a solution by substituting it into the right-hand side of the equation:

aVvyoXP=avyoy*ooa=(evy’)oa=X"

The minimality proof proceeds as follows. Let X! be asolution, i.e X! = oV yo X. Theinclusion
X0 = y®# o or ¢ X! follows from the following statement which can be proved by straightforward
induction over n:

vn (oo c X1).
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In order to prove uniqueness (under normality hypothesis) we introduce the discrete length 1 of
time-event sequences. Themorphismn : .7 — Nisdefinedby n(r) =0foralre R, andn(a)=1
for al a € X. Note that n(uov) = 1n(u) + n(v) whenever uov is defined.

The proof of the inclusion X* ¢ X° uses the normality condition on y and proceeds by contra-
diction. Suppose the inclusion does not hold and let w be a sequence in X! — X° with the minimal
possible discrete length n(w). Since X! isasolution, w € o vV yo X*. The sequence w cannot belong
to o  X°. Hence w admits adecomposition v = uov with u € y and v e X1. The normality condition
guarantees that 17 (u) > 0, hence 1 (v) = 1 (w) —n(u) < n(w). Since n(w) isminimal in X* — X9, this
impliesthat v e X°, hence

w=uove yoX?=yoy*oa=y"oa C X°,

which contradicts the hypothesis on w and concludes the proof. J
In the sequel we use thislemmain a specific situation when o can depend on X. To justify such a
usage we prove the following statement.

Corollary 10 Suppose that 8 and  satisfy the normality condition (1), and h(X) is any language-
valued expression depending on X. Then

e theequation X = h(X) v yo X isequivalent to X = y* o h(X);
e theequationY = h(X)V B -Y isequivalenttoY = *-h(X).

The proofs of the two statements are similar and we give only thefirst one. Let X° be atimed language.
It isasolution of thefirst equation whenever it satisfies X° = h(X%) v yo X9, or, equivalently, whenever
it is a solution of the equation X = h(X°%) v yo X. The language X° is a solution of this equation if
and only if it is equal to its unique solution provided by Lemma@, i.e X0 = y® o h(X9). The last
equality holdsif and only if X? is asolution to the equation X = ¥*® o h(X). This concludes the proof
of equivalence of the two equations a4

Theorem 4 A normal system of quasilinear equations has one and only one solution. This solution is
regular. Its regular expression can be obtained algorithmically from expressions for the coefficients.

The algorithm for solving the system (i10) consists in iterated applications of Corollary 0. It has
four stages, thefirst two treat the o operation and the next two — the standard concatenation.
At the first stage we use the first equation and Corollary 10 to express X; as

n n
X1 = )/1@]_0(061\/ \/ ﬁlj -Xj V \/ Nij OXJ‘).
j=1 j=2

Notice that only the occurrence of oX; is eliminated, while those of -X; remain in the equation. By
opening the parentheses (using Proposition 1, whose assumptions are satisfied because the system is
normal) this equation is transformed to the form

n n
X]_:OCi\/ \/ﬂij XjV V)/leXj
j=1 j=2

We substitute this expression into the oX; occurrence of X3 in the second equation, solveit for X, and
so on until X, for which wefind an expression that contains only occurrences of unknowns of the form
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-X and not oX. Then the second stage starts by going backwards, putting the expression for X, into
equation number n— 1. Thisallowsto find for X,_1 an expression free from occurrences of oX,, until
we reach X; once again. Now the system has a standard o-free form

X =o'V \/ Bl X (12)
=1

which is the starting point of the standard solution procedure for equations over Kleene algebra. We
repeat the same procedure by expressing X; as

n
Xg = Bag - (e V' \/ B X)),
j=2

put the result into the second equation, find X, and so on. The fourth (and last) stage consistsin going
backwards putting the expression for X, into equation n— 1 and so on. This ends up with finding an
extended regular expression for every X; and concludes the algorithm and the proof of Theorem4. 4

Corollary 11 From a one-clock automaton one can construct an extended timed regular expression
that denotes its language.

6.5 Main Results

Since && are equivalent to & (and hence languages defined by extended timed regular expression are
regular), corollary 41 concludes the new proof of the following important result.

Theorem 5 The language accepted by any one-clock automaton is regular.
Together with the reduction of Theorem 3 this gives:

Theorem 6 (Automata = Expressions) Every language accepted by a timed automaton can be rep-
resented by the expression
k
0 ( A <Pi> ;
i=1

where 6 isarenaming and ¢; aretimed regular expressions.

We have proved the main result of this paper:
Theorem 7 (Kleene Theorem for Timed Automata) Timed automata and generalized timed regu-
lar expressions have the same expressive power.
6.6 From Automatato Expressions. an Example

Consider the automaton .« in Figure’3. Getting rid of disjunctions we obtain «7’. By splitting a into
d and e, and labeling the e-transition by ¢ we get the strongly deterministic automaton .<#” which is
separated into two one-clock automata .71 and «#5. Hence,

L(e/) = L(e") = O(L(/")) = O(L(c) NL()). (13)
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b/x:=0

.

b/x:=0 b

Figure 5: Constructing an expression from an automaton.
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To find the expression for L(.<#1) we write the language equations

Uu = (<g>[37w) \/Q) oVVcoWvece
V = bU
W =10

After substituting b- U instead of V and 0 instead of W we obtain:
U= ((d)3) VE)ob)-UVe
which can be immediately solved using Lemma®:
L(#1) =U = (((d);3) V€ ob)*-C
For .o% the equations are

(dV(€)19)oYVcoZVe
boX
0

N < X
Il

and after substitution we get
= ((dV(€)r9)ob)oX Ve,

whose solution is
L(ah) =X =((dV (€)(19)cb)?oC.

Together with equation (13) it gives a %&£ -class expression for L(.#7):
L(«) =6 (((d)3.) V€) 0b)* - ) A(((dV (€)(19)) ©D) ¥ o))

If we want to avoid o and ® operations, elimination algorithms from section § should be applied.
It iseasy for thefirst language:

L(eA) = (((d)3) VE)-D)*-C
but less so for the second:

L(<2)

(db)* o€ (1,9)b) (db)®C\/
(

—~
Q.
O

~

®
(0]
\‘D/
To-
~

—~
Q.
U
<

&
O

@

=

L
o
(0]

—~
o
=)

S—

7 Infinitary Timed Languages

7.1 Infinite Sequences, m-L anguages and w-Automata

For untimed sequences and automata, the theory of w-languages (languages whose elements are infi-
nite sequences) is not as nicely algebraic as the theory of finitary languages. The situation is aggra-
vated when we move to time-event sequences where we have two notions of infinitude, metric and
logical, which do not coincide.
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Inthefinitary case an element of .7 (X) can be viewed as an alternating finite sequence u; - Uz - - - Uy
of dementsin R, UX*. Thelogical length of such a sequence is the sum of finitely many integers
and its metric length is a sum of finitely many real numbers. One possibility to move to infinitary
language isto define an w-time-event sequence over X as an infinite alternating sequence uy - Uz - - - of
elements from R, UX*. Ideally we would like both logical and metric length to be infinite but thisis
not easy to guarantee in a simple way.

Concerning logical length, note that aready in the untimed case, if alanguage L contains €, then
L®, the language consisting of all infinite concatenations of elements from L, might contain finite
strings. Moreover, an infinite sequence might become finite under a length-reducing renaming that
maps some lettersto €. Similarly, the image of an infinite time-event sequence such as

l1-a-(1-b)*=1-a-1-b-1-b-1-b---

under a renaming which maps b to ¢ is the logically-finite time-event sequence 1-a- . So to keep
our languages closed under renaming, and to account for runs of timed automata with infinitely many
e-transitions, we allow time-event sequences with infinite metric length but with finitely many events.

Infinite metric length cannot be guaranteed locally due to the existence of converging sequences
of reals. For example, the infamous infinite sequence

a-1-a-1/2-a-1/4---

due to Zeno of Elea has a finite metric length. Consequently, if L is a language in which there is no
positive lower-bound on the metric length of its elements, e.g. L = (@) o], the set L® contains Zeno
behaviors. Our design choice isto exclude explicitly such Zeno behaviors from the languages that we
consider.

Definition 17 (o-Time-Event Sequences and Timed w-L anguages) An @-time-event sequence is
an alternating (finite or infinite) sequence

of elements in R — {0} UZ™, such that A(£) (the sum of the real elements) is infinite. When the
sequence s finite, the last element must be «. The set of all such sequencesis denoted by .7, (X) and
its subsets are called (timed) w-languages.

The concatenation v- & wherev € .7 (Z) and § € 7,(X) is defined ailmost as before, resulting
in an w-time-event sequence. For an infinite sequence vi,Vy, ... of time-event sequences such that
Y2 1 A(Vi) = oo, their infinite concatenation _°-°l is defined in the natural way. When extending this

1=
definition to w-languages, by letting
iz'lLi = {iz.lvi v eLi}
we do not alow an arbitrary choice of v;’s but only those, whose sum of lengths diverges.

Definition 18 (Timed w-Regular Expressions) Timed w-regular expressionsover an al phabet X (also
referred to as w-X-expressions) are constructed from (finitary) regular expressions using the following
families of rules.

1. If p isa X-expression then ¢® isan w-Z-expression.
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2. If ¢ is a Z-expression and vy, y1, v, are w-X-expressions then ¢ - vy and y1 V yp are o--
expressions.

3. If y1, yr are w-Z-expressions and yp isan w-Xo expression for some alphabet o, and 6 : g —
Y isarenaming then y1 Ay, and 6 (yp) are w-X-expressions.

Expressionsformed using rules 1 and 2 are called timed w-regular expressions and denoted by &, (X).
If in addition rule 3 is applied we call them generalized timed w-regular expression and denote them
by 96, (X).

The semantics of these expressions is defined via the function [l : 96, (Z) — 27 as:

[9°)0 = "ol
lo-vlo = [o] [0
[vivvelo = [WiloU[velo
[virvelo = [valon[velo
6Wlo = 6(ylo)

A timed w-automaton isatuple &7 = (Q,C,A,Z,s,F) where all the components are asin finitary
timed automata. An infinite run of the automaton is an infinite sequence of steps
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(0o, Vo) = (q1, V1) 2

such that the sum of the durations of the steps diverges. The trace of a run is the m-time-event
sequence z; - zp - - -. An accepting run is arun starting from theinitial configuration (s,0) and visiting
F infinitely many times, that is g; € F for infinitely many discrete steps. The w-language of atimed
automaton, L, (.27), consists of al the traces of its accepting runs. Note that due to e-transitions the
trace can be afinite sequence.

7.2 From w-expressionsto w-automata

As in the finitary case the inductive construction is rather straightforward. As a basis we take the
automaton for any finitary timed regular expression. From the proof of Theorem 2 we can assume
that timed regular languages are accepted by automata without transitions outgoing from accepting
states. The automaton for @® is similar to that for ¢ . The accepting state is visited infinitely-often
in the w-automaton iff infinitely many finite prefixes of the time-event sequence lead from sto f in
the finitary automaton. The concatenation of a language and an w-language, as well as the union
of two w-languages and the renaming are ailmost identical to the finitary case. Intersection requires
some more details, because, unlike finite words which have to reach accepting states of both automata
simultaneously at the end of the run, the visits of an w-time-event sequence in such accepting states
need not be synchronized. All the constructions are minor adaptations of their untimed anal ogues (see

Definition 19 (w-Automata from Expressions) Let &7 = (Q,C,A,X,s,F) be the timed automaton
accepting  the  language  [¢], and let @ = (Q1,C1,A1,X,8,F1) and
o = (Q2,C2,A2,2, %, F,) be the timed w-automata accepting the w-languages [[y1]» and [y2] o
respectively.
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e The automaton for [@®], is (QU{f'},C,Z,A";s {f’}) where A’ is obtained from A by adding
for eachtransition (g, 9,p,a, f) € Awith f € F, anewtransition (g, ¢,C,a, f’). Another transi-
tion (f',(x=0),0,¢,s), wherexisany clock, isalso added (if thereis no clock in the automaton
we should add one).

e The automaton for [ - y»] is (QUQ2,CUC,, A’ X s F,) where A’ is AU A, augmented with
transitions of theform (g, ¢,C,, a,s,) for every transition (g, ¢,p,a, f) inAwith f € F.

e Theautomaton for [y V ynll, is(Q1UQU{s},C1UCy, A, X, s, F1UF,), where A is constructed
from A1 U Az by adding two e-transitions (s,x = 0,0, ¢,s), where x isany clock and i € {1,2}
(if thereis no clock in the automata we should add one).

e The automaton for [[@1 A 2]l iS (Q1 x Q2 x {1,2,3},C1UC, A%, (S1,5,1),F) where A is
constructed from A; and A, in the following way:

— for every (g1, 91,p1,,0) € A1 and (g, 92, p2,@,05) € Az therelation A containsthe tran-
sitions ((qu, O, 1), p1 A ¢2,p1Up2,a, (0}, dp, j)) Wheneveri=3and j=1,0ri € {1,2} and
j=lori=1deFRadj=2o0i=20g,ckRandj=3.

— for every (qi,¢1,p1.€,0;) € A1 the relation A contains the transitions
({01, G2, 1), 91, p1, €, (01, Oz, ])) Whenever i =3and j=1,0ri € {1,2} and j =i, ori=1,
qeFandj=2;

— for every (p,¢2,p2.€,0,) € Ay the relation A contains the transitions
({01, G2, 1), 2, p2,€, (01,0, j)) i=3and j=Lorie {l,2}and j=i,ori=2, € R
and j =3.

The accepting setisF = Q1 x Q2 x {3}.

e The automaton for [6(y1)]e, where 6 : £ — X', is (Q1,C1,A, XY, s1,F1) with A obtained from
A1 by replacing every transition of theform (g, ¢,p,a,q') inA; by (q,¢,p,6(a),q).

With this construction we have the first part of Blichi-McNaughton theorem.

Theorem 8 (w-Expressions = w-Automata) Every (generalized) timed w-regular language can be
accepted by a timed w-automaton.

7.3 From w-Automatato w-Expressions

tion b.2 and also converted in a state-reset form, as described below.

A one-clock timed automaton is state-reset if the transitions entering a given state either all reset
the clock, or all do not reset it. In order to make a one-clock automaton state-reset we split every state
not satisfying this property into two copies and redirect the resetting incoming transitions to the first
state and non-resetting to the second. This transformation can double the number of states and does
not affect the language accepted.

Let o7 = (Q,{x},A,X,s,F) beaone-clock w-automaton. Clearly

Lo(#) = U Lo (),
feF
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where o7t = (Q, {x},A, X, {s},{f}). Henceit is sufficient to prove regularity for automata with one
accepting state F = {f}. If f is a resetting state we can use the same expression as in untimed
automata:

Lo(e?t) = Lst - (Lt1)®

where Lg; is the regular language consisting of all time-event sequences leading from sto f and
L¢¢ is the regular language consisting of the time-event sequences inducing a cycle from f to f.
However, when f is not resetting, this will not work directly because f can be entered with different
clock valuations. The following technical lemma introduces several languages related to one-clock
automata and states their regul arity.

Lemmal2 Let o = (Q,{x},A,Z,s,{f}) be a one-clock automaton with m € N being the largest
constant appearing in the guards, and let p,q € Q be two states. The following timed languages are
regular:

e Thelanguage Ry, consisting of traces of all the runs of .« starting in (p, 0) and terminating by
atransition to g and including only non-resetting transitions.

e Thelanguage Rgam consisting of traces of all the runs of <7 starting in (p,0) and terminating
by a transition to (g, x) with some x > m.

e The language Ry~ consisting of traces of all the runs of &7 starting in (p,x), X > m, never
resetting x and terminating by a transition to g.

The regularity proof for the first two is by a straightforward construction of one-clock sub-
automata of .7 accepting these languages and by application of Theorem &. For the third, we just
erase resetting transitions and substitute m+- 1 instead of x in al the guards and hence transform each
of them into either true of false. Note that the expression obtained for this language contains no
timing restrictions. J

Suppose now that f isnon-resetting. All the accepting runs split into two categories: those with
finitely many resets (whose traces form the language Ly,) and those with infinitely many resets (lan-
guage L..). We will prove regularity of both these languages.

Finitely many resets. Let m denote the maximal constant occurring in the guards of «7. Any ac-
cepting run & with finitely many resets eventually stops resetting the clock and hence the clock value
crosses m and remains greater than m ever after. Hence such a run can be decomposed into a prefix
containing all the resets and leading for the first time after that to f with x > m, and an infinite suffix
making cycles from f to f with x always greater than m. Because timing does not play arole after
x > m, the languages accepted from (f,x) and from (f,X’) for x,X' > mareidentical and hence we can
write:
Lfin = Rs?m (W:)w

which concludes the proof of regularity of L.
Infinitely many resets. Since f is not a resetting state, such an infinite run should visit infinitely

many times a resetting state q. Moreover, there is always a resetting g such that for infinitely many
occurrences, there are no resets between g and the next occurrence of f:

no resets no resets

(5,0)_>..._>(q’o)_>..._>(fjxl)_>..._>(q’0)_>..._>(f7X2)_>..._>(q’0)...
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Conversely, any run admitting such a decomposition is an accepting run of o7
Thisimmediately gives the following expression for L..:

L.= |J Ry (RjoRiq)”

q resetting

which concludes the proof. J
Consequently

Claim 13 The w-language accepted by any one-clock automaton is w-regular.
Thisimplies:

Theorem 9 (w-Automata = w-Expressions) Every w-language accepted by a timed w-automaton

can be represented as
k
i=1

where 0 isarenaming and y; are timed w-regular expressions.
And we can conclude:

Theorem 10 (Buchi-McNaughton Theorem for Timed Automata) Timed w-automata and gener-
alized timed w-regular expressions have the same expressive power.

8 Discussion

In this section we summarize the results of this paper and compare our approach to other relevant
works. In our view there are three major contributionsin this paper:

1. Clean algebraic definitions of timed behaviors as elements of the monoids of time-event se-
quences or of signals.

2. The definition of timed regular expressions as a formalism for specifying timed languages.

3. The main results and their proof techniques that shed some light on the structure of timed
automata and timed languages, in particular the separation of clocks and the elimination of o
and .

The algebraic definitions, we feel, are simple and intuitive as they treat the succession of events and
the accumulation of time-passage in a uniform manner using the same monoid operation. In contrast,
timed traces consisting of sequences of time-stamped events do not have this nice monoidal intuition.
Compare our concatenation of r-aand s-binto r -a-s- b with the concatenation of the timed traces
(a,r) and (b,s) into (a,r), (b,r +s).

Our design choices for the expressions are, perhaps, the closest one can get to the spirit of the
untimed theory in the sense that the expressions do not refer to internal mechanisms or hidden vari-
ables of an accepting automaton (states and clocks) but only to externally observable properties of the
languages. The only (unavoidable) deviation from this spirit is the renaming operator. An alternative
formalism which does mention clocks explicitly was proposed in [BP0Z] where the authors define
regular expressions over an alphabet consisting of tuples of the form (¢,a,p) corresponding to the
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transitions of the timed automaton, where ¢ is a condition on clocks and p is areset. For example,
the language defined by our expression

((a-b)s-c)A(a-(b-c)a)
will be written in their syntax as
(a,x2:=0)-(xg=3,b)- (X2 =3,¢))

The formulation and solution of language equations over this al phabet of transitionsisassimple asfor
untimed automata. A similar idea was phrased in [BP99] in terms of expressions constructed using a
variety of concatenation operators, each corresponding to a subset of clocks being reset (in the case
of one-clock automata this boils down to the - and o operations). Using these formalisms, intersection
and renaming are avoided at the high price of being very close to the timed automata themsel ves.

An alternative way to get rid of intersection isto use many-sorted parentheses, each corresponding
to another clock. For example, the above language could be written as

(a-[b)s-cls

The drawback of this formalism is that its syntax does not admit a simple inductive definition and,
likewise, its semantics cannot be inductively defined. Hence it can be seen as a syntactic sugar for
separation of clocks and intersection.

Our result provides a “ Computer Science” version of Kleene Theorem: matching the expressive
power of the most commonly-accepted automaton-based formalism for real time by a class of regular
expressions. Within the algebraic theory of automata, Kleene Theorem is viewed as a (rare) instance
of a coincidence between two different notions, recognizability and rationality. Recognizability of a
subset L of amonoid M can be defined in automaton-free terms. Let ~ be syntactic right congruence
associated with L, namely

u~viffywe M(u-wel < v-wel).

The language L is said to be recognizable if ~ has finitely many congruence classes (and, according
to Myhill-Nerode Theorem, thisistrue if and only if L is accepted by a finite automaton). The class
of rational subsets of a monoid M is the rationa closure of the finite sets, that is, the smallest class
containing finite sets and closed under U, - and *. Kleene Theorem states that for the free monoid X*
recognizability and rationality are equivalent (and thisis not true for most other monoids of interest).

This work is concerned with the monoid .7 () = X* HR,, for which, due to the density of R,
these two notions are not very useful. In R the only recognizable subsets are 0, {0}, R, and (0,0).
A language such as (a); - b has uncountably many right-congruence classes because r ¢ s for every
r #s€ [0, 1]. These observation were made aready in [RT97] and the conclusion is that only “speed-
independent” language, i.e. those invariant under “stretching” are recognizable. Such languages can
be written using expressions that do not use (.) at al or use it only with intervals [0,e) or (0,).
Hence recognizability in this senseis not a useful concept for quantitative time.

Similarly, rationality for R, and .7 (X) does not coincide with the expressive needs of timing
analysis. On one hand, the class of rational subsetsof R, contains sets consisting of isolated irrational
(and even uncomputable) numbers which cannot be expressed nor accepted by timed automata or any
other reasonable device. In addition they may contain arithmetical progressions. On the other hand, a
very natural subset of R, such as [0, 1] is not rational since it cannot be generated from finite sets by
afinite number of applications of the algebraic operations.
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These two problems can be resolved by considering the rational closure of £ and the set of al
integer bounded variables. This solution eliminates isolated irrational points and allows to express
interval's but the expressive power is still very weak: the set (@)1 5 - (b) (2,4 iSin the rational closure

the clock after each transition (see [DimOZI]). An interesting option for overcoming this limitation is
to introduce a new shuffle operator, but this is beyond the scope of this paper. We may conclude that
aKleene theorem (in the strict algebraic sense) for timed monoids is impossible.
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